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}  Large cross sections 
}  Multiple-differential measurements 

}  Di-jet production 
}  Z+jet, W+jet 
}  H+jet 

}  Detailed understanding of dynamics 
}  Disentangle production processes 
}  Probe parton distributions 

}  Transverse momentum distribution 
}  Continuous transition from hard to soft region 
}  Fixed order versus resummation 
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Benchmark processes: 2 ➝ 2 reactions 



Z transverse momentum distribution 
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}  Transverse momentum requires partonic recoil 

 
}  Mismatch of orders in perturbation theory 

}  NNLO for inclusive Z is only NLO for pT-distribution 
}  Z+jet and Z pT distribution closely related 

}  NLO fails to describe measurements in norm and shape 

Inclusive pZT at fixed order
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Figure 1. A schematic diagram demonstrating the Z boson recoiling against hard radiation.

and numerically stable code to compute the transverse momentum distribution of the Z

boson at finite transverse momentum at NNLO precision. To achieve this we relax the

requirement of observing a final state jet and instead impose a low transverse momentum

cut on the Z boson. This transverse momentum cut ensures the infrared finiteness of

the NNLO calculation, since it enforces the presence of final-state partons to balance the

transverse momentum of the Z boson.

The production of Z bosons (or, more generally, of lepton pairs with given invari-

ant mass) at large transverse momentum has been studied extensively at the LHC by the

ATLAS [14, 15], CMS [16, 17] and LHCb [18] experiments. In order to reduce the system-

atic uncertainty on the measurement, the transverse momentum distribution is commonly

normalised to the pT -inclusive Z-boson production cross section. ATLAS and CMS both

observed a tension between their measurements and existing NLO QCD predictions, high-

lighting the potential importance of higher order corrections to this process.

Both experiments present their measurements in the form of fiducial cross sections

for a restricted kinematical range of the final state leptons (in invariant mass, transverse

momentum and rapidity). In view of a comparison between data and theory, this form of

presenting the experimental data is preferable over a cross section that is fully inclusive

in the lepton kinematics (requiring a theory-based extrapolation into phase space regions

outside the detector coverage). Consequently, the theoretical calculation must take proper

account of these restrictions in the final state lepton kinematics.

The unnormalised pZT distribution represents an absolute cross section measurement

based on event counting rates. As with any absolute measurement, it has the disadvantage

of being sensitive to the proper modelling of acceptance corrections, and of relying on the

absolute determination of the integrated luminosity of the data sample under consideration.

At the LHC the luminosity uncertainty alone amounts to about 3%. In order to reduce

the luminosity uncertainty, the data can be normalised to the Drell–Yan cross section

for the corresponding fiducial phase space. This is obtained from the cross section for Z

boson production with the same transverse momentum and rapidity cuts on the individual

leptons, but integrated over all possible transverse momenta of the Z boson. On the

theoretical side, this amounts to normalising the distribution to the NNLO pp ! `+`�+X

cross section in which the fiducial cuts are applied to the leptons, but which is fully inclusive

on the transverse momentum of the lepton-pair.

In this paper, we compute the NNLO QCD corrections to the transverse momentum

– 2 –



}  Require three principal ingredients  
}  two-loop matrix elements 

}  explicit infrared poles from loop integral   
§  known for all massless 2 → 2 processes  

}  one-loop matrix elements 
}  explicit infrared poles from loop integral 
}  and implicit poles from single real emission 

§  usually known from NLO calculations 

}  tree-level matrix elements 
}  implicit poles from double real emission 

§  known from LO calculations 

}  Infrared poles cancel in the sum 
}  Challenge: combine contributions into parton-level generator 

}  Need a method to extract implicit infrared poles 

NNLO calculations 
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NNLO Infrared Subtraction 
Structure of NNLO cross section  
 
 

}  Real and virtual contributions 
}  Subtraction term for double real radiation 
}  Subtraction term for one-loop single real radiation 
}  Mass factorization terms 

