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Introduction
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muon anomalous magnetic moment: 
• is generated by quantum effects (loops).  
• receives contributions from QED, EW, and QCD effects in the SM.  
• is a sensitive probe of new physics. 

QED + EW correction are known precisely:  

QCD corrections are the dominant source of error in the SM prediction:  

aµ = F2(0)

(Davier et al. 2011, Hagiwara et al 2011, Kurz et al 2014, Prades et al 2009, Colangelo et al 2014, 
Jegerlehner 2015, Benayoun et al 2015,…)
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Introduction
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T. Blum et al. (arXiv:1311.2198) 

Experiment vs SM theory

Fermilab g-2 experiment: 
reduce exp. error by a factor of 4 
first result with “Brookhaven level” 
statistics expected in 2018. 
Commissioning of beam, ``wiggle 
party”.  

  

J-PARC experiment: 
complementary, different exp. method 
expect measurement at 0.3-0.4 ppm 
level 

Need to reduce and better control theory errors for the hadronic corrections.
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dq2 w(q2) ⇧̂(q2)Leading order HVP correction: 

• Use optical theorem and dispersion relation to rewrite the 
integral in terms of the hadronic cross section  
➟ talks by Teubner, Jegerlehner, Zhang
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Hadronic vacuum polarization

Leading order HVP correction: 

• Calculate            in Lattice QCD: 
✦ Calculate           and evaluate the integral  

   

✦ Time-momentum representation:  
reorder the integrations and compute 
  

  

✦ Time-moments:  
     Taylor expand  
  

and compute Taylor coefficients from time moments:  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(Bernecker & Meyer, EPJ 12)

(Blum,PRL 03, Lautrup et al, 
71)

(Chakraborty et al, PRD 14)
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 Need to have several (≧2) lattice spacings.   

 “physical mass ensemble” means pion mass is at (or near) its physical 
value.   

 Finite volume: should have m𝜋L > 4 for simple QCD quantities 
    With QED included, finite volume effects are larger  

 Sea quark flavors: 2+1, 2+1+1, 1+1+1+1 

 Comparing lattice results obtained with different actions provides good 
cross checks of methods used. 

 FLAG: compare/combine results from different lattice groups for  
    specific quantities. 

7

A brief ``Lattice” guide

See appendix:  
• more detailed introduction to LQCD 
• LQCD success examples
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Hadronic vacuum polarization
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Dispersion relation + experimental data for                              (and 𝜏 data) 
• current uncertainty ~0.4-0.5% 
• can be improved with more precise experimental data  
• new experimental measurements expected/ongoing at BaBar, BES-III, Belle/

Belle-II, CMD-3, SND, KLOE,…. 
  

Lattice QCD  
for (sub)percent precision, calculations of HVP corrections need to 
• be based on physical mass ensembles 
• include disconnected contributions 
• include QED and strong isospin breaking corrections (mu ≠ md) 
• include finite volume corrections  

➟ talks by Witting and Lehner 

 compare intermediate quantities (moments, taylor coefficients) with exp. data 
 hybrid method: combine LQCD with experimental data  
  (Lehner @ Lattice 2017)  

e+e� ! hadrons
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Summary of recent HVP results

9
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Comparison of recent lattice HVP results
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New: Isospin corrections
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R. Van de Water @ Lattice 2017 for FNAL/HPQCD/MILC
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First LQCD calculation at 
physical pion mass. 

Consistent with recent 
RBC calculation at 
heavier pion mass 
(P. Boyle et al, arXiv:1706.05293). 

