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«) One single observable in scattering experiment: diff. cross section
oo(W,0) = [A(W,0)*.
= Complete experiment analysis: |A(W,0)| = \/oo(W,0), i.e.
the amplitude lies on a circle. Im
— Result unchanged by multiplication
with W- and 6-dependent phase:
AW, 0) — A(W,0) = e WD AW, 0)
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Introduction

Consider spin-less 2 — 2-amplitude: A(W,60) =
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«) One single observable in scattering experiment: diff. cross section
oo(W,0) = [A(W,0)*.
= Complete experiment analysis: |A(W,0)| = \/oo(W,0), i.e.
the amplitude lies on a circle. Im
— Result unchanged by multiplication
with W- and 6-dependent phase:

AW, 0) — A(W,0) = e WD AW, 0)

= Implications for partial wave decomp. Re
AW, 0) =5,2,(20 + 1)Ag(W)Py(cos 6),
(@ Ac(W) =1 [* dcost A(W, H)Pg(COSH))
and in particular for truncated PWA?
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Continuum- vs. discrete ambiguities

Continuum ambiguities Discrete ambiguities

+) Definition: | A(W, ) = e*W-DA(W,0)| For AW,0)=A(W,0)(cosf —a),
conjugate the zero/root:

[Bowcock & Burkhardt], [A. Gersten], [E. Barrelet], [L. P. Kok],
[L. P. Kok], [D. Atkinson], ... [A. S. Omelaenko], ...

%) Invariance: oo = |A]> = A*A ] | (cos — a*) (cos O — )
— A*A=ePA*®A |A| (cosf — [*]") (cos O — a*)
= PAA= A A=0¢ v |A| cosf) — a*) (cosf — )

oo V'
*) llustration: x
X X
M
X

Grey box: space of partial wave amplitudes {Aq, ..., Ax}, or {Ag,..., AL}
Orange: parameter-regions of ambiguity, i.e. with same 0.
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Continuum- vs. discrete ambiguities

Continuum ambiguities Discrete ambiguities

+) Definition: | A(W, ) = e*W-DA(W,0)| For AW,0)=A(W,0)(cosf —a),

conjugate the zero/root: .

[Bowcock & Burkhardt], [A. Gersten], [E. Barrelet], [L. P. Kok],
[L. P. Kok], [D. Atkinson], ... [A. S. Omelaenko], ...
%) Invariance: oo = |A]> = A*A ] ‘ (cos — a*) (cos O — )

= AA=e"®A"®A |A
:ei(¢' d))A*A:A* 70_0 |A
0

p A X
y X X
4 Y
f‘\ N x xx %

Now: consider only mathematical ambiguities, disregarding physical constraints
(e.g. unitarity!). Are discrete and continuum ambiguities different/related?

| (cos® — [*]") (cos O — a*)
|

(cosf — a*) (cosd — )

*) llustration:
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Effects of the full continuum ambiguity

%) Transform A(W,0) — A(W,0) := e ® W) AW, ) & write a
Legendre-series for the rotation-function
/W0 = 3707 o Li(W) Pi(cos B).

How are the partial waves A, of A(W,0) = 327 (2¢ + 1)A,(W)Py(cosb)
expressed in terms of A, from A(W,0) = >",2 (20 + 1)Ay(W)Py(cos 6)?

Y. Wunderlich Phase rotation ambiguities - formal aspects



Effects of the full continuum ambiguity

%) Transform A(W,0) — A(W,0) := e ® W) AW, ) & write a
Legendre-series for the rotation-function
/W0 = 3707 o Li(W) Pi(cos B).

How are the partial waves A, of A(W,0) = 327 (2¢ + 1)A,(W)Py(cosb)
expressed in terms of A, from A(W,0) = >",2 (20 + 1)Ay(W)Py(cos 6)?

oo k+20
< Mixing-formula: | A(W) =Y " L(W) > (k,0;£,0/m,0)* An(W)|

m=|k—£|

(j1, m1; j2, malj, my: Glebsch-Gordan coefficients.
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Effects of the full continuum ambiguity

%) AW, 0) — AW, 0) = e ®W-DAW,0); W0 =S L, (W)Py(cosb).
o) k+0

<+ Mixing-formula: [ A/(W) = ZLk(W) i (k,0;£,0/m,0)% Ap(W) |,
k=0 m=|k—£|

(j1, m1; j2, malj, my: Glebsch-Gordan coefficients.

Explicitly: Ao(W) = Lo(W)Ag(W) + Ly (W)A (W) + Lo(W)Ao(W) + ...,

A(W) = LoW)ALW) + (W) | JAo(W) + 34s()]

+ La(W) [ Ad(W) + 3A3(W)J

Ao(W) = Lo(W)A(W) + La(W) | 2 4(w) + §Aa(vv)}

+ (W) [Ao(w) + 2aa(w) + AW +
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Effects of the full continuum ambiguity

x) AW, 0) — AW, 0) = e ®W-DAW,0); e®W =3, L,(W)Py(cosb).

