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Conformal symmetry

largest extension of spacetime group.
needs massless fields and no dimensionful parameters

useful for describing actions in a more symmetrical way
(certainly for supergravity theories)

Actions looks more beautiful, and exhibit their structure in a
conformal setting

Aim: describe supergravity field equations and currents

+ their properties for coupling conformal matter : rigid conformal
symmetry coupled to Poincaré supergravity

Non-linear form of Ferrara-Zumino equations (1977).

Extension of classical results on improved currents
(Callan-Coleman-Jackiw, 1969)
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conformal actions

Rigid scale invariance : Weyl weight of fields under dilations add up
to weight of Lagrangian, which should be 4 (compensating d*x).
(derivatives have weight 1)

Conformal symmetry:

includes also ‘special conformal transformations’

IS not obvious for scale-invariant actions.

E.g. for scalars the dilatation vector §¢' = kb1, = wo',
should be a ‘closed homothetic Killing vector’. Vz'k‘é L w(sg

This is satisfied for a Kahler manifold if
metric homogeneous of degree 0 in z and Z:
= Kahler potential homogeneous of degree 1 in z and Z.

In that case: there is also a U(1) Killing vector (|nd|cated by T)
ke =kbJ;*  or with{@'} = {z%, 2% kS = iz% VT =iz
In conformal supersymmetry: this is the R-symmetry.



Currents

= In general: for every rigid symmetry A, ~ upon use of
g y g y y [ eqnsugl(‘) mlcj)iieofl (eom)

there is a conserved current : 9, J*, = 0

: A " “o 2 Y
m For translations e « ¢*: &, «T",:0,T", =0
Due to Lorentz rotation invariance, one can define also a
symmetric energy-momentum tensor: TH¥ = TVH

= When there is conformal symmetry, Callan-Coleman — Jackiw

proved that there is a traceless ‘improved’current
O*Y = THY + terms determined by the special conformal transformations

Simplest £ = —18,00"¢ — 1 p?
example: T, OudOup + nuu L,
O TH + 3 ("0 — 019”) ¢

00" ~0, ©O©",~0 ¢e callan S. Coleman and R. Jackiw, 1969



Currents from gauge coupling

m First order local action, e.g.

1
S = /d% [—4—92FWFW + Lrigia + A" I+ .. ]
5 1, P e
L Gravity: pure grav. Gu = Ruv — 5g9uwR ~ 0
matter S =1 / d*z /g [v 2R — 9" 9uddyd — Ap”]
coupled 5 5o

— 2 ~ — .
ﬁégwj—ff G,LU/_THI/NO VMGHV—O — V”TMUNO

Two remarks:
1. Conservation of current follows from properties of pure gauge part

2. We coupled conformal matter to gravity, but did not obtain the improved current



Conformal currents from gauge coupling

= Couple matter to gravity in a conformal way
s =13 [d* g [k 2R - g" 000,06 — $6°R — 26"
I_'_l \ J

|
Not conformal gravity Local Conformal matter

2 oS 2 1.2
NI (k7% = §0%) G = O = 0
—2 R anC @ e 1 .2 ;
SRR O 0L, =0 + 507G with new ¢ eom

Ve (0, ©°%*m0, GF=-R=0
= Remember energy-momentum tensors

B 10)(0 - 7, ML rigid Poincaré or Poincaré gravity
OH =T* + ¢ ("0 — 040") ¢ rigid conformal
@fw — Q) - %¢2GW local conformal

Ll

Contains gravity part



Matter coupled-gravity from conformal

® Add a ‘compensating field’ ¢,
m ¢, and ¢ have Weyl weight w = 1

S =3 / d*\/g :_¢ODC¢O +¢0% + )\qbﬂ
=3 / d*\/g :%%3“(!50 — 890" + (5 — $°)R + )\qbﬂ
m gauge-fix the conformal symmetry
1. ¢o=k"1V6 q = %/dw V9 [%_23 — " 0updud — £ R — ’\qﬂ

