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Lattice QCD Spectroscopy

Systematically-improvable
first-principles calculations

* Discretise spacetime in a finite volume

e Compute correlation fns. numerically
(Euclidean time, t 2 i t)

Note:

* Finiteaand L

* Possibly heavy u, d (= unphysical m_)

Finite-volume energy eigenstates from:

Ci;(t) = (0]0;(1)01(0)| 0)
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Lower-lying mesons (and baryons)
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Lower-lying mesons (and baryons)
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Excited charmonia

e

i — | m_= 236 MeV

_1—+|0—+ 1= 27T 27— 37— 4=t 4 |ot- 2+—]o++ 157 1+ 2FF 3o 3t 4e pc

m_ = 236 MeV [Cheung et al (HadSpec) JHEP 12 (2016) 089], similar pattern to older m_= 391 MeV




Excited charmonia

qq in L=0, with gluonic 17,
scale~1.2-1.3 GeV

XcO hC Xcl XCZ
n. Ny

i — | m_= 236 MeV

_1—+|0—+ 1= 27T 27— 37— 4=t 4 |ot- 2+—] 0FF 1F- 1HF 20 3Fo 3t 4t pe

m_ = 236 MeV [Cheung et al (HadSpec) JHEP 12 (2016) 089], similar pattern to older m_= 391 MeV




Excited charmonia

qq in L=0, with gluonic 17,
scale~1.2—-1.3 GeV

c.f. open-charm and light (isospin =0, 1)

mesons and baryons

n. Ny

X c2
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m_ = 236 MeV [Cheung et al (HadSpec) JHEP 12 (2016) 089], similar pattern to older m_= 391 MeV




Excited charmonia

qq in L=0, with gluonic 17,
scale~1.2—-1.3 GeV

c.f. open-charm and light (isospin =0, 1)
mesons and baryons

X c2

n. Ny

i — ik m_= 236 MeV

_1—+|0—+ 1= 27T 27— 37— 4=t 4 |ot- 2+—] 0FF 1F- 1HF 20 3Fo 3t 4t pe

m_ = 236 MeV [Cheung et al (HadSpec) JHEP 12 (2016) 089], similar pattern to older m_= 391 MeV




Scattering and resonances

Most hadrons appear as resonances in scattering of lighter hadrons




Scattering and resonances

Most hadrons appear as resonances in scattering of lighter hadrons

Singularity structure
of scattering matrix

im E Resonance poles on

o unphysical sheet
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Scattering in Lattice QCD

Infinite volume — contin. spectrum above thresh.




Scattering in Lattice QCD

Infinite volume — contin. spectrum above thresh.

Finite volume — discrete spectrum

. . — 27T
Non-interacting: &k, p = f(’n-;r:; Ngyy Mz )

Interacting:

[periodic b.c.s]




Scattering in Lattice QCD

Infinite volume — contin. spectrum above thresh.

Finite volume — discrete spectrum

. . — 27T
Non-interacting: &k, p = f(fn.l-:, Ngyy Mz )

Interacting:

t(Ecm) — tﬂ"?T—HTﬂ'(Ecm) twwéKI{'(Ecm)
U R smn(Bem) tg i g (Fem

Liischer method (and extensions): relate finite-volume energy levels to
infinite-volume scattering t-matrix

In general under-constrained problem (determinant equ. at each E_, )
— parameterize E_ dependence of t-matrix and fit {€ .} to {E , .}
Consider many different parameterizations (e.g. K-matrix, eff. range, B.W.)