PRELIMINARY
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Hadronic Light-by-light
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Hadronic light-by-light: 
current estimate “Glasgow consensus” based on different QCD models 
theory error not well known 
  

dispersive approach:  more complicated than for HVP  
(Colangelo et al, arXiv:1702.07347; Kubis et al, 2012, 2014; Hoferichter et al, 2012, 2014; 
Hanhardt et al, 2013; Pascalutsa et al, Pauk et al, Danilkin et al,…) 
combine with exp. data and/or LQCD calculations  
➟ talks by Kubis, Pauk, Colangelo 

  

Direct lattice QCD calculations: 
QCD + stochastic QED    ➟ talk by Lehner  
(Jin et al, arXiv:1610.04603, 2016 PRL; arXiv:1705.01067) 
QCD + exact QED kernel    ➟ talk by Wittig  
(Asmussen @Lattice 2016; Green et al, arXiv:PRL 2015) 
dominant exclusive contributions (transition form factors)  
(Gerardin et al, arXiv:1607.08174, 2016 PRD, Lattice 2016)
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Muon g-2 Theory Initiative: Goals
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theory support to the Fermilab and J-PARC experiments to 
maximize their impact 
➟ need theoretical predictions of the hadronic corrections with 
reduced and reliably estimated uncertainties 

summarize the theoretical calculations of the hadronic corrections 
to the muon g-2 
➟ comparisons of intermediate quantities between the different 
approaches. For example, lattice vs experiment  
➟ assess reliability of uncertainty estimates
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Finite-volume, discretization, & chiral corrections
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Compare HPQCD results to R-ratio data

A good test of the 
corrections, because the 
comparison was performed 
after the first version of the 
HPQCD paper (1601.03071) was 
posted. 

R. Van de Water @ Lattice 2017

Lowest moments make the largest contributions to a𝜇. 
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Muon g-2 Theory Initiative: Goals
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theory support to the Fermilab and J-PARC experiments to 
maximize their impact 
➟ need theoretical predictions of the hadronic corrections with 
reduced and reliably estimated uncertainties 

summarize the theoretical calculations of the hadronic corrections 
to the muon g-2 
➟ comparisons of intermediate quantities between the different 
approaches. For example, lattice vs experiment  
➟ assess reliability of uncertainty estimates 

combine to provide theory predictions for           and             and 
write a report before the Fermilab and J-PARC experiments 
announce their first results.   

aHVP
µ aHLbL

µ
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Muon g-2 Theory Initiative: Plan

Organize ``plenary” workshops to bring the different communities 
together 

• First workshop: held near Fermilab, June 2017:  
kick-off

16
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Search

In the coming years, experiments at Fermilab and at J-PARC plan to reduce the uncertainties on 
the already very precisely measured anomalous magnetic moment of the muon by a factor of 
four. The goal is to resolve the current tantalizing tension between theory and experiment of 
three to four standard deviations.  On the theory side the hadronic corrections to the 
anomalous magnetic moment are the dominant sources of uncertainty. They must be 
determined with better precision in order to unambiguously discover whether or not new 
physics effects contribute to this quantity.

There are a number of complementary theoretical efforts underway to better understand and 
quantify the hadronic corrections, including dispersive methods, lattice QCD, effective field 
theories, and QCD models. We have formed a new theory initiative to facilitate interactions 
between the different groups through organizing a series of workshops. The goal of this first 
workshop is to bring together theorists from the different communities to discuss, assess, and 
compare the status of the various efforts, and to map out strategies for obtaining the best 
theoretical predictions for these hadronic corrections in advance of the experimental results.

All sessions in this workshop will be plenary, featuring a mix of talks and discussions.

Dates: from June 3, 2017 08:00 to June 6, 2017 18:00
Timezone: US/Central
Location: Q Center

Room: D L1 69 (The L1 denotes that the meeting room is on the Lower Level 1
floor)

Chairs: Dr. Van de Water, Ruth
Dr. Lehner, Christoph
Prof. Roberts, Bradley Lee
Prof. El-Khadra, Aida
Dr. Izubuchi, Taku

Additional
info:

First Workshop of the Muon g-2 Theory Initiative

3-6 June 2017 Q Center
US/Central timezone

US/Central English LoginiCal export More

Sponsors

Committees

Timetable

Registration

List of registrants

List of confirmed speakers

workshop photos

Accommodations

Wilson Hall

Visa Information

Registration Form

 Powered by Indico
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took place near Fermilab, 3-6 June 2017: 