EXp|iCit|y: Ao = LoAo + L1A; + LAy + ...,

- 1
Ar = LoAr + L4 {3

2 2 3
Ao + A2:| + L, |:5A1+5A3:|+...,

3
- 2 3 1 2 18
Ar = LoAx + L4 {5A1 + 5/43] + L |:5AO + ?Az + 35A4} +

«) For angle-independent phase ¢(W,0) = &(W):
e'®W:0) — o ®(W) = [((W) and A/(W) = Lo(W)A(W) = ®M A, (W).
— Ay(W) do not mix any more & are rotated by the same phase!

%) Non-linearity introduced by the exp-function in the rotation e/ ®(W.0)

generates complicated mixings, even when the phase ®(W,9) itself is
simple, e.g. ®(W,0) = a(W) + b(W) cos 6.
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Effects of the full continuum ambiguity

[arXiv:1706.03211v1]

[llustration using a toy model:

(W) + Tp(W)cos(6),

:TS

AW, 0)

P/2—W’

as.p

Ms)p — irs

)

Ts.p(W

where

0.15,
0.1.

0.5+ 0.4/; Ms =1.535;Ts =

as

= 1.44; rp =

0.4 + 0.3i; Mp
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< Multiply this amplitude by a simple phase, e.g. exp [2. 4+ 0.5 cos)].
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Effects of the full continuum ambiguity

AW, 0)

l

ei(2.+0.5cos0)
*A(W, 0)
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Effects of the full continuum ambiguity

S-wave P-wave D-wave
£
AW.6) §
l D-wave
: z
el(24+0.5cos 0) g‘
*A(W,0) §

F-wave G-wave H-wave

Ao=L0A0+L1A1+L2>\§+...,

1 2 2, 3
Ao+ f%} + Lo {fAl + g%] +

AL = LoA; + Ly [3

1 2 18
=LoX + L1 [ Ar + )A(} + Lo {5A0+?>\<+ %N} +
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Discrete ambiguities: example |

%) Model truncated at the P-wave:
AW,0) = ZLO(% + 1)Ai(W)Py(cos0) = Ag(W) + 3A1(W) cosb.
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Discrete ambiguities: example |

%) Model truncated at the P-wave:
AW,0) = ZLO(% + 1)Ai(W)Py(cos0) = Ag(W) + 3A1(W) cosb.
) Cross section:
00 = |Ao + 3A1 cos O] = |Ag|? + 6Re [A3A1] cos  + 9| A |? cos? 6.
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Discrete ambiguities: example |

%) Model truncated at the P-wave:
AW,0) = ZLO(% + 1)Ai(W)Py(cos0) = Ag(W) + 3A1(W) cosb.
) Cross section:
00 = | Ao + 3A;1 cosB]* = |Ag|* + 6Re [AjA1] cos @ + 9|A;|* cos® 6.
| Fix phase-convention: A; = Re [A;] > 0

= 0p = |Ao|2+6A1Re [A¢] cosG+9A% cos? 6 = cy+cy cos O+ cy cos? 6.
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Discrete ambiguities: example |

%) Model truncated at the P-wave:

AW,0) = ZLO(% + 1)Ai(W)Py(cos0) = Ag(W) + 3A1(W) cosb.
) Cross section, for phase convention A; = Re[A;] > 0:

= |A0|2 + 6A1Re [Aj] cos 6 + 9A2 cos? ) = co + c1 cos ) + cp cos? 6.
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Discrete ambiguities: example |

*) Model truncated at the P-wave:

AW, 0) = S7_o(20 + 1) Ag(W)Py(cos 8) = Ag(W) + 3A1 (W) cos f.
) Cross section, for phase convention A; = Re[A;] > 0:

00 = |Ao|®> + 6A1Re [A%] cosf + 9A2 cos? 6 = co + ¢1 cosf + ¢ cos? 6.

= Constraints on partial waves:

AlIm A
0
! {co. 2} = {[Aol, A1},
! {a} = {Re[Ag] = Re[Ad]},
iEe [Ao]
T Re From |Ao|*> = Re[Ag]* + Im [Ag]?,
" we get:
1
i Im [Ao] = £/ A0 — Re [Ao]’.
Ao
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Discrete ambiguities: example |l

) Another point of view: linear-factor decomposition

A= Ao+ 3A1cosf = 3A; (c059 - [;’;‘1"]> = A(cosf — a1).

Phase-convention fixed via the normalization: A; = Re[A1] =: )\7/3
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Discrete ambiguities: example |l

) Another point of view: linear-factor decomposition

A= Ao+ 3A1cosf = 3A; (c059 - [;’;‘1"]> = A(cosf — a1).