The p resonance: elastic rt scattering (P€=1-,1=1)

m,_ =236 MeV

—

P = [000]
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(HadSpec) [PR D87, 034505 (2013); PR D92, 094502 (2015)]




The p resonance: elastic mr scattering (P€=1-,1=1)

m,_ =236 MeV

22 energy levels
(1 volume)
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(HadSpec) [PR D87, 034505 (2013); PR D92, 094502 (2015)]




The p resonance: elastic nr scattering

391 236 Experimental

854.1+11 |790%2 775.49 £ 0.3 . my = 391 MeV

11.9+0.6 87+%2 149.1+0.8

m. = 236 MeV
5.698 £+ 0.097 | 5.688 £+ 0.07 | =5.9

+0.003 +0.03

Relativistic Breit-Wigner
parameterisation
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(HadSpec) [PR D87, 034505 (2013); PR D92, 094502 (2015)]




The p resonance: coupled-channel i, K K
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Wilson et al (HadSpec) [PR D92, 094502 (2015)]




Light scalar mesons (< 1 GeV)

o/fo(500)  fo(980)

‘ a,(980)

k/K,*(800)




K in TCK, r]K JP =07, Isospin = %, Strangeness = 1

m_ =391 MeV

¥ n K

E .
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x?/Naot = 0.89

Wilson, Dudek, Edwards, CT
(HadSpec) [PRL 113, 182001 (2014);

PR D91, 054008 (2015)]
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K in TCK, r]K JP =07, Isospin = %, Strangeness = 1

m_ =391 MeV

Broad resonance
c.f. K, (1430)

————— nkK

1600 Lrem /MeV

1400 1600 /3 energy levels

(3 volumes)

Virtual bound state [pole on real axis
below threshold on unphysical sheet]

. . . Wilson, Dudek, Edwards, CT
c.f. ik in unitarised ypt [Nebreda & (HadSpec) [PRL 113, 182001 (2014);

Pelaez, PR D81, 054035 (2010)] PR D91, 054008 (2015)]
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K in TCK, r]K JP =07, Isospin = %, Strangeness = 1

m_ =391 MeV

Broad resonance
c.f. K, (1430)

ZSIl Also: P-wave (1-) bound state,

S 12001400 1600 Ecm,;”l\-'le m =933(1) MeV, g =5.93(26)
e SR c.f. K'(892)

1000 1200 1400 1600

1000

and D-wave (27) narrow

resonance c.f. K,"(1430)
Virtual bound state [pole on real axis

below threshold on unphysical sheet]

. . . Wilson, Dudek, Edwards, CT
c.f. ik in unitarised ypt [Nebreda & (HadSpec) [PRL 113, 182001 (2014);

Pelaez, PR D81, 054035 (2010)] PR D91, 054008 (2015)]
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a, resonance in m, KK

m_ =391 MeV 47 energy levels
(3 volumes)
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Dudek, Edwards, Wilson (HadSpec)
[PR D93, 094506 (2016)]




a, resonance in m, KK P=0%,1=1

Pipj 'tz'j|2 ~ 0O

0.7

Resonance strongly coupled

m, = 391 MeV to both 711y and K K

Pole (sheet IV) at: /a7 = (u;llr-ri 27) 4 S(49 % 33'1) MeV.

¢k /cry| = 1.30(37)
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Dudek, Edwards, Wilson (HadSpec)
[PR D93, 094506 (2016)]



a, resonance in m, KK P=0%,1=1

Resonance strongly coupled

m, =331 MeV to both 711y and K K

pips |ti| ~ G

0.7 +

Pole (sheet IV) at: /a7 = (u;llr-ri 27) 4 S(49 % 33)) MeV.

¢k /cry| = 1.30(37)

Also: including mn’ in S-wave,
and a D-wave (2*) resonance c.f. a,
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Dudek, Edwards, Wilson (HadSpec)
[PR D93, 094506 (2016)]




f,(500)/c in nt scattering

m_, =391 MeV bound state

m, = 391 MeV

| —o—

Bricefio, Dudek, Edwards, Wilson
(HadSpec) [PRL 118, 022002 (2017)]




f,(500)/c in nt scattering

m_=391 MeV bound state

m_= 236 MeV
broad resonance

m, = 391 MeV

Lo

—o—

My = 236 MeV

Bricefio, Dudek, Edwards, Wilson
(HadSpec) [PRL 118, 022002 (2017)]




f,(500)/c in nt scattering

m_=391 MeV bound state

m, = 391 MeV

| —o—

My = 236 MeV

m_= 236 MeV
broad resonance

c.f. unitarised ypt
[PRL 100, 152001 (2008)]
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Bricefio, Dudek, Edwards, Wilson
(HadSpec) [PRL 118, 022002 (2017)]




f,(500)/c in nt scattering
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Bricefio, Dudek, Edwards, Wilson
(HadSpec) [PRL 118, 022002 (2017)]




f,(500)/c in nt scattering
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f,(500)/c in nt scattering
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disp.
+ exp.