}  Each line finite and free of poles                                            
→ numerical implementation 

d�NNLO =
⇧

d�m+2

�
d�R

NNLO � d�S
NNLO

⇥

+
⇧

d�m+1

⇤
d�V,1

NNLO � d�V S,1
NNLO

⌅
+

⇧

d�m+1

d�MF,1
NNLO

+
⇧

d�m

d�V,2
NNLO +

⇧
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d�S
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⇧
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d�V S,1
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⇧

d�m

d�MF,2
NNLO
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NNLO calculations for LHC processes 
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}  Exclusive calculations, full final state information 
}  Can apply experimental selection cuts 

}  pp → V, pp →  H, pp →  VH, pp → ɣɣ  (C. Anastasiou, K. Melnikov, F. 
Petriello; S. Catani, L. Cieri, D. de Florian, G. Ferrera, M. Grazzini, F. Tramontano) 

}  pp → Vɣ, pp→ Z0Z0, pp→ W+W- (F. Cascioli, M. Grazzini, S. Kallweit, P. 
Maierhöfer,  A. von Manteuffel, S. Pozzorini, D. Rathlev, L. Tancredi, M. Wiesemann, E. Weihs, TG)  

}  pp → top quark pairs (M. Czakon, D. Heymes, A. Mitov) 

}  pp → W±+j (R. Boughezal, C. Focke, X. Liu, F. Petriello) 

}  pp → H+2j (VBF) (M. Cacciari, F. Dreyer, A. Karlberg, G. Salam, G. Zanderighi) 

}  pp → Z0+j (A. Gehrmann-De Ridder, E.W.N. Glover, A. Huss, T. Morgan, TG) 

}  pp → H+j (R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze; X. Chen, E.W.N. 
Glover, M. Jaquier, TG)  

}  pp → 2j (J. Currie, A. Gehrmann-De Ridder, E.W.N. Glover, J. Pires, TG) 



Real radiation at NNLO: methods 
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}  N-Jettiness subtraction                                                   
(R. Boughezal, X. Liu, F. Petriello; J. Gaunt, M. Stahlhofen, F. Tackmann, J.R. Walsh) 

}  pp → H+j (R. Boughezal, C. Focke, W. Giele, X. Liu, F. Petriello) 

}  pp → W+j (R. Boughezal, C. Focke, X. Liu, F. Petriello) 

}  pp → Z+j (R. Boughezal, J. Campbell, K. Ellis, C. Focke, W. Giele, X. Liu, F. Petriello) 

}  N-Jettiness variable: distance from N-parton configuration 
(I. Stewart, F. Tackmann, W. Waalewijn) 

 
}  Universal behaviour at small TN from SCET resummation 
}  Implementation: N+1jet calculation at NLO with cut-off on TN 

When there is no ambiguity, we will associate i ⌘ i (e.g., we use fa ⌘ fa), and we use

the collective label  to denote the whole partonic channel, i.e.,

 ⌘ {a,b;1, . . . ,N} ⌘ {a, b; 1, . . . , N} . (3.3)

We write the massless Born momenta qi as

qµi = Ei n
µ
i , nµ

i = (1,~ni) , |~ni| = 1 . (3.4)

In particular, for the incoming momenta we have

Ea,b = xa,b
Ecm

2
, nµ

a = (1, ẑ) , nµ
b = (1,�ẑ) , (3.5)

where Ecm is the total (hadronic) center-of-mass energy and ẑ points along the beam axis.

The xa,b are the light-cone momentum fractions of the incoming partons, and momentum

conservation implies

xaEcm = nb · (q1 + · · ·+ qN + q) , xbEcm = na · (q1 + · · ·+ qN + q) . (3.6)

The total invariant mass-squared Q2 and rapidity Y of the Born phase space are

Q2 = xaxbE
2
cm , Y =

1

2
ln

xa
xb

, xaEcm = QeY , xbEcm = Qe�Y . (3.7)

The complete d�N phase-space measure corresponds to

Z

d�N ⌘ 1

2E2
cm

Z

dxa
xa

dxb
xb

Z

d�N (qa + qb; q1, . . . , qN , q)
dq2

2⇡
d�L(q)

X



s , (3.8)

where d�N (...) on the right-hand side denotes the standard Lorentz-invariant N -particle

phase space, the sum over  runs over all partonic channels, and s is the appropriate

factor to take care of symmetry, flavor and spin averaging for each partonic channel.

