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Equations of 11D supergravity

The (bosonic) 11-dimensional supergravity background is defined as
an 11-dimensional Lorentzian spin manifold (M, grq) which admits
a 4-form F satisfying the following system of equations

dF = 0,
dxF = (1/2)F A F,
RicEM(X,Y) = (1/2)(XoF, YoF)m — (1/6)gm(X, V)| Fl34
Here

1

(XJ.F,YJ.F)M = ﬁgM(XJ]:,YJ.F),
1.

1713 = 48m(F 7).

Remind that: (vol®,vol®) = (—1)9 where (p, q) is the signature of
a metric g.
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Two types of assumptions: homogeneity and decomposability.
Homogeneity: G C Aut(M!! gu, F) acts transitively.
Then g = b+ m and (g, F) is defined by

gn € S?(m*) and F, € A*(m*)

(d,11 — d) decomposability:

(MM = M9 x M, gy =g o g).

In case d = 4, F* = F @& F(complete decompoability).
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SUGRA equations for (4,7) (completely) decomposable case

Our aim is describe some solutions of SUGRA equations in (4,7)
(completely) decomposable case:

(M11:I\7I4><M7,gM=§+g,}"=F+F:)‘V61+F)7

in particular, under assumption that the internal manifold
(M7, g, F) is compact and homogeneous.
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The SUGRA equations are

dF = 0, A\ = const (C)
d«F = MF, (M)
RicE = —%(A2+|F\ )& (E1)
RicE(X,Y) = LA —I|F?)g(X,Y)+3(X.F, YIF) (B)
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We set
¢ = x7F.

Since *%‘QP Mty = (—1)P(7=P) Idge(my, and +7¢ = F*. Moreover,
|F|? = |62 and a computation shows that

(XJF, JYF) = |¢?g(X, Y) — (XL, Y $).
The Einstein equation becomes
Ric := Ric® = 1(\> +2[¢|°)g — 1q» (ES)

with g(X, Y) = qs(X,Y) := (X10,2Y9).
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Definition. o) A 3-form ¢(= «F) € Q3(M) on a Riemannian
7-manifold (M, g)) is called special if it is co-closed (d % ¢ = 0)
and satisfy the following Maxwell equation

dp = Ax¢ ( Main equation )

() The Riemannian 7- manifold (M, g, ¢) with a special 3-form ¢
is called a (generalized ) special Einstein manifold if (g,¢) is a
solution of the (generalized) Einstein equation

Ric = 1(\2 + 2162)g — 3as. (ES)
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The following result show that any (4,7) decomposable background
is a direct product of a Lorentz Einstein 4-manifold of negative type
and a generalized Einstein manifold (M’ g, #) with special
3-form ¢.

Theorem. Any (4,7)-decomposable SUGRA solution N
(ML grq, F) is a product of Lorentzian Einstein manifold (M, g)
with negative Einstein constant and a (Riemannian) (generalized)
Einstein 7-manifold (M7, g) with special 3-form ¢ € Q3(M"). The
flux 4-form is given by

F = )\VO|,\7,—|—*7¢:)\VO|A7,—|-F4,
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Three classes of Riemannian 7-manifolds with a special
3-form ¢

We consider three classes of special 3-forms on a Riemannian
7-manifolds and discuss the problem of solution of ( generalized)
Einstein equation (ES) for such manifolds.

A) Zero form ¢ = F = 0.

B) Non zero harmonic form ¢ # 0, A = 0.

C) Non harmonic form ¢ # 0, A # 0.

(Note that in symmetric case any invariant form is parallel and case
C) is impossible)
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Case A) The Einstein equation (ES) reduces to the standard
Einstein equation
AZ
Ric = ~g.
ic="cg

and a SUGRA background is a product of a Lorentz Einstein
4-manifold (M*, &) and a Riemannian Einstein 7-manifold (M7, g)
with Einstein constant %2 and the flux 4-form F = Avol.
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Case B) The Einstein equation (ES) for a special harmonic 3-form
¢ # 0 on M reduces to the equation

i 1 1
Ric = 510% = 500, as(X.X) = [IX6l. (1)
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An example. Let (M" = @3 x P* g = go + gp) be a Riemannian
product and ¢ = volg is the closed ( and even parallel) volume
3-form of the first factor. Then g, = gg and the Einstein equation

becomes
Ric 1( + o) 1 1 1
ic= — — = = —gp — —g0.
3 gp T 8Q 2gQ 3gP 6gQ
or Ricée = —%gQ, Ric&? = %gp Assume that the metric g is

complete. Then @ is a complete space of constant negative
curvature ( i.e. a quotient RH3/I" of Lobachevski space RH3 by a
lattice ) and P is a compact Einstein 4-manifold. In particular, we
get background of type B), with compact internal space .
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Case C) The Einstein equation (ES) for a manifold (M’, g, ¢) ,
where ¢ is a special non harmonic 3-form is