66 registered participants, 40 talks, 15 discussion sessions (525 minutes)
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Muon g-2 Theory Initiative: Plan

Organize ``plenary” workshops to bring the different communities 
together 

• First workshop: held near Fermilab, June 2017:  
kick-off 

• Second workshop: Mainz, 18-22 June 2018:  
organize first report 

• 2019 & 2020 workshops: Japan? Seattle?  
Form two working groups, one for HVP and one for HLbL:  

• invite community participation  
• organize focused workshops to advance the work:  

winter/spring 2018 
Finalize the first report before the Fermilab experiment announces 
its first result with ``Brookhaven level” statistics  
       target date for first report: September 2018

19
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Muon g-2 Theory Initiative: WGs

sign-up for the HVP or HLbL WG in the google sheet 
 or send email to one of the WG coordinators 

HVP WG coordinators:   

• Michel Davier davier@lal.in2p3.fr 

• Simon Eidelman eidelman@cern.ch 

• Aida El-Khadra axk@illinois.edu 

• Thomas Teubner  thomas.teubner@liverpool.ac.uk 

HLbL WG coordinators: 

• Gilberto Colangelo gilberto@itp.unibe.ch 

• Christoph Lehner clehner@bnl.gov 

• Andreas Nyffeler nyffeler@uni-mainz.de

20

https://docs.google.com/spreadsheets/d/1xl5hPUiy45EkCTnxOR5eG3qCxycKWOieaObKDPJ22S4/edit?usp=sharing
mailto:davier@lal.in2p3.fr?subject=
mailto:eidelman@cern.ch?subject=
mailto:axk@illinois.edu?subject=
mailto:thomas.teubner@liverpool.ac.uk?subject=
mailto:gilberto@itp.unibe.ch?subject=
mailto:clehner@bnl.gov?subject=
mailto:nyffeler@uni-mainz.de?subject=
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The First Workshop of the Muon g-2 Theory Initiative kicked off the 
activities.  

Participation from all groups engaged in hadronic muon g-2 theory is 
essential. 

Two Working Groups (HVP and HLbL) are being formed.   
 Let us know if you want to participate.   

Plenary workshop in Mainz (summer 2018) and a focused HVP 
workshop in Japan (Feb 2018).  
Still looking for a venue for a HLbL workshop in Winter/Spring 2018 

A web page for the initiative is currently under construction.  

Plan to coordinate with other working groups/efforts, for example 
Radio MonteCarLow and FLAG.

Summary

21



22Farah Willenbrock

Thank you!
Danke!
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Backup slides 
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adjustable parameters 
  

lattice spacing:  
  

finite volume, time:  
    

quark masses (mf): 
  tune using hadron masses 
  extrapolations/interpolations 

  

also: nf = number of sea quarks: 3 (2+1), 4 (2+1+1)

24

Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc…  
  

finite spatial volume (L) 
  

finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based 
on EFT (Effective Field Theory) descriptions of QCD  

➙ ab initio 
  

The EFT description:  
  

 provides functional form for extrapolation (or interpolation) 
  

 can be used to build improved lattice actions/methods 
  

 can be used to anticipate the size of systematic effects  
  

To control and reliably estimate the systematic errors  
 repeat the calculation on several lattice spacings, light quark 

masses, spatial volumes, ...

systematic error analysis

a (fm) 

L 

L 

a 

x Lattice QCD Introduction
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a (fm) 

L 

L 

a 

x 

discretization effects

discrete space-time ➙ discrete QCD action 

Symanzik EFT:  
p is the typical momentum scale associated with 
for light quark systems, p ~𝛬QCD

hOilat = hOicont +O(ap)n

The form of O(ap)n depends on the details of the lattice action.  

All modern light-quark actions start at n = 2 
(improved Wilson, twisted-mass Wilson,  
asqtad, HISQ, Domain Wall, Overlap, ...).  

We can now use improved light-quark actions also for charm. 

for b quarks: amb > 1 at currently available lattice spacings 
➙ use HQET, NRQCD, gen. Symanzik EFT to avoid terms of O(amb)n

hOi

L 

a 

x Lattice QCD Introduction
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use monte carlo methods (importance sampling) to evaluate the integral.