3.1.2 N-jettiness

Given an M -particle phase space point with M � N , N -jettiness is defined as [50]

TN (�M ) =
M
X

k=1

min
i

n2qi · pk
Qi

o

, (3.9)

where i runs over a, b, 1, . . . , N . (Here we use a dimension-one definition of TN following

refs. [52, 62].) For ep or ee collisions, one or both of the incoming directions are absent.

The Qi are normalization factors, which are explained below. The pk are the M final-state

parton momenta (so excluding the nonhadronic final state) of �M . The qi in eq. (3.9)

are massless Born “reference momenta”, and the corresponding directions ~ni = ~qi/|~qi| are
referred to as the N -jettiness axes. For later convenience we also define the normalized

vectors

q̂i =
qi
Qi

. (3.10)
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Antenna subtraction 
}  Subtraction terms constructed from antenna functions 

}  Antenna function contains all emission between two partons 

}  Phase space factorization 
 
}  Integrated subtraction term 

1 1

i

j

k

I

i

j

k

I

m+1 m+1

K

K

d�m+1(p1, . . . , pm+1; q) = d�m(p1, . . . , p̃I , p̃K , . . . , pm+1; q) · d�Xijk(pi, pj , pk; p̃I + p̃K)

Xijk =
�

d�XijkXijk
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Antenna functions 
}  Colour-ordered pair of hard partons (radiators) 

}  Hard quark-antiquark pair 
}  Hard quark-gluon pair 
}  Hard gluon-gluon pair 

}  NLO (D. Kosower; J. Campbell, M. Cullen, E.W.N. Glover) 

}  Three-parton antenna: one unresolved parton 

}  NNLO (A. Gehrmann-De Ridder, E.W.N. Glover, TG) 

}  Four-parton antenna: two unresolved partons  

}  Three-parton antenna at one loop 

}  Products of NLO antenna functions   

}  Soft antenna function 

10 



Antenna subtraction: incoming hadrons 
}  Three antenna types (A. Daleo, D. Maitre, TG; J. Currie, N. Glover, S. Wells) 

}  Final-final antenna 

 
}  Initial-final antenna 

}  Initial-intial antenna 
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I
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NNLOJET code 

12 

}  NNLO parton level event generator 
}  Based on antenna subtraction 

}  Provides infrastructure 
}  Process management 
}  Phase space, histogram routines 
}  Validation and testing  
}  Parallel computing (MPI) support for warm-up and production 
}  ApplGrid/fastNLO interfaces in development 

}  Processes implemented at NNLO 
}  Z+(0,1)jet, H+(0,1)jet, W+0jet 
}  DIS-2j, LHC-2j (ongoing) 

NNLOJET project: 
X. Chen, J. Cruz-Martinez, J, Currie,         
A. Gehrmann-De Ridder, E.W.N. Glover, 
A. Huss, T. Morgan, J. Niehues, J. Pires,     
M. Sutton, D. Walker, TG 
 
 
 



Z+jet at NNLO 
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}  Calculation based on antenna subtraction 
}  In-depth validation of subsequent results (MCFM: R.Boughezal et al.) 

}  Uncovering various issues, finally in agreement 

 



Z pT-distribution at NNLO 
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}  Using calculation for Z+jet inclusively on partons 
}  No jet requirement 
}  Including leptonic Z-decay 
}  Lower cut on transverse momentum 
}  Compute fiducial cross sections 

ATLAS CMS

leading lepton |⌘`1 | < 2.4 |⌘`1 | < 2.1

p`1T > 20 GeV p`1T > 25 GeV

sub-leading lepton |⌘`2 | < 2.4 |⌘`2 | < 2.4

p`2T > 20 GeV p`2T,2 > 10 GeV

Table 1. Kinematical cuts used to define the fiducial phase space for the final state leptons in the
measurements of ATLAS [15] and CMS [17].