Phase-convention fixed via the normalization: A; = Re[A1] =: )\7/3
) Discrete ambiguity derived from Gersten-root «;: [A. Gersten (1969)]
a1 — of.
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Discrete ambiguities: example |l

) Another point of view: linear-factor decomposition

3A,
Phase-convention fixed via the normalization: A; = Re[A1] =: )\7/3

) Discrete ambiguity derived from Gersten-root «;: [A. Gersten (1969)]

A= Ao+ 3A1cosf = 3A; (c050 — [7A°]> = A(cosf — a1).

a1 — of.
) Cross section og easily seen to be invariant:
00 = |AP = |A]* (cos 0 — a}) (cos 0 — ay)
— [A? (cos 6 — [a]*) (cos O — a})

= |\ (cosf — a}) (cos — 1) = og v
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Discrete ambiguities: example |l

) Another point of view: linear-factor decomposition

A= Ao+ 3A1cosf = 3A; (c050 — [7A°]> = A(cosf — a1).

3A;
Phase-convention fixed via the normalization: A; = Re[A1] =: )\7/3
) Discrete ambiguity derived from Gersten-root «;: [A. Gersten (1969)]
a1 — of.

) Cross section og easily seen to be invariant:

00 = |AP = |A]* (cos 0 — a}) (cos 0 — ay)
— [A? (cos 6 — [a]*) (cos O — a})

= |\ (cosf — a}) (cos — 1) = og v

) Discrete ambiguity acting on the partial waves:

— A =B = A
a1 = T34 Q1= 73a7 =

— 34
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Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

A Im
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Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

Try to rotate {Ap, A1} into
{A§, A1} by applying the
same phase-angle to both
partial waves, i.e. by
performing an
energy-dependent
phase-rotation ®(W).
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f

Try to rotate {Ap, A1} into
{A§, A1} by applying the
same phase-angle to both
partial waves, i.e. by
performing an
energy-dependent
phase-rotation ®(W).
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Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

A

\ [m

Try to rotate {Ap, A1} into
{A§, A1} by applying the
same phase-angle to both
partial waves, i.e. by
performing an
energy-dependent
phase-rotation ®(W).

Y. Wunderlich

Phase rotation ambiguities - formal aspects



Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

Try to rotate {Ap, A1} into

{A§, A1} by applying the

same phase-angle to both
» partial waves, i.e. by
performing an
energy-dependent
phase-rotation ®(W).

\
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Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

\ [m

Try to rotate {Ap, A1} into
{A§, A1} by applying the
same phase-angle to both
partial waves, i.e. by
performing an
energy-dependent
phase-rotation ®(W).

< Impossible!

Y. Wunderlich
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Discrete ambiguities: example |ll

— Recover the same ambiguity Ag — Aj and geometric picture as before:

Im

Try to rotate {Ag, A1} into {A§, A1} by applying
the same phase-angle to both partial waves, i.e.
by performing an energy-dependent
phase-rotation ®(W).

— Impossible!

2y
@

1N

However: The modulus |A(W,0)| = \/oo(W, ) is left invariant by the
discrete ambiguity Ag — Aj.
— Transformation can (effectively) only be a rotation.
— It has to be an angle-dependent rotation!

How to generalize these results to higher L = {157
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Discrete ambiguities: general formalism |

«) A general truncated (i.e. polynomial-) amplitude for arbitrary L = {p,ax,
A= Zézo(% + 1)A¢Py(cos ), has the linear-factor decomposition:

A= A(cosf — 1) (cost —an)...(cosO — a) , with X oc Ay
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Discrete ambiguities: general formalism |

«) A general truncated (i.e. polynomial-) amplitude for arbitrary L = {p,ax,
A= ZLO(% + 1)A¢Py(cos ), has the linear-factor decomposition:

A= A(cosf — 1) (cost —an)...(cosO — a) , with X oc Ay

) There exist 2L solutions that leave the differential cross section
oo = AP = |\ Hf-‘zl (cos @ — aF) (cos O — «) invariant.
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Discrete ambiguities: general formalism |

«) A general truncated (i.e. polynomial-) amplitude for arbitrary L = {p,ax,
A= ZLO(% + 1)A¢Py(cos ), has the linear-factor decomposition:

A= A(cosf — 1) (cost —an)...(cosO — a) , with X oc Ay

) There exist 2L solutions that leave the differential cross section
oo = AP = |\ Hf-‘zl (cos @ — aF) (cos O — «) invariant.

) Formally: 2L “maps” 7, for n =0,..., (2L — 1), defined by:

T, () == {a; i (n) = 0, using n = Z,‘L:1 i (n) 201,
o pi(n) =1
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Discrete ambiguities: general formalism |

) A general truncated (i.e. polynomial-) amplitude for arbitrary L = 1.,
A= 2520(25 + 1)A;P(cos ), has the linear-factor decomposition:

A= A(cost —ay)(cost —ap)...(cos — ), with A oc Ay.
%) There exist 2L solutions that leave the differential cross section
oo = AP = |\ H,-L:1 (cos @ — aF) (cos @ — ) invariant.
) Formally: 2L “maps” 7, for n =0, ..., (2L — 1), defined by:
i s pi(n)=0 ;
T, () = “ i (n) , using n = Z,-Lzl i (n)20=1).
a;'k s pi(n)=1
«) Example: truncation at L =2, i.e. S-, P- and D-waves {Ag, A1, Az}
Then, there are 2 roots {a1,as} and 22 = 4 ambiguities:
{mo (a1) ;7o (a2)} = {ar, a2}, {71 (1), 71 (a2)} = {a1, a2},
{m2(on) 2 (2)} = {a1,05}  {m3 (), 73 (02)} = {a], 02}
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Discrete ambiguities: general formalism |l