Note: Integrating over the fermion fields leaves det(D +m) in the integrand. The  
          correlation functions, O, are then written in terms of (D+m)-1 and gluon fields.

/
/

1. generate gluon field configurations according to det(D+m) e-S 

2. calculate quark propagators, (D+mq)-1, for each valence quark flavor and source point 
  

3. tie together quark propagators into hadronic correlation functions (usually 2 or 3-pt 
functions) 

  

4. statistical analysis to extract hadron masses, energies, hadronic matrix elements, …. 
from correlation functions 

5. systematic error analysis

steps of a lattice QCD calculation:

/

/

27

Lattice QCD IntroductionL 

a 

x 
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Example: Set of ensembles by MILC collaboration

Lattice set-up

28

MILC nf = 2+1+1

Five collaborations have now generated sets of ensembles that include sea quarks 
with physical light-quark masses:  PACS-CS, BMW, MILC, RBC/UKQCD, ETM
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FNAL/HPQCD/MILC g-2 group

29
R. Van de Water HVP contribution to muon g-2 with (2+1+1) HISQ quarks

Participants

2

Carleton DeTar (Utah)

Steve Gottlieb (Indiana)

Jack Laiho (Syracuse)

Bipasha Chakraborty (JLAB)

Daniel Hatton (Glasgow)

Christine Davies (Glasgow)

Jonna Koponen (INFN, Rome)

Peter Lepage (Cornell)

Andrew Lytle (Glasgow)

Craig McNeile (Plymouth) 

Aida El Khadra (Illinois)

Andreas Kronfeld (Fermilab)

Ethan Neil (Colorado)

Ruth Van de Water (Fermilab)

Fermilab Lattice 
Collaboration

MILC Collaboration
Yuzhi Liu (Indiana)

Doug Toussaint (Arizona)

Alejandro Vaquero (Utah)
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LQCD success: spectrum

30
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© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

π…Ω: BMW, MILC, PACS-CS, QCDSF; η-ηʹ′: RBC, UKQCD, Hadron Spectrum (ω); 
D, B: Fermilab, HPQCD, Mohler-Woloshyn
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RBC (arXiv:1501.05373, PRD 2015)

FNAL/MILC (arXiv:1503.07839, PRD 2015)

plot by R. Van de Water

z extrapolation
lattice data

|Vub| = 3.72 (16) 10-3

shape of f+  agrees with experiment and uncertainties are commensurate 
fit lattice form factors together with experimental data to determine |Vub| and 
obtain form factors (f+, f0 ) with improved precision…

LQCD success: form factors 
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FLAG review of B-meson quantities

32

S. Aoki et al 
(FLAG-3 
review, 
arXiv:
1607.00299, 
EPJC 17, 
web update)

decay constant, fB+ , is essential for extracting |Vub| from leptonic B+ decays. The neutral B-
meson decay constants, fB0 and fBs , are inputs for obtaining |Vtd| using information from the
B-meson mixing processes. In view of this, it is desirable to include isospin-breaking effects in
lattice computations for these quantities, and have results for fB+ and fB0 . Nevertheless, as
will be discussed in detail in this section, such effects are small compared to the current errors
of the decay constants calculated using lattice QCD. In this review, we will then concentrate
on the isospin-averaged result, fB, and the Bs-meson decay constant, as well as the SU(3)-
breaking ratio, fBs/fB. For the world average for the lattice determination of fB+ and
fBs/fB+ , we refer the reader to the latest work from the Particle Data Group (PDG) [183].
Notice that the lattice results used in Ref. [183] and the current review are identical. We will
discuss this in further detail at the end of this subsection.

The status of lattice-QCD computations for B-meson decay constants and the SU(3)-
breaking ratio, using gauge-field ensembles with light dynamical fermions, is summarized in
Tabs. 32 and 33. Figs. 20 and 21 contain the graphic presentation of the collected results
and our averages. Many results in these tables and plots were already reviewed in detail in
the previous FLAG report [2]. Below we will describe the new results that appeared after
December 2013. In addition, we will comment on our updated strategies in performing the
averaging.