choice by a factor in the range [1/2, 2]. The electroweak coupling constant ↵ is derived

from the Fermi constant in the Gµ scheme, which absorbs large logarithms of the light

fermion masses induced by the running of the coupling constant from the Thomson limit

(Q2 = 0) to the electroweak scale into the tree-level coupling. We also impose a cut on

the transverse momentum of the Z boson, pZT > 20 GeV. In the low transverse momentum

region, large logarithmic corrections of the form logn(pT /MZ) appear at each order in the

perturbative expansion in ↵s, spoiling its convergence. A reliable theoretical prediction in

this region can only be obtained by resummation [6] of these logarithms to all orders in

perturbation theory. The cut on the transverse momentum also ensures the applicability of

our approach, originally developed for Z+jet production at NNLO. In the computation of

the inclusive lepton pair production cross section used to normalise the transverse momen-

tum distributions, we choose the same scale (2.1) but varied independently over the same

range of scale variation. The inclusive cross section in this case is, however, dominated by

the regime where µ2 ⇡ m2
``.

3 The Z boson transverse momentum distribution

The experimental measurements of Z-boson production at finite transverse momentum are

presented in the form of fiducial cross sections over a restricted phase space for the final

state leptons, which is fully contained in the detector’s coverage. The NNLO corrections to

the transverse momentum distribution can be compared to data by considering the same

cuts to the lepton kinematics as presented in the ATLAS [15] and CMS [17] analyses using

data from Run 1 of the LHC with
p
s = 8 TeV, which are summarised in Table 1. In this

section we will focus on the ATLAS measurement in the fiducial region defined by a broad

dilepton invariant mass window around the Z resonance, 66 GeV < m`` < 116 GeV, and

compare both the absolute and normalised pZT distribution to the experimental data.

Figure 2 shows a comparison of data from the ATLAS analysis within this fiducial

region. At low transverse momentum, the NNLO correction increases the cross section by

about 6% (compared to NLO) and significantly reduces the scale uncertainty. However,

there is still significant tension between the ATLAS data and the NNLO prediction.

The data presented in Figure 2 does not include the error on the integrated luminosity,

which amounts to an overall normalisation uncertainty of 2.8% on all data points. To cancel

the luminosity uncertainty from the measured data, it is more appropriate to normalise

– 4 –



Z pT-distribution at NNLO 
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}  NNLO effects  
}  Around 5% corrections, modify shape of pT distribution 
}  Normalization of data not described correctly (both CMS/ATLAS) 

A. Gehrmann-De Ridder,, E.W.N. Glover,  
A. Huss, T. Morgan, TG 



Z pT-distribution at NNLO 
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}  Compute inclusive fiducial cross section at NNLO  
}  Corresponds to Z+0j calculation 
}  Observe same discrepancy 

}  Consider normalized pT distribution 



Z pT-distribution at NNLO 
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}  Double differential distributions 
}  (pT,mll), (pT,y) 
}  Good agreement                                                                         

for normalized                                                                    
distributions 

}  Revisit ingredients 
}  Luminosity 
}  Parton distributions 



Z pT-distribution at NNLO 
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}  Low pT 
}  measurements to 1 GeV 
}  Challenge for NNLO                                                        

calculation: stability 
}  NNLO reliable to                                                                   

around 10 GeV 
 
 
 

}  Related observable (purely from lepton directions) 
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Z 𝝓*-distribution at NNLO 
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}  Leptonic variable 𝝓* allows higher resolution 
}  Observe breakdown of fixed order similar to pT-distribution 
}  Eagerly awaiting matching to resummation 
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Higgs+jet at NNLO 
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}  Calculation based on antenna subtraction 
}  Agreement (0.4%) with residue-subtraction (F. Caola, K. Melnikov, M. Schulze) 

}  Validation against Njettiness ongoing (R. Boughezal, C. Focke, X. Liu, F. Petriello) 