«) From the original truncated model A = )\H,-LZI (cos@ — ), one can
transform to 2L ambiguous amplitudes, i.e. for n =0,..., (2L — 1):

N = AT]L, (cos b — 7, [oi]) = oL o (20 + 1)A ")(W)Pg(cosﬁ)
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Discrete ambiguities: general formalism |l

«) From the original truncated model A = )\H,-LZI (cos@ — ), one can
transform to 2L ambiguous amplitudes, i.e. for n =0,..., (2L — 1):

N = AT]L, (cos b — 7, [oi]) = oL o (20 + 1)A ")(W)Pg(cosﬁ)

«) Important point from the Gersten-paper:

“For fixed L these (i.e. the 1t,-maps) are the only ambiguities in
determining the phase shifts from (do/dQQ) (i.e. 0p).”
[cf.: A. Gersten, Nucl. Phys. B 12, p. 538 (1969).]

However, no proof of this claim is given by the author.

Y. Wunderlich Phase rotation ambiguities - formal aspects



Discrete ambiguities: general formalism |l

«) From the original truncated model A = )\H,-LZI (cos@ — ), one can
transform to 2L ambiguous amplitudes, i.e. for n =0,..., (2L — 1):

N = AT]L, (cos b — 7, [oi]) = oL o (20 + 1)A ")(W)Pg(cosﬁ)

«) Important point from the Gersten-paper:

“For fixed L these (i.e. the 1t,-maps) are the only ambiguities in
determining the phase shifts from (do/dQQ) (i.e. 0p).”
[cf.: A. Gersten, Nucl. Phys. B 12, p. 538 (1969).]

However, no proof of this claim is given by the author.

— Question: Is this really the case? Could one not contrive more
complicated discrete ambiguities transmitted by some maps ¢, via

a; — Cn (i),
and which go beyond complex conjugations?
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Discrete ambiguities: general formalism |l

) From the original truncated model A = )\H,-Lzl (cos@ — ), one can
transform to 2L ambiguous amplitudes, i.e. for n =0,..., (2L — 1):

A = ATTL, (cosf — 7, [en]) = ko (20 + 1AL (W) Py(cos 6),

«) Important point from the Gersten-paper:
“For fixed L these (i.e. the 7t,-maps) are the only ambiguities in
determining the phase shifts from (do/dQQ) (i.e. 0g).”
[cf.: A. Gersten, Nucl. Phys. B 12, p. 538 (1969).]

However, no proof of this claim is given by the author.
— Question: Is this really the case? Could one not contrive more
complicated discrete ambiguities transmitted by some maps ¢, via
a; = Cn (i),
and which go beyond complex conjugations?

= We believe Gersten's statement! The reason why should become more
clear by comparing discrete to continuum ambiguities.
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

AW L
o(W.0) — S(W), phase , (W, 0) truncated at

| d dent v
on'y energy-dependent. WO A(W, 0) truncated at L.
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

(W, 0) = d(W), phase
only energy-dependent.

—
easy ,

A(W,0) truncated at L

i
WO A(W, 0) truncated at L.

Y. Wunderlich
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

(W, 0) = d(W), phase
only energy-dependent.

—
easy ,

%

wrongy

A(W,0) truncated at L

i
WO A(W, 0) truncated at L.
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

(W, 0) = d(W), phase
only energy-dependent.

—
easy ,

%

wrongy

A(W,0) truncated at L

i
WO A(W, 0) truncated at L.

= Instead: discrete ambiguities are angle-dependent rotations, for certain

phases ®,(W,0), n=0,...,(2L - 1):

i ®n(W.0) AW, 6)

(cosf —mp[aa])...(cost — m, [ay])

T AW, 0)

(cosf —aq)...(cosl — ap)

Y. Wunderlich
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

— AW L
o(W.0) — S(W), phase casy, (W, 0) trurlcated at
only energy-dependent. wﬁgx WO A(W, 0) truncated at L.

= Instead: discrete ambiguities are angle-dependent rotations, for certain
phases ®,(W,0), n=0,...,(2L - 1):

i ®n(W.0) AW, 0)  (cos® —m,[ea]). .. (cosd — 7, o))

AW,0) (cosf —aq)...(cosl — ap)

%) Amazing: Even though e’®(W:%) is highly non-linear, one can rotate
truncated models again into truncated ones!

= Moreover: The ®,(W,6) are the only angle-dependent phases which
leave the truncation order L un-touched!
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Discrete ambiguities & angle-dependent phase rotations

) Naively assumed equivalence:

po— A(W, 0) truncated at L
¢(W79) = (D(W), phase easy , ( ) ) rurlca ed a
only energy-dependent. V:ng e*(W.0 AW, 0) truncated at L.