Figure 20: Decay constants of the B and Bs mesons. The values are taken from Tab. 32 (the
fB entry for FNAL/MILC 11 represents fB+). The significance of the colours is explained
in Sec. 2. The black squares and grey bands indicate our averages in Eqs. (155), (156) and
(157).

Only one new Nf = 2 project for computing fB, fBs and fBs/fB was completed after
the publication of the previous FLAG review. This was carried out by the ALPHA collabo-
ration [58] (ALPHA 14 in Tabs. 32 and 33), on the CLS (Coordinated Lattice Simulations)
gauge-field ensembles which were generated using the Wilson plaquette action and Nf = 2
non-perturbatively O(a)-improved Wilson fermions with the DD-HMC [466–468] or the MP-
HMC [469] algorithm. There are three choices of lattice spacing, 0.048, 0.065 and 0.075 fm,
in these ensembles. At each lattice spacing, three to four lattice sizes are adopted in the sim-

135

Figure 21: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Tab. 33 (the fB entry for FNAL/MILC 11 represents fB+). The significance of the colours
is explained in Sec. 2. The black squares and grey bands indicate our averages in Eqs. (155),
(156) and (157).

and the systematic effects in the chiral extrapolations as estimated by comparing with fits
to formulae without the chiral logarithms. Since the fits to the predictions of finite-volume
HMχPT [470] have not been implemented, systematic effects resulting from the finite lattice
size are not included in the analysis. Nevertheless, given that the condition MπL > 4 is
always satisfied in ALPHA 14, these effects should be at the subpercentage level according
to the 1-loop formulae in Ref. [470].

The new result, ALPHA 14, satisfies all our criteria for being included in the averaging
process. Therefore, in the current edition of the FLAG report, two Nf = 2 calculations for the
B-meson decay constants and the SU(3)-breaking ratio contribute to our averages. The other
determination of these quantities (ETM 13B, 13C in Tabs. 32 and 33) was already reviewed
in detail in the previous FLAG publication. These two projects are based on completely
different lattice simulations, and there is no correlation between the errors quoted in them.
This gives our estimate,

fB = 188(7) MeV Refs. [20, 58, 59],

Nf = 2 : fBs = 227(7) MeV Refs. [20, 58, 59], (155)

fBs/fB = 1.206(23) Refs. [20, 58, 59].

Two groups of authors (RBC/UKQCD 14 [54] and RBC/UKQCD 14A [55] in Tabs. 32 and 33)
presented their Nf = 2+1 results for fB, fBs and fBs/fB after the publication of the previous
FLAG report in 2013. Both groups belong to the RBC/UKQCD collaboration. They use the
same gauge-field ensembles generated by this collaboration, with the Iwasaki gauge action and
domain-wall dynamical quarks [144], adopting the “RHMC II” algorithm [145]. Two values
of the lattice spacing, 0.11 and 0.086 fm, are used in the simulations, with the corresponding
lattice sizes being 243 × 64 and 323 × 64, respectively. This fixes the spatial size L ≈ 2.7
fm in all the data sets. For the coarse lattice, two choices of the sea-quark masses, with
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Figure 2: The SU(3)-breaking quantities ξ and BBs/BBd
[values in Tab. 2 and Eqs. (14),

(17)].

For theNf = 2+1 case there is a new report (RBC/UKQCD 14A) [10] by the RBC/UKQCD
collaboration on the neutral B-meson mixing parameter, using domain-wall fermions for the
light quarks and the static approximation for the b quark. Used gauge configuration ensembles
are the Nf = 2 + 1 domain-wall fermion and Iwasaki gauge actions with two lattice spacings
(a ≈ 0.09, 0.11 fm) and a minimum pion mass of about 290 MeV. Two different static-quark
actions, smeared with HYP1 [19] and HYP2 [20] are used to further constrain the continuum
limit. The operators used are 1-loop O(a)-improved with the tadpole improved perturbation
theory. Two different types of chiral formulae are adopted for the combined continuum and
chiral extrapolation: SU(2) NLO HMχPT and first order polynomial in quark masses with
linear O(a2) terms. The central values are determined as the average of the results with two
different chiral formulae. The systematic error is estimated as half of the full difference of the
two, with an exception for the quantity only involving B0