}  Fiducal cross sections 

}  Consider normalization inclusive fiducal cross section  
}  Input to HXSWG Yellow Report 4 

ATLAS CMS

leading photon |⌘�1 | < 2.37 |⌘�1 | < 2.5

p�1T > 0.35mH p�1T > 0.33mH

sub-leading photon |⌘�2 | < 2.37 |⌘�2 | < 2.5

p�2T > 0.25mH p�2T > 0.25mH

photon isolation R� = 0.4 R� = 0.4
P

iET i < 14 GeV
P

iET i < 10 GeV

anti-kT jets R = 0.4 R = 0.5

|⌘j | < 4.4 |⌘j | < 2.5

pjT > 30 GeV pjT > 25 GeV

Table 2. Kinematical cuts used to define the fiducial phase space for the final state photons and
jets in the measurements of ATLAS [2] and CMS [3]. The measurements of the total fiducial cross
section and of the inclusive transverse momentum distribution do not apply the jet cuts.

ATLAS CMS

�H,exp 43.2± 9.4+3.2
�2.9 ± 1.2 fb 32.2+10.1

�9.7 ± 3.0 fb

�EFT
H,NNLO 27.0+1.3

�2 fb 28.2+1.4
�2.1 fb

�EFT⌦M
H,NNLO 25.2+1.2

�1.9 fb 26.4+1.3
�1.9 fb

�EFT�M
H,NNLO 26.3+1.2

�1.9 fb 27.5+1.2
�2 fb

�H+�1jet,exp 21.5± 5.3+2.4
�2.2 ± 0.6 fb -

�EFT
H+�1jet,NNLO 9.6+0.2

�0.7 fb 10.4+0.4
�0.9 fb

�EFT⌦M
H+�1jet,NNLO 9.9+0.2

�0.8 fb 10.6+0.4
�0.9 fb

�EFT�M
H+�1jet,NNLO 9.7+0.3

�0.8 fb 10.5+0.4
�0.9 fb

�H+1jet,exp 12.3+4.7
�4.8 fb 4.3+6.4

�6.3 fb

�EFT
H+1jet,NNLO 6.8+0.1

�0.2 fb 7.5�0.1
�0.3 fb

�EFT⌦M
H+1jet,NNLO 7.0+0.1

�0.2 fb 7.7�0.1
�0.3 fb

�EFT�M
H+1jet,NNLO 7.0+0.1

�0.3 fb 7.6�0.0
�0.3 fb

Table 3. Fiducial inclusive cross sections used for the normalization of the distributions (up-
per). Fiducial inclusive cross sections for Higgs+jet (middle). Fiducial exclusive cross sections
for Higgs+jet (lower). Experimental errors are statistical, systematical and luminosity (ATLAS
only). Theoretical uncertainties for the EFT, EFT⌦M and EFT�M approximations are from scale
variation as described in the text.

in Eq. (2.12) and vary the scales in the range [1/2, 2] independently in the numerator and

denominator.
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Higgs pT distribution at NNLO 
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}  Normalized results in good agreement with 8TeV data 

}  Prepare for precision studies at higher energy 
X. Chen, J. Cruz-Martinez, 
E.W.N. Glover, M. Jaquier, 
TG 
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}  EFT description of Higgs-gluon coupling breaks down at 
large transverse momenta 
}  Need finite mass corrections 
}  Only known at LO so far 
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Jet cross sections at hadron colliders 
CMS results: single jet inclusive 
 
 
 
 
 
 
 
 

}  uncertainty on NLO prediction larger than spread from partons 
}  need improved theory for precise extraction of parton distributions from jets 

 
 
 
 
 
 
 
 
 
 

23 

7

 (GeV)
T

Jet p
80 100 200 300 400 500 1000 2000

)
G

eVpb
 ( 

dy T
dp

σ2 d

7−10

5−10

3−10

1−10

10

310

510

710

910

1110
1210

)5 10×  0.0 < |y| < 0.5 ( 
)4 10×  0.5 < |y| < 1.0 ( 
)3 10×  1.0 < |y| < 1.5 ( 
)2 10×  1.5 < |y| < 2.0 ( 
)1 10×  2.0 < |y| < 2.5 ( 
)0 10×  2.5 < |y| < 3.0 ( 