1 1
Ric = = (A +2|6*)g ~ 53, 9o(X, X) =< X2, X6 >> 0. (2)

C1 Case when (M = G/H, g) is a weakly G, manifold
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Some basic facts about G, structure

» G, -structure on M’ is a principal Go-subbundle of the bundle
Fr(M) of frames.

» A manifold M7 admits a G, structure if and only if it is
orientable and spin.

Go- structures defines a Riemannian metric g = g4 and a 3-form ¢
which is generic.

Conversely, any generic 3-form ¢ € A3V* has the stability subgroup
G, and determines Gp-structure as the set of frames where ¢, has

a canonical form.
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3-form ¢ and the associated G -structure are V&¢- parallel, if and
only if ¢ is harmonic, Then (M7, g,) is called a G,-manifold.
A generic 3-form ¢ which satisfies the main equation

dop = Xxp,\ = const #0

is called weak G, -form and the Riemannian manifold (M, gy) is
called weak G»-manifold
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(4,7)-decomposable SUGRA solutions associated to weak
Gs-structures

Any weak Gy-structure admits real Killing spinor, hence is an
Einstein manifold (Friedrich and Kath). This implies
Theorem. Assume that the product

(M = M3 x M7 g\ = g + g) is endowed with the 4-form

F*i=X-vol g, +F*,

where F is a closed 4-form F* € Q4(M") on M7, such that the
special 3-form ¢ := «7F* is a generic 3-form on M" Then,

(M gpq, F*) gives rise to a supergravity background, if and
only if, (M7, g,¢ := %7 F*) is a weak Gy-manifold and \ = 2.
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Corollary. If A\ =0 and ¢ := x7F* is a generic 3-form on M,
where F* € Q% (M"), then the Maxwell equation for flux form

Ft.=F*,

implies that ¢ is V&-parallel, i.e. ¢ induces a parallel Gy-structure
on M7 In this case, the product

(MM =M x M gr =& + g, F*)

is not a (4,7)-decomposable supergravity background.
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SUGRA (4,7)-decomposable background with compact
homogeneous inner space (M7, g, ¢)

The description of such manifolds is divided into 3 steps.

1. Description of homogeneous 7-manifolds M = G/H of
compact group G.

Description of invariant special 3-forms ¢ of type A), B), C).

Solution of the Einstein equation (ES) for (g, ¢) for an
invariant metric g.
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Step 1.

The description of simply connected homogeneous 7-manifolds

M = G/H manifold with almost effective action of G reduces to
description of

1) (closed) subalgebras b of the orthogonal Lie algebra Bz = so7

2) enumeration of compact Lie algebras g of dimension dimbh +7
and determination of all imbeddings of h — g.
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In Table 1, we describe all subalgebras of so; algebra up to a
conjugation and calculate the dimension dimg = dimb 4 7 of
possible Lie algebras we may contains b.

Using description of all compact Lie algebras of appropriate
dimension, we get a Table 2, which give a list of all effective pairs
(h C g) and hance a description of all homogeneous 7-manifolds of
compact Lie groups.
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Table 1. Lie subalgebras b of rank r of s0(7) = b3 and decomposition of h-module V = R.

r|n g9*t7 | h-decomposition of V
0| h={0} g’ R
1| so, g° V2 +5R
50, g8 2V2 4+ 3R
50, g8 3VZ+R
Sy gl V4 43R
suS g% | VA+3R
s03” g | VB+VE4R
50 gl | VE42R
50%“, g V7
(502 4+ 502)%°8 + 50, | g 3VZ 4+ R
Uy g V4 4+ 3R
u g V4 + +3R
504 + §05 g VA+ V24R
S5U3 gl5 \/6 +R
505 g’ | VE42R
92 gt | V7
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... continuation of Table 1.

r|h g h-decomposition of V
3 | 3s0, gt0 3VZLR

504 +50(2) | g'® VA+ V2R

504 +50(3) | g'® V44 v3

506 g* Ve +R

507 g28 — 04 \/7
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Table 2. List of compact almost effective homogeneous 7-manifolds

~

SOg ~ SUs , Spiny

SUs G

~ . Spy x Up ~ Sp, X Spy
Spy X Spy

7) S®x St
8) S xS?xS?* xSt
9) S*x §% xT?