= Instead: discrete ambiguities are angle-dependent rotations, for certain
phases ®,(W,0), n=0,..., (2L — 1):

i On(W.0) _ AW, 0) _ (cos@ — 1y [aa]). .. (cosl — 1, [ay])
A(W,0) (cos® —aq)...(cost — ay)

%) Amazing: Even though e’®(W:%) is highly non-linear, one can rotate
truncated models again into truncated ones!

= Moreover: The ®,(W,6) are the only angle-dependent phases which
leave the truncation order L un-touched!

— Can this be substantiated without using the Gersten-formalism?
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Functional methods and Conclusions

For fixed W and angular variable x = cos 6, start with an amplitude
A(W,0) = A(0) = A(x) truncated at some L.
— Search (numerically) for functions F(x) satisfying the 2 requirements:

(i) Unimodularity: |F(x)[* =1, Vx € [-1,1],
(ii) The rotated model A(x) = e’®¥)A(x) = F(x)A(x) is truncated at L:

. 1 +1
ALtk = 2/ dx F(x)A(x)PLik(x) =0, Vk=1,..., 0.
-1
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Functional methods and Conclusions

For fixed W and angular variable x = cos 6, start with an amplitude

A(W,0) = A(0) = A(x) truncated at some L.

— Search (numerically) for functions F(x) satisfying the 2 requirements:
(i) Unimodularity: |F(x)[* =1, Vx € [-1,1],

(ii) The rotated model A(x) = e’®¥)A(x) = F(x)A(x) is truncated at L:

. 1 +1
ALtk = 2/ dx F(x)A(x)PLik(x) =0, Vk=1,..., 0.
-1

In practice: Implement condition (i) on a grid {x,} € [-1,1] & truncate
condition (ii) at some (large) value K = kpax-

= The functions F,(x) = e'®n(x) known from the Gersten-formalism, are
the only solutions returned by this numerical procedure!
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Functional methods and Conclusions

For fixed W and angular variable x = cos 6, start with an amplitude
A(W,0) = A(0) = A(x) truncated at some L.
— Search (numerically) for functions F(x) satisfying the 2 requirements:

(i) Unimodularity: |F(x)[* =1, Vx € [-1,1],
(ii) The rotated model A(x) = e’®¥)A(x) = F(x)A(x) is truncated at L:

. 1 +1
ALtk = 2/ dx F(x)A(x)PLik(x) =0, Vk=1,..., 0.
-1

= The functions F,(x) = eid’"(X), known from the Gersten-formalism, are
the only solutions returned by this numerical procedure!

Conclusion: The discrete ambiguities generated by F,(x) = e®n (%) are the
remnants of the full continuum ambiguity A(x) — e’®¥A(x),
once the latter is restricted to truncated models!
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Additional Slides



Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := e ®WID AW, 9).
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := e ®WID AW, 9).
x) Write e®W.0) as a Legendre-series, defined by complex coefficients:
e/ ®W.0) = 5709 Ly(W)Py(cosb).
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := e ®WID AW, 9).
) Write e/®(".9) a5 a Legendre-series, defined by complex coefficients:
e/ ®W.0) = 5709 Ly(W)Py(cosb).
Investigate partial waves A, projected out of the rotated amplitude A:

Ay(W) = ;/_11 d(cos 0)A(W, 6) Py(cos A)
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := e ®WID AW, 9).
x) Write e®W.0) as a Legendre-series, defined by complex coefficients:
e/ ®W.0) = 5709 Ly(W)Py(cosb).

Investigate partial waves A, projected out of the rotated amplitude A:

~ 1 (! ~
Al(W) = 2/ld(COSO)A(W,é?)Pg(cosﬁ)
1
= ;/ d(cos 0)e’ W) A(W, 0)Py(cos 0)
-1
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := e ®WDAW, 9).
) Write e’®(":9) a5 a Legendre-series, defined by complex coefficients:
’¢) w.0) Z;,O Lg/(W)Pgl(COS 0)
Investigate partial waves A, projected out of the rotated amplitude A:

Ay(W) = ;/_11 d(cos 0)A(W, 6)Py(cos )

1
= 1/ d(cos 0)e’ W A(W, 0) Py(cos 6)

/ d(cos 0) Z Ly (W) Py (cos)A(W, 0)Py(cos )
=0
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) .= e ®WID AW, 9).
%) Write e®W.0) as a Legendre-series, defined by complex coefficients:
e/ ®W.0) = 5709 Ly(W)Py(cosb).