 EWK⊗ NP ⊗CT10 NLO 

 (8TeV)-119.7 fbCMS Preliminary

 (R = 0.7)Tanti-k

Figure 3: Double-differential inclusive jet cross section as function of jet pT. Data (points) and
NLO predictions based on CT10 PDF set corrected for the NP factor and electroweak correction
factor (line). The comparison is carried out for six different |y| bins at an interval of D|y| = 0.5.

Table 3: Summary of the values c2/Nbins for the comparison in each |y| range of data and
theoretical predictions based on different PDF sets.

|y| CT10 HERA1.5 MSTW2008 NNPDF2.1 ABM11 NNPDF3.0
0.0–0.5 49.2/37 66.3/37 68.0/37 58.3/37 136.6/37 62.5/37
0.5–1.0 28.7/37 47.2/37 39.0/37 35.4/37 155.5/37 42.2/37
1.0–1.5 19.3/36 28.6/36 27.4/36 20.2/36 111.8/36 25.9/36
1.5–2.0 65.7/32 49.0/32 55.3/32 54.5/32 168.1/32 64.7/32
2.0–2.5 38.7/25 32.0/25 53.1/25 34.6/25 80.2/25 36.0/25
2.5–3.0 14.5/18 19.1/18 18.2/18 15.4/18 43.8/18 16.3/18

7 Ratio of cross sections measured at 7 TeV and 8 TeV

The ratio of the double-differential cross sections measured at
p

s = 8 TeV and
p

s = 7 TeV as
described in Ref. [4], is computed. Experimental correlations between different centre-of-mass
energies are taken into account in the computation of the total experimental uncertainty band.
Figures 6–8 show the ratio for each rapidity bin where measurements were performed at both
centre-of-mass energies, comparing with the corresponding theoretical predictions based on
the CT10 PDF set. Concerning the theoretical uncertainties, all sources are treated as completely
correlated between 7 TeV and 8 TeV predictions, for all pT and |y| bins.

The uncertainty on the ratio is smaller in size compared to absolute uncertainties, due to 100%
positive correlation between part of the uncertainty sources at

p
s = 7 and 8 TeV respectively.

Due to reduced uncertainties, this ratio can be used to constrain PDF to data.

The agreement between data and the theoretical predictions is generally satisfactory within
one standard deviation, with some higher discrepancy observed in the highest part of the pT
spectra, in particular in the 1 < |h| < 1.5 range. They are mostly due to a discrepancy present
in the 7 TeV data.
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Figure 5: Ratio of data over theory prediction using the the CT10 PDF set. For comparison
predictions employing five other PDF sets are shown in addition to the total theoretical (band
enclosed by dashed black lines) and total experimental systematic uncertainty (shaded band).
The error bars correspond to the statistical uncertainty of the data.
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}  NNLO corrections to di-jet production in DIS 
}  Recently completed (J. Currie, J. Niehues, TG) 

}  Implemented in NNLOJET 
}  Substantial NNLO effects 
}  Uncovered infrared-sensitive                                                 

interplay of H1 event selection 
}  Combination of jet-pT and                                                                

di-jet mass restricts                                                                        
LO/NLO phase space 

}  Will become input to PDF fits 
}  Require APPLGrid/FastNLO 

}  NNLO corrections to di-jets at hadron colliders ongoing 
(J. Currie, E.W.N. Glover, J. Pires) 
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}  NNLO corrections to precision observables at LHC 
}  Various methods have been applied successfully 
}  Healthy competition between groups 

 
}  Current frontier: 2 → 2 QCD processes 

}  Substantial number of calculations completed in the past two years 
}  More results coming (require in part new two-loop amplitudes) 

}  Precision phenomenology starting 
}  Parton distributions from multiple-differential measurements 
}  Transverse momentum distributions 
}  Indirect new physics searches 