analysis of exp. data, Pelaez [Phys. Rept. 658, 1 (2016)]

Bricefio, Dudek, Edwards, Wilson
(HadSpec) [PRL 118, 022002 (2017)]




f,(500)/c in nt scattering
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Charm-light: D, Dn,

m_ =391 MeV

10+ P?P’J |t?J|

Dk, DR
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47 energy levels

- " (3 volumes)
[

Moir, Peardon, Ryan, CT, Wilson (HadSpec) [JHEP 1610, 011 (2016)]




Charm-light: D=, Dn, DK (I=2)

m_ =391 MeV

e Bound state just below thresh.
s m =(2275.9 £0.9) MeV
= c.f. Dt thr.=(2276.4 £ 0.9) MeV

c.f. D, (2400)
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Moir, Peardon, Ryan, CT, Wilson (HadSpec) [JHEP 1610, 011 (2016)]

14









17



18



Resonant "y — p — n* ¥ amplitude
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Bricefo et al (HadSpec) [PRL 115, 242001 (2015); PRD 93, 114508 (2016)]
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Charm-light (D) and charm-strange (D,) mesons

D.,*(2317)

[Exp. data from PDG]

1" 2"

Some earlier LQCD studies:

* Mohler et al [PR D87, 034501 (2012)] — 0* D mw and 1* D* &t resonances
* Mohler et al [PRL 111, 222001 (2013)] — 0* D,(2317) below D K threshold
* Lang et al [PRD 90, 034510 (2014)] — 0* D,(2317) and 1* D,,(2460), D.,(2536)
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Scattering in Lattice QCD

Infinite volume — continuous
spectrum above threshold
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Scattering in Lattice QCD

Infinite volume — continuous
spectrum above threshold

Finite volume — discrete spectrum

Non-interacting:

L

[periodic b.c.s]

kap=

2T
T (?'1 z, Ny, Z)
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Scattering in Lattice QCD

Infinite volume — continuous
spectrum above threshold

Finite volume — discrete spectrum

. . - 21
Non-interacting: k, p = f(ﬂ;{:, Ny, Nz)
Interacting:

—> o 2
| c.f 1-dim: k = %n +78(k)

|

[periodic b.c.s] scattering phase shift
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Scattering in Lattice QCD

Liischer method [NP B354, 531 (1991)] extended by many others:
relate finite-volume energy levels {E__} to infinite-volume scattering t-matrix

Coupled-channel scattering:

Eg. t(Ecm) = (t”’”_””r(Ecm) ters i ik (Eem) >

tg g —sar(Bem) tgg_ g (Ecm)
Determinant equation for t(E_,) at each E_,

* Given t(E_): solns. of equ. =2 finite-vol. spec. {E

But we need: spectrum = t(E_,)

cm}

* Under-constrained problem (e.g. 2 channels: 3 unknowns but 1 equ.)
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Scattering in Lattice QCD

Liischer method [NP B354, 531 (1991)] extended by many others:
relate finite-volume energy levels {E__} to infinite-volume scattering t-matrix

Coupled-channel scattering:

Eg. t(Ecm) = (t”"r_””r(Ecm) ters i ik (Eem) )

bR —smn(Bem) tr g g (Ecm)

Determinant equation for t(E_,) at each E_,

* Given t(E_): solns. of equ. =2 finite-vol. spec. {E

}
cm
But we need: spectrum = t(E_,)

* Under-constrained problem (e.g. 2 channels: 3 unknowns but 1 equ.)

— Parameterize E_, dependence of t-matrix and fit {£,,;;ce} 10 {E 5 ram}

Try different parameterizations, e.g. various K-matrix forms
(for elastic scattering also Breit Wigner, effective range expansion).
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