Investigate partial waves A, projected out of the rotated amplitude A:

A(W) = ;/_11 d(cos 0)A(W, 0) Py(cos 0)

1
= / d(cos 0)e’ W0 A(W, 0) Py(cos 0)
-1

1
= 2/_ (cos ) ZL@ )Py (cos O)A(W, 0)Py(cos )

1
_ Z Lo(W) 5 / dlcos0)A(W. )Py (cos ) Py(cos ).
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Derivation of the mixing-formula

) General continuum ambiguity transformation:
AW, 0) — AW, 0) := WD AW, 6).
x) Write e/®(W.9) 35 a Legendre-series, defined by complex coefficients:
e/ ®W0) = 5700 Ly(W)Pp(cosb).
Investigate partial waves A, projected out of the rotated amplitude A:

- 1 /1! -
A(W) = 5 /_1 d(cos 0)A(W, 0)Py(cos H)

1
_! / d(cos 0)e’ W AW, 0) Py(cos 6)
-1

1
= / (cos ) Z Ly (W )Py (cos0)A(W, 0)Py(cos )

_ Z Lo(W) 2 / 11 d(cos 0)A(W, 0) Py (cos 0)Py(cos 0) .
=0 -
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Derivation of the mixing-formula

¥) Tr. A(W,0) = e ®WDAW,0), W0 =5, Ly(W)Py(cosh).
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Derivation of the mixing-formula

*) Tr.: A(W,H) = ei¢(W=9)A(W,9), ei¢(W’6) = Zél Lg/(W)Pg/(COS 9)
*) What to do about product Py (x)Py(x)? — Re-expand it!:

Po(x)Po(x) = S0ty (€,0:£,0lm, 0) Pry(x). ). C. Adams (1878)]

m=|¢'—
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Derivation of the mixing-formula

*) Tr.: A(W,H) = ei¢(W=9)A(W,9), ei¢(W’6) = Zél Lg/(W)Pg/(COS 9)
*) What to do about product Py (x)Py(x)? — Re-expand it!:
Po(x)Pe(x) = Sty (€,0:4,0/m,0)° Pm(x). [J. C. Adams (1878)]

Clebsch— Gordan coeff.
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Derivation of the mixing-formula

¥) Tr. A(W,0) = e ®WODAW,0), W0 =3, Ly(W)Py(cosh).
*) What to do about product Py (x)Py(x)? — Re-expand it!:
Po(x)Pe(x) = Sty (€,0:4,0/m,0)° Pm(x). [J. C. Adams (1878)]

Clebsch— Gordan coeff.

Thus, we obtain for the partial waves of the rotated amplitude A:

. o 1 1 242

A/(W) = ZL@(W)E/ d(cosOVAW,8) S (£,0:£,0{m,0)% Pp(cos)
=0 -1 m=|¢/—¢|

0+ 1 1

S (.0:¢,0/m,0)? 5/ d(cos 8)A(W, 6) Py (cos )

m=¢/—¢| -1

= Z Lo (W)
=0
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Derivation of the mixing-formula

¥) Tr. A(W,0) = e ®WODAW,0), W0 =3, Ly(W)Py(cosh).
*) What to do about product Py (x)Py(x)? — Re-expand it!:
Po(x)Pe(x) = Sty (€,0:4,0/m,0)° Pm(x). [J. C. Adams (1878)]

Clebsch— Gordan coeff.

Thus, we obtain for the partial waves of the rotated amplitude A:

. o 1 1 242

A/(W) = ZL@(W)E/ d(cosOVAW,8) S (£,0:£,0{m,0)% Pp(cos)
=0 -1 m=|¢/—¢|

0+ 1 1

S (.0:¢,0/m,0)? 5/ d(cos 8)A(W, 6) Py (cos )

m=¢/—¢| —t

= Z Lo (W)
=0

An(W)
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Derivation of the mixing-formula

¥) Tr. A(W,0) = e ®WDAW, ), W0 =S, Ly(W)Py(cosh).
*) What to do about product Py (x)Py(x)? — Re-expand it!:

Po(x)Pe(x) = Sty (€,0:4,0lm,0)° Pm(x). [J. C. Adams (1878)]

Clebsch— G‘;rdan coeff.

Thus, we obtain for the partial waves of the rotated amplitude A:

oo 1 '+
Ad(W) = ZL@(W)%/ d(cosOVAW,8) S (£',0:£,0{m,0)% Pp(cos)
=0 -1 m=|¢'—¢|
oo o+ 1 1
=S Lew) Y (,0,4,0/m,0)? E/ d(cos O)A(W, 8)Po(cos 6)
=0 m=|¢'—| -1
PR
[eS) e
=" Le(w) Y (0,0:4,0m,0)* An(W).
=0 m=|¢'—¢|
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Functional problem: definition

2 requirements for the rotation F(x) which generates A(x) = F(x)A(x):

+1
(1) |F(x)[* = 1,Vx € [-1,1] & (ii) % /_1 dx F(x)A(x)Pr+k(x) =0, Vk > 1.
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Functional problem: definition

2 requirements for the rotation F(x) which generates A(x) = F(x)A(x):

+1
(1) |F(x)[> = 1,Vx € [1, 1] & (ii) % /_1 dx F(x)A(x)Pr+k(x) =0, Vk > 1.