s , where the NLO χPT is identical
to the first order polynomial. In such cases, the fit excluding the heaviest ud mass point is
used for the estimate of the systematic error. The systematic error due to the static approxi-
mation is estimated by the simple power counting: the size of ΛQCD/mb, where ΛQCD = 0.5

GeV and mb(µ = mb)MS = 4.18 GeV (PDG) leads to 12%. This is the dominant systematic
error for individual fB

√
BB or BB. Due to this large error, the effect of the inclusion in the

FLAG averages of these quantities is small. The dominant systematic error for the SU(3)-
breaking error, instead, comes from the combined continuum and chiral extrapolation, while
the statistical uncertainty is a bit larger than that.

[Update after the paper version of FLAG2016 begins from here] The FNAL/MILC
collaboration reported their new results on the neutral B-meson mixing parameters. As the
paper [9] appeared after the closing date of FLAG2016, the results had not been taken into
our average. Their estimate of the B0 − B0 mixing matrix elements are far improved com-
pared to their older ones as well as all the prior Nf = 2 + 1 results. Hence, including the
new FNAL/MILC results makes our averages much more precise. The study uses the asqtad
action for light quarks and the Fermilab action for the b quark. They used MILC asqtad
ensembles spanning four lattice spacings in the range a ≈ 0.045−0.12 fm and RMS pion mass

6

Figure 1: Neutral B- and Bs-meson mixing matrix elements and bag parameters [values in
Tab. 1 and Eqs. (12), (15), (13), (16)].
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ξ BBs
/BBd

FNAL/MILC 16nty [9] 2+1 A ⋆ ◦ ⋆ ◦ " 1.206(18) 1.033(31)(26)⊙

RBC/UKQCD 14A [10] 2+1 A ◦ ◦ ◦ ◦ " 1.208(41)(52) 1.028(60)(49)

FNAL/MILC 12 [17] 2+1 A ◦ ◦ ⋆ ◦ " 1.268(63) 1.06(11)

RBC/UKQCD 10C [18] 2+1 A # # # ◦ " 1.13(12) −
HPQCD 09 [11] 2+1 A ◦ ◦∇ ◦ ◦ " 1.258(33) 1.05(7)

ETM 13B [7] 2 A ⋆ ◦ ◦ ⋆ " 1.225(16)(14)(22) 1.007(15)(14)
ETM 12A, 12B [13, 14] 2 C ⋆ ◦ ◦ ⋆ " 1.21(6) 1.03(2)

⊙ PDG average of the ratio of decay constants fBs
/fB0 [15] is used to obtain the value.

∇ Wrong-spin contributions are not included in the rSχPT fits.

Table 2: Results for SU(3)-breaking ratios of neutral Bd- and Bs-meson mixing matrix ele-
ments and bag parameters.

passes the quality criteria for Nf = 2, we quote their values as our averages in this version:

fBd

√

B̂bd = 216(10) MeV fBs

√

B̂Bs = 262(10) MeV Ref. [7], (12)

Nf = 2 : B̂Bd
= 1.30(6) B̂Bs = 1.32(5) Ref. [7], (13)

ξ = 1.225(31) BBs/BBd
= 1.007(21) Ref. [7]. (14)
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Figure 28: Lattice and experimental data for (1 − q2/m2
B∗)fB→π

+ (q2) and fB→π
0 (q2) versus

z. Green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub| obtained from the fit. The grey and
orange bands display the preferred N+ = N0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors.