K 2Guy = O, eH =~ 0

2. Einstein frame : ¢p& = ¢p? + 6K2

8u¢aﬂ¢ + )\qb4 H_QGMV ~ T/,LV

K °R — T+ L2242
6"°% T,ynot traceless

S:%fd4\/§




2. Superconformal algebra
and multiplets

= In general conformal algebra Q,S
Q,S R-symmetry
: - - : 1 P
= according to dilatational weight: o
0 : D, My, U(1)
_% g
-1 : K,

m Gauged by ‘Weyl multiplet’

e/,L 9 bMvAﬂvwﬂ
Gauge fieldsof P%, D, U(1), Q

Other gauge fields are composites as e.g. w,*” (e, b, P)



Superconformal matter multiplets

m use ‘superfields’ of rigid susy, but assign
(Weyl,Chiral) weights to all fields:

0ob = (WAD +ic A’U(l)) )

m There are restrictions.
- E.g. “real superfield”: must be c=0

= Multiplet identified by its ‘first’ component

- 1Is superconformal primary.
In particular: first component invariant under S-susy
leads to conditions :
E.g. Chiral superfield: must have w = c.

- transformations of other fields determined by the algebra



Example chiral multiplet

1
0/ = |whp+wilp|Z+ —€Prx,
[wAD 7| NG LX
. 1
SPrx = [(w+ i) p+ (w—2)irg] Pox + EPL (PZ + F) e+ V2wZPry
1
OF = [(w+1)Ap+ (w—3)iAp] F 4+ —=ePr Px + V2(1 — w)7Prx

V2

If w = 3, the action formula is possible: analogue as integrating over chiral superspace

1 - Ly
[Z]Fp = fd4$€ [F 4 \/—EQ/JM’YMPLX — EZqufy” PRQp; +h.c.
Analogue of covariant derivative D, : DoZ = —(=Prx if w=0

V2
IR AR if %=

Analogue of covariant D> = D¢

a
: : 1 ¢ . .
Action formula real multiplet: [N], = - [T(N)]r similar to integration over full superspace

Using these few rules (restrictions), one can take over rigid superspace results
and upgrade the theory to supergravity



Actions for pure supergravity

“Weyl multiplet’:{eua’, B)y\, AN’ wu}

We use a ‘compensating’ chiral multiplet { X°, P-0°, F°}

of Weyl weight 1.

- x°%9], / d*ze [0, X 00, X0 + 100 pQCy FO FO
+X0X0 (1R — L3,/" P Dy + AaAa) + .. ]

K-gauge: b, = 0|, D and U(1)-gauge: ‘ = S-gauge: Q-

Il [ ) L
L . L

[— Xx0X0] D| / d*z e [ R Duy*P Dy, + 6AaAa,) + FOFO]

super-Poincaré action



Sugra matter couplings and conformal case

should be (2,0) /sjmuld be (3,3)
5= [NxX! XD], + [wexD]
— :3XO)_(6(—1 + dp (S ET)}D + [(xO)3w (s
We split {X'} = {X°, x! = X051}
= If S* have conformal couplings

= &,, homog. order 1 in S* and in S*; and W order 3.
‘conformal case’: 1s local coupling of rigid superconformal

m Difference from conformal case:

. 1 .
AK = S'®p; — P, AW =W — gS'LWZ'

F



3. Field equations and
Improved supercurrents

m Pure supergravity — super-Bianchi identity
m Matter currents
m Reduce to bosonic case to see the difference



Field equations of the pure
supergravity multiplet

SpuresG = [_XOXO}D - [XOT(XO)}F zll\i/ekilcrg\lj;triizlr(‘aget;idden in notation
Field equation for compensating multiplet
Ton—nlh(ea), X0 () T(X% = {F°, pPrO°, 0¢ X0}

I—'Chiral multiplet of (w,c)=(1,1) L L— Contains RX°

Contains y —trace of gravitino field strength

Field equation of Weyl multiplet ¢, 546—1655[“)(?;?]1?