Define minimization-functional in a suitable way:

W [F(x)] := Z (Re [FC)) + Im [F(x)]* — 1)2 +Im B /+1 dXF(X)A(X):|

-1

2

2

+> {Re B :1 dx F(X)A(X)PL+k(x)] +Im [;

k>1

+1 2
dx F(X)A(X)PL+k(X):| },
—1
and find phase-rotation functions that minimize of this functional:
W [F(x)] — min. =0,
for F(x) — Fp(x),n=0,...,(2t = 1).

Y. Wunderlich
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Functional problem: solution Ansatz

) Discretize the interval [—1, 1] into N, equidistant points {x,} via:

Ax=2 = = 14 (B2 ) Ax o vn =1, N
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Functional problem: solution Ansatz

) Discretize the interval [—1, 1] into N, equidistant points {x,} via:

Ax=2 = = 14 (B2 ) Ax o vn =1, N

) Parametrize F(x) using a finite Legendre-expansion (with Lcue > 1):
£cut
F({yer, we D)(x) =Y (ver + iwpr) Por(x).
=0
yer = Re[Ly] and wy = Im [Ly] are parameters for which to solve.
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Functional problem: solution Ansatz

) Discretize the interval [—1, 1] into N, equidistant points {x,} via:

Ax=2 = = 14 (B2 ) Ax o vn =1, N

) Parametrize F(x) using a finite Legendre-expansion (with Lcue > 1):
Leut
F({yer, wor })(x) == Y (ver + iwr) P (x).
=0
ye = Re[Ly] and wy = Im [Ly] are parameters for which to solve.
) Use mixing-formula, for input-model A(x) =), ,(2¢ + 1)A¢Py(x)
truncated at L:

min(2L+k,Lcut) L
AL+k({yZ/7WZ/}) - Z (}/IZ’ + iWZ/) Z <€/70;£70|m70>2 Ama
0=k m=|L+k—¢'|

Vk=1,....,K=K= Lo
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Functional problem: solution Ansatz

«) Discr.: Ax = %’; Xp = —1+ (%) Ax,VYn=1,..., N,.

*) Legendre-expansion: F({ye, we})(x) 1= Y pcp. (Yo + iwg)Pp(x)

) Avp({yer, wor ) = PR (yy tiwg) Sk (€0:£,0/m, 0)% An,
Vk=1,...,K= K= Leu.
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Functional problem: solution Ansatz

) Discr.: Ax = %; Xp = —1+ (W) Ax,Vn=1,... N,.

*) Legendre-expansion: F({ye, we})(x) 1= Y pcp. . (Yo + iwg)Pp(x)
*) Aver(fyer, wer}) = SEEET 0 o tiwer) S e (€50:4,0[m, 0)% An,
Vk=1,..., K=K =Lcus-
Minimize the quantity

We (e wot) = 3 (Re[F(fyer w0l + i F( (o we ) 1)
{a}
+1m [Ag( (e we )]+

K

Z (Re [/Z\LJrk({ﬂ” Wz'})r + Im [/‘N\Hk({}’e'a We’})r) )

k=1
starting from randomly chosen initial parameters

(yé,o))j €[-1,1], (We(/o)>j €[-1L,1], j=1,..., NxonteCarlo-
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Functional problem for a toy model

%) Run codes using the following typical (suitable) parameter values:
- Number of grid-points |{x,}|: N; = 400.
- Truncation-order in the Legendre-expansion of F(x):
Lews = 20, ....100
= K = number of higher p.w.'s on whom requirement (ii) is imposed.

- Number of initial conditions: Nyiontecarlo = 50, ..., 100, .. ..
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Functional problem for a toy model

%) Run codes using the following typical (suitable) parameter values:
- Number of grid-points |{x,}|: N; = 400.
- Truncation-order in the Legendre-expansion of F(x):
Lews = 20, ....100
= K = number of higher p.w.'s on whom requirement (ii) is imposed.

- Number of initial conditions: Nyiontecarlo = 50, ..., 100, .. ..
«) Try a toy model truncated at the D-waves, i.e. L = 2 (arbitr. units!):
A(x) =) (20 + 1)ArPy(x) = Ag + 3A1P1(x) + 5A2P2(x)

<2
= 5.+ 3(0.4 + 0.3/)Py(x) + 5(0.02 + 0.01/) P3(x).
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Functional problem for a toy model

«) Run codes using the following typical (suitable) parameter values:
- Number of grid-points |{x,}|: N; = 400.
- Truncation-order in the Legendre-expansion of F(x):
Lewt = 20,...,100
= K = number of higher p.w.'s on whom requirement (ii) is imposed.

- Number of initial conditions: Myiontecarlo = 50, ...,100,. ...
) Try a toy model truncated at the D-waves, i.e. L = 2 (arbitr. units!):
A(x) = Y (20 + 1)APy(x) = Ag + 3A1P1(x) + 5A2Pa(x)
(<2
= 5.4 3(0.4 + 0.3/)P1(x) + 5(0.02 + 0.01/) Po(x).