Let us summarize the lattice input that satisfies FLAG requirements for the control of sys-
tematic uncertainties, discussed in Sec. 8.4. In the (experimentally more precise) B → D∗ℓν
channel, there is only one Nf = 2+ 1 lattice computation of the relevant form factor FB→D∗

at zero recoil. Concerning the B → Dℓν channel, for Nf = 2 there is one determination of the
relevant form factor GB→D at zero recoil59; while for Nf = 2+1 there are two determinations
of the B → D form factor as a function of the recoil parameter in roughly the lowest third
of the kinematically allowed region. In this latter case, it is possible to replicate the analysis
carried out for |Vub| in Sec. 8.6, and perform a joint fit to lattice and experimental data; in
the former, the value of |Vcb| has to be extracted by matching to the experimental value for
FB→D∗

(1)ηEW|Vcb| and GB→D(1)ηEW|Vcb|.
The latest experimental average by HFAG [196] for the B → D∗ form factor at zero recoil

is

FB→D∗
(1)ηEW|Vcb| = 35.81(0.45)× 10−3 . (213)

By using ηEW = 1.00662 60 and the lattice value for FB→D∗
(1) in Eq. (208), we thus extract

our average

Nf = 2 + 1 B → D∗ℓν : |Vcb| = 39.27(56)(49)× 10−3 , (214)

where the first uncertainty comes from the lattice computation and the second from the
experimental input. For the zero-recoil B → D form factor, HFAG quotes

HFAG: GB→D(1)ηEW|Vcb| = 42.65(1.53)× 10−3 . (215)

59The same work provides GBs→Ds , for which there are, however, no experimental data.
60 Note that this determination does not include the electromagnetic Coulomb correction roughly estimated

in Ref. [540]. Currently the numerical impact of this correction is negligible.
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from |Vcb|× 103

our average for Nf = 2 + 1 B → D∗ℓν 39.27(56)(49)
our average for Nf = 2 + 1 B → Dℓν 40.1(1.0)

our average for Nf = 2 B → Dℓν 41.0(3.8)(1.5)

HFAG inclusive average B → Xcℓν 42.46(88)

Table 41: Results for |Vcb|. When two errors are quoted in our averages, the first one comes
from the lattice form factor, and the second from the experimental measurement. The HFAG
inclusive average obtained in the kinetic scheme from Ref. [196] is shown for comparison.

Figure 29: Lattice and experimental data for fB→D
+ (q2) and fB→D

0 (q2) versus z. Green
symbols denote lattice-QCD points included in the fit, while blue and indigo points show
experimental data divided by the value of |Vcb| obtained from the fit. The grey and orange
bands display the preferred N+ = N0 = 3 BCL fit (six parameters) to the lattice-QCD and
experimental data with errors.
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Figure 17: Decay constants of the D and Ds mesons [values in Tab. 28]. and
Eqs. 130, 131, 132]. The significance of the colours is explained in Sec. 2. The black squares
and grey bands indicate our averages.

fm. Pion masses range between 440 and 190 MeV and the condition Lmπ ≥ 4 is always
met. Chiral/continuum extrapolations are performed adopting either a fit ansatz linear in
m2

π and a2 or, for fD, by using a fit form inspired by partially quenched Heavy Meson
Chiral Perturbation Theory (HMχPT). Together with the scale setting, these extrapolations
dominate the final systematic errors. As the scale is set through another decay constant (fK),
what is actually computed is fD(s)

/fK and most of the uncertainty on the renormalization
constant of the axial current drops out. Since the results only appeared as a proceeding
contribution to the Lattice 2013 conference, they do not enter the final averages.

The TWQCD collaboration reported in Ref. [425] about the first computation of the
masses and decay constants of pseudoscalar D(s) mesons in two-flavour lattice QCD with
domain-wall fermions. This is a calculation performed at one lattice spacing only (a ≈
0.061fm) and in a rather small volume (243 × 48, with Mπ,minL ≈ 1.9). For these reasons the
quoted values of the decay constants do not qualify for the averages and should be regarded
as the result of a pilot study in view of a longer and ongoing effort, in which the remaining
systematics will be addressed through computations at different volumes as well as several
lattice spacings.