= 4iX9D, X0 — 4iX0D, X0 + 2i0P; v, Q0
ga'm — —81“{;_2140,
Ferrara-Zumino, 1977 gave linearized conservation equations
O _ — 17 a
D"E,s; = DaR, Eoe = 70" aaFa

Consistent equation with (Weyl,chiral) weights  pog . — (x0)3p (R)
Qo x XO

Generalized Bianchi identity. We verified this !



Matter coupled field equations

Field equation for compensating multiplet

conformal case: R =~ O

e, e SRENT
Rx~2X"AW —T
X0

Field equation of Weyl multiplet

5S
F35 __ A3 ~ \ q
Co=etelirs = —§ (Eat Ja) 20 L0 [XOXO2m(S, )],
J, = —4de et S AG
Bianchi: 7poc,, — (x9)3p, (%
- ao — o x0
— conservation equation ¢y, ~ —(x°3n, (%0)

~ —(X93D, (2AW — (X927 ()‘(OAK))

conformal case:  D“J,., ~ O
How does this modify the Callen-Coleman-Jackiw improved currents?



Supercurrent multiplet
Jo = —Ppméa
+ [2iX0q>MZ->z%/aQO + h.c.}
+2iXO0X0 [2(dy DuS’ — ®p7DaSY) — Py 70X

Eq = 4iX9Du X0 — 4iX9D, X0 + 20 P; v, Q°

Poincaré gauge fixing ?

Einstein frame X°X0 (1 — dp)| =173

0 =3X0[(~1+ o) + Dy x|

X%and QY functions of matter, leads to Kéahler manifold .
K = —3log(l — k*®y1))

No ‘conformal matter’ part recognizable.

Einstein tensor and currents mixed.

(]



Supercurrent multiplet In

conformal case
Jo = —Pméa
+2iX0X0 [2(Pp DS’ — Pr7DaS") — Pyt i7% 70|
Eo = 4 XD, X0 — 4iX9D, X0 + 2i00 Py ~, 20

Poincaré gauge fixing ?
Conformal frame : XO‘D = k1, QO|D =0

Eilg = -8k %A, = k%E,,
Jolg = 8k ?®pAg + 2177 [2(PmDaS” — Pm7DaS") — PumizX VaX’] -

Kk 2F,~—J, DYE,.xR=~0, D, ~0

Compare with gravity + matter (Callan-Coleman-Jackiw)
K 2Gu ~ OF, Sy = 69 G + O ()



Conformal frame In components
(for conformal case)

S = / d*e3y/gr 2 [ER — 7D, S DI
D, SV A e D,S = (8, +i4,)S"
5= [d*3ygs 2 [(1 - SN GR+ AZ) —)1;70,5'015T
—|A“(¢M28“Si i <1>M;8“§€)]

= When A, would be eliminated: not anymore Kahler,

no conformal coupling
(would be Kahler in Einstein frame)

m Keep 4, : Kahler potential is @ ;.



Bosonic part and improvements

(for conformal case)
o= / d*z23/gr 2 [(1 - O RR+ A2) —®7470,5°01F7
— 1A (P ;048" — ‘DMza“Sﬁ)]
= Graviton eom: Guv = Guv + 6 A, Ay — 3guwAPA, = ©F,
O, = 3®,;7(20(,5'0,)57 — guwd*S'0,57)
— (VuOu — gud) @ pr + G Py
R~0 — {FO=0, gR+ A A' =0, VFA, ~ 0}

A~
95N ~ 0

Conservation equation V"©;, ~ V*(6A4,A, — 3gu AP Ap)
~ 6AM(0, A, — O A)

Trace equation
O =G/ =-R-6A,A" =0



4. Conclusions and final remarks

= \We found a supersymmetric generalization of the
Callan-Coleman-Jackiw improved currents for couplings
of conformal matter to supergravity

Using a conformal frame rather than Einstein frame
Keeping the R-symmetry gauge field

Includes a Kéhler manifold with other Kahler potential
Improved currents modified by R-symmetry

= Importance for :

higher curvature invariants to classify counterterms
Cosmology: Starobinsky model has conformal structure
nonlinear realizations

Supergravity backgrounds for localization techniques