«) Toy model has Gersten-decomposition A(x) = A(x — a1)(x — ap), with
complex normalization A = 0.15 + 0.075 and two roots

a1 = —7.05858 — 4.63163/, ar = —1.74142 4 3.03163..
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Toy model: Gersten-rotations

%) 2 roots {a1,ap} result in 22 = 4 discrete ambiguities

o = {a1, a2}, M1 = {aj, a2}, Mo = {a1,a5}, m3 = {a],as}.
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Toy model: Gersten-rotations

%) 2 roots {a1,an} result in 22 = 4 discrete ambiguities
o = {on, a0}, T = {0f, a2}, M2 = {a1, 03}, 3 = {o], a5}

%) 4 rotations eivo(x) = 1, eiv1(x) iva(x) givs(x) generating the discrete
ambiguities, are defined by

Fn(X) = eICPn(X) — (X_ﬂ"[all)(x_ﬂn[azl)

(x—a1)(x—a2)
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Toy model: Gersten-rotations

Phases e#0(x) = 1, ei1(x) giv2(x) i¢3(x) plotted versus x = cos 6:

Tlo T
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L 0f L
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-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 10 Real part
cos(6) cos(6)
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Imaginary part
1.0 /___\ 1.0f e
08 0.8
= 06 = 06
3 X
U'E_' 0.4 u_g 0.4
£ o2 E
g 0.0 g 02
’ 0.0
-02
-02
-04
-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
cos(6) cos(6)
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
Nimax=5

Nimax=5

o
3]

~
—

Re/Im[F(x)]

Re/Im[F(x)]
g
¢
'~
—
-

|
o
o
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05 0 Real part
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I e
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Functional problem: results

W-min.’s starting from 4 different random
Ninax=10

functions; N .x: iterations
Ninax=10
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
Nimax=50

Re/Im[F(x)]

Ninax=50

Re/Im[F(x)]

-1.0 -05 0.0 05 10 Real part
cos(6)
Nmax=50 )
Imaginary part
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations

Ninax=100

Re/Im[F(x)]
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
Nnax=150
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
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Functional problem: results

Re/Im[F(x)]

W-min.’s starting from 4 different random functions; Ny.x: iterations
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Functional problem: results

W-min.’s starting from 4 different random functions; Ny.x: iterations
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< The Gersten-phases are the only minima of W found, which are
consistent with zero up to a very good approximation (i.e. with values
within the range 1072°,...,1073% in A.U.)!l
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Toy-model: Legendre-series’ of Gersten-phases

Re/lm[F(4]

o

™

£

L3

Re/Im[F(x)]

Re/lm[F(x)

Re/lm{[F(x)]

02]
00)
-02]

05 00 05
cos(6)

Ly eiro(x)

cos(6)

eir1(x)

cos(@)

eir2(x)

-0 05 00 05 1
cos(6)

eir3(x)

~
o
-

ocooooooo

0.997 — 0.01049/
0.00182 + 0.13038
—0.00581 — 0.00852 i
0.00068 + 0.00028 i
—0.00005 + 9.6 * 1075/
23%107% —23%107%;
—4.4%1078 42151077/
—4.98%107% — 1.3 %108
7.0% 10710 4 4.9 % 10719/

0.95864 + 0.036977
0.02769 — 0.48277
—0.08227 + 0.03939 i
0.0126 + 0.009 i

0.00029 — 0.00249 j
—0.00037 + 0.00015 i
0.00005 + 0.00004 /

1.6 4107 —9.1%1075;

—1.3%1070 +45%1077i

0.97741 + 0.027817
0.01563 — 0.35988 j
—0.04507 + 0.03429
0.00769 + 0.00427 i
0.00005 — 0.00148 i
—0.00021 + 0.00011 i
0.00003 + 0.00002 i
4.0%1077 —5.5%1076;
—7.6%1077 +3.5%10"7j
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Omelaenko’s warning about angle-dependent phase

The large amount of experimental information which
is needed for the complete experiment does not allow
one, however, to obtain values of partial amplitudes
(' 2 from model assumptions, In fact, in a complete

experiment the amplitudes F; are determined with
accuracy to the transformation
PU(EL 0) ~oxp (i3 (1, 0)) F.(E,0), | ! .'

where @(E_, 6) is an independent real function. By
choosing @(E,, 6) one can vary the angular distributions
of the amplitudes F;, although the observables remain KL/@(,
unchanged, Going over then to multipole expansions,
one obtains as a result various sets of partial ampli-
' tudes differing both in the number of excited waves and *’%”‘N-‘-ﬂ
in their magnitudes.
In a multipole analysis with Ls L the uncertainty in
-the phase manifests itself as an ambiguity in the
choice of L. In the amplitude corresponding to the
solution with some L one can also introduce a phase
depending arbitrarily on angle, and the number of
terms in the multipole expansions then changes. - H
Having this in mind, obv,i‘zugly it is expedient to use the ' Warnmg written on
[Omelaenko (1981), page 6]

smallest value L for which one achieves a descrip-

tion of the experimental data. .



