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3-loop Smirnov Smirnov Steinhauser’08’10 Anzai Kiyo Sumino’10

Virtual emissions that change the color state of the pair (Ultrasoft

gluons) Appelquist Dine Muzinich’78 Can be computed (Brambilla Pineda Soto Vairo’99,

Kniehl Penin’99; Brambilla X.G.T. Soto Vairo’06), and resummed (Pineda Soto ’00 Brambilla

X.G.T. Soto Vairo ’09), within EFT framework of pNRQCD

E0(r) is currently known at 3 loop +sub-leading ultrasoft log

res. (N3LL) accuracy: α
1+[3+n]
s lnn αs with n ≥ 0
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Combination of tree-level improved gauge action and HISQ
action

ms phys. value; ml = ms/20 corresponding to mπ ∼ 160MeV

Energy calculated in units of r0 (r1) Sommer’93

r2
dE0(r)

dr
|r=r0 = 1.65 ;

(

r2
dE0(r)

dr
|r=r1 = 1

)
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Calculation for a wide range of gauge couplings.
(β = 6.664, 6.740, 6.800, 6.880, 6.950, 7.030, 7.150, 7.280 ;
corresponds to lattice spacings 3.994/r0 ≤ a−1 ≤ 6.991/r0)

E0(r) has an additive ultraviolet renormalization. Need to
normalize the results calculated at different lattice spacings to a
common value at a certain distance, or take a (numerical)
derivative

Use r < 0.5r0, and we have data down to r = 0.14r0, i.e.

0.065fm . r . 0.234fm
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- Replace r by improved distance rI = (4πCL(r))
−1

Necco Sommer’01

CL(r) =

∫
d3k

(2π)3
D00(k0 = 0,~k)ei

~k~r

(D00 is the tree-level gluon propagator)
- Fit lattice data to the form const− a/r+ σr+ a′(1/r− 1/rI) and

subtract the last term from the lattice data
Aubin et al.’04, Booth et al.’92

Both methods lead to the same results, within errors

Normalization errors are larger than systematics of lattice
artifacts
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Perturbative expression depends on r0ΛMS

Assume pert. theory is enough to describe lattice at short
distances (r < 0.5r0) and use comparison to extract r0ΛMS

Using r0 = 0.468± 0.004 fm Bazavov et al. (HotQCD Coll.)’11 obtain
r0ΛMS → ΛMS → αs(MZ)

Find values of r0ΛMS that are allowed by lattice data

Agreement with lattice improves when perturbative order
is increased

How do we implement this in practice?
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Normalization is not physical, only the slope

■ Normalize → use E0(r) + const.
■ Take a derivative → compare with the force

Additionally one can

■ Put all lattice data together
■ Analysis for each value of β, then take average

In any case, care needs to be taken with so-called renormalon
singularities in the perturbative expression. At the end no
practical effect, just need to take the proper pert. expression, so
that fits/comparison are not affected

■ Normalization (mass) → affected by renormalon
■ Slope → renormalon free
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In the published analysis:
use E0(r) + const. and all lattice data together

Relatively intricate procedure, should give faithful estimate:

1. Vary scale in perturbative expansion, ρ, around natural value
2. Fit r0ΛMS for each value of ρ and at each order in pert. th.
3. Select ρ range for which χ2 decreases when increasing pert.

order

Take average with reduced χ2 as weights, this gives the central
value for r0ΛMS

Error assigned to the result must account for uncertainties due
to neglected higher order terms in the perturbative expansion

- Difference with weighted average at previous order
- Weighted standard deviation
- Use alternative weight assignments (p-value, constant)
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Final result:
r0ΛMS = 0.70± 0.07,

which corresponds to

αs (1.5GeV, nf = 3) = 0.326± 0.019

→ αs (MZ , nf = 5) = 0.1156+0.0021
−0.0022

Result is at 3 loop, including resummation of leading ultrasoft
logs.
3loop + sub. lead. us. res. (N3LL) also known, but depends on

additional (scheme dependent) constant K2 ∼ Λ
MS

(to be fit to the

data). χ2 as a function of r0ΛMS
is very flat, cannot improve

extraction with current data
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αs (MZ) = 0.1156+0.0021
−0.0022

tree level
1 loop
2 loop
N2LL

3 loop+ us. res.
N3LL
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One complication is to know whether the current lattice data has
really reached the purely perturbative regime (with enough
precision to perform the extraction). Difficult to undoubtedly
state this point. The fact that agreement improves when
increasing pert. order, and that data is quite well reproduced,
can be seen as positive evidence. Further studies/cross-checks
certainly warranted

Careful assessment of systematic errors for shorter-distance
points

Other studies (in the 2 flavor case) Knechtli, Leder ’11 concluded that
finer lattice spacings are needed for the extraction
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■ New lattice data, at shorter distances
■ Analysis for each β separately → less data each, no

normalization errors
■ Perturbative expression better suited for the comparison: use

pert. expression for the force. Avoid all logs, more important
now that one goes to shorter distances

■ Take numerical derivative of lattice data, and compare
directly with force

■ Simpler procedure extraction: result of fit for central value,
add higher order term and vary scale for uncertainty

■ Study variations with range of r included in the fits, to gain
confidence one is in the pert. region. Take range of r where
χ2 decreases.

■ Further assessment of systematic errors for shortest distance
points. Check effect of excluding them from the analysis
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We expect in principle more precise results: we have lattice data
at shorter distances; and use perturbative expressions better
suited for comparison
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We expect in principle more precise results: we have lattice data
at shorter distances; and use perturbative expressions better
suited for comparison

No new final number yet, analyses of the points mentioned
before still in progress. So far, we are obtaining results which are
compatible with our previous number. Basically, the new
preliminary results cover the upper half of our old range.
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Determination of αs by comparing lattice data for the
short-distance part of the QCD static energy with perturbation
theory (3 loop + resummation of ultrasoft logs accuracy)

αs (MZ) = 0.1156+0.0021
−0.0022
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Determination of αs by comparing lattice data for the
short-distance part of the QCD static energy with perturbation
theory (3 loop + resummation of ultrasoft logs accuracy)

αs (MZ) = 0.1156+0.0021
−0.0022

Updated analysis in progress: New lattice data with finer lattice
spacings. Further analyses to verify that one is in the
perturbative region. Further scrutiny of discretization errors.
Take numerical derivative of data and compare also directly with
the force (slope)
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Backup slides
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Accuracy r0ΛMS

tree level 0.395
1 loop 0.848
2 loop 0.636
N2LL 0.756
3 loop 0.690

3 loop + lead. us. res. 0.702

N3LL (3loop +sub-lead. us. res.) also known, but depends on
additional constant K2 ∼ ΛMS (to be fit to the data). χ2 as a
function of r0ΛMS is very flat, cannot improve extraction. Data
not accurate enough to be sensitive to sub-leading us logs

Take 3 loop + lead. us. res. as our best result
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BBGPSVHthis reviewL
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