SuU
10) Wk/ = Tll(3l
11) S* xCP?

Dmitri Alekseevsky
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Special homogeneous Einstein manifolds M” = G/H of type
A)

» Homogeneous special Einstein manifolds of type A) are
homogeneous Einstein 7-manifold (M" = G/H, g)) of positive
type and we may assume that the group G is semisimple and

compact.
> The direct product M = M* x M7 of such manifold
(M" = G/H, g) with a Lorentz Einstein 4-manifold (M, &)

give a solution of SUGRA.

> The simplest example of such Einstein manifold M is the
anti-de Sitter space AdS; and simplest examples of
homogeneous Einstein 7-manifolds are symmetric spaces of
compact type. There are 6 such spaces:

57,55 % 5%,5% x 53,53 x 52 x §2,5U3/503 x §%,CP? x S°.
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The product of such manifolds with (symmetric) anti-de Sitter
space AdSa, give SUGRA solutions. These were found by J.
Figueroa-O'Farrill in his classification of symmetric solutions of
SUGRA. The sphere S gives the famous Freund-Rubin solution.
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The list of simply connected non-symmetric homogeneous
Einstein 7-manifolds of positive type (Yu. Nikonorov (2004))

Table 3. List of homogeneous 7-manifolds M” = G/H with invariant
Einstein non-symmetric metric of positive type

M7 number of metrics
1. B"=Sp,/SU; ~S0s5/S03" 1 isotropy irreducible case
2. V375 = SO5/SO3 1
3. S"=5Sp,/Sp; 1 (Jensen metric)
4. Ny = (SUsz x SU,)/(SU, x ST) 1 for any k, ¢
5. Myom = (SUy x SUy x SU,) /(ST xS) 1forany k >¢>m>0,0>0
6. Wi, =SUs/Sg, 2 forany k > ¢ >0,a> 0.
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A class of special homogeneous manifolds of Type C1) -
homogeneous weak G,- manifolds.

The Lie algebra go» C s07 has three maximal subalgebras:
suz, 5057, so(V3) @ so((V')?) ~ 2s03,

where V7 = V3a (V)3 aR.

Proposition. A homogeneous manifold M = G/H has an invariant
weak Gp-structure ¢ if and only if it belongs to the list on the right
or is one of homogeneous representation of the sphere indicated
below.

Dmitri Alekseevsky Decomposable (4, 7) solutions in 11-dimensional supergravit



Table 4. Compact homogeneous Gy-manifolds vs weak Gp-manifolds

Invariant (non-weak) Gp-structures weak Go-structures
!
53 XT4 1 V572 = 5703
S3X53X51:SU2><{Sl;2XS 572%
e P1
SU; x SUp)  (SU, x SU») SOs
53 x 53 x 51 — BU2x5Us st | BT =2
XX ASU;, T asu, SO
3.c3,c3
S° x St M1, m = M
(S xS
V4’2 % T2 Nk,/ _ (SU3 X SU12)
(SU2 xS )
S° xT?
FLQ X Sl
CP3 x S
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7-sphere as a homogeneous weak G, manifold.

o sz X Ul S7 . Sp2 X Spl 7 _ SU4 7 Spin7

~ Sp; x Uy’ ~ Sp; xSpy’ " SUs’ Gy

S?
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List of homogeneous 7-manifolds M = G/H of a semisimple
group G with Q3(M)H #£0

Wi = SU3/T,}7Z (Aloff-Wallach space)

. M/ﬂg’m = (5U2 X 5U2 X 5U2)/T2

= S05/S0OiT, O3(B%) =R¢ ¢ is a weak G, form.

. (CP2 X 53 SU3/U2 X SUQ,

. SPx 8% = 5U3/5U2 X 503/502

6. S* x S3 = S05/504 x SUs,

7.5 =50;/Gy, Q3(S)H =R¢, ¢ is a weak G, form.

8. S" = Spy/Sp1 = Sp1 x Sp2/(Sp1 x Sp1). It is sufficient to
consider the first case.

9. S7 = SUs/SUs

U1-l>§.ol\.)|—l
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