The Nf = 2 averages therefore coincide with those in the previous FLAG review and are
given by the values in ETM 13B, namely

fD = 208(7) MeV Ref. [20],

Nf = 2 : fDs = 250(7) MeV Ref. [20], (130)

fDs/fD = 1.20(2) Ref. [20].

The situation is quite similar for the Nf = 2 + 1 case, where only one new result, and
for fDs only, appeared in the last two years. The χQCD collaboration used (valence) overlap
fermions on a sea of 2+1 flavours of domain-wall fermions (corresponding to the gauge con-
figurations generated by RBC/UKQCD and described in Ref. [144]) to compute the charm-
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physical value of the pion decay constant fπ, one may, for instance, work with the constant
f0 that occurs in the effective Lagrangian and represents the value of fπ in the chiral limit.
Although trading fπ for f0 in the expression for the NLO term affects the result only at
NNLO, it may make a significant numerical difference in calculations where the latter are
not explicitly accounted for (the lattice results concerning the value of the ratio fπ/f0 are
reviewed in Sec. 5.3).

[224]
[225]
[226]
[227]
[228]

Figure 7: Comparison of lattice results (squares) for f+(0) and fK±/fπ± with various model
estimates based on χPT (blue circles). The ratio fK±/fπ± is obtained in pure QCD including
the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in Sec. 2.

The lattice results shown in the left panel of Fig. 7 indicate that the higher order contri-
butions ∆f ≡ f+(0)− 1− f2 are negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are small. The entries in the lower part
of the left panel represent various model estimates for f4. In Ref. [228] the symmetry-breaking
effects are estimated in the framework of the quark model. The more recent calculations are
more sophisticated, as they make use of the known explicit expression for the Kℓ3 form fac-
tors to NNLO in χPT [227, 229]. The corresponding formula for f4 accounts for the chiral
logarithms occurring at NNLO and is not subject to the ambiguity mentioned above.17 The
numerical result, however, depends on the model used to estimate the low-energy constants
occurring in f4 [224–227]. The figure indicates that the most recent numbers obtained in this
way correspond to a positive or an almost vanishing rather than a negative value for ∆f . We
note that FNAL/MILC 12I [23] have made an attempt at determining a combination of some
of the low-energy constants appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/fπ±

All lattice results for the form factor f+(0) and many available results for the ratio of decay
constants, that we summarize here in Tabs. 13 and 14, respectively, have been computed in
isospin-symmetric QCD. The reason for this unphysical parameter choice is that there are

17Fortran programs for the numerical evaluation of the form factor representation in Ref. [227] are available
on request from Johan Bijnens.
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calculation entering the global average have now been reduced to a level that makes them
statistically incompatible. It is only because of the relatively large systematic errors that the
weighted average produces a value of O(1) for the reduced χ2.

Figure 15: Recent unquenched lattice results for the RGI B parameter B̂K. The grey bands
indicate our global averages described in the text. For Nf = 2+ 1 + 1 and Nf = 2 the global
estimate coincide with the results by ETM12D and ETM10A, respectively.

Passing over to describing the results computed for Nf = 2 flavours, we note that there
is only the set of results published in ETM12D [46] and ETM10A [404] that allow for an
extensive investigation of systematic uncertainties. We identify the result from ETM12D [46],
which is an update of ETM10A, with the currently best global estimate for two-flavour QCD,
i.e.

Nf = 2 : B̂K = 0.727(22)(12), BMS
K (2GeV) = 0.531(16)(19) Ref. [46]. (120)

The result in the MS scheme has been obtained by applying the same conversion factor of
1.369 as in the three-flavour theory.

6.3 Kaon BSM B parameters

We now report on lattice results concerning the matrix elements of operators that encode
the effects of physics beyond the Standard Model (BSM) to the mixing of neutral kaons. In
this theoretical framework both the SM and BSM contributions add up to reproduce the
experimentally observed value of ϵK . Since BSM contributions involve heavy but unobserved
particles they are short-distance dominated. The effective Hamiltonian for generic ∆S = 2
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For all quantities there are results that use physical mass ensembles
errors (in %) FLAG-3 averages


