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•                         ➩  lattice gauge theory forK = F[G] G
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•                         ➩  lattice gauge theory forK = F[G] G

K = D(H)•                    
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ē± ! Lh
± e± ! T↵

±

• edge                                                ➩ 4 triangle operatorse

H#H⇤• edge                                                ➩ faithful representation of Heisenberg doublee



  ribbon graph   � ➩ dual ribbon graph �

•  combine ribbon graph and its dual

(h⌦ ↵) · (k ⌦ �) = h↵(1), k(2)i ↵(2)� ⌦ h(1)k
H ⌦H⇤ with multiplication

Kitaev models as a Hopf algebra gauge theory

➩ double ribbon graph �D

e
e
_

e+

e�
e�e+
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Holē+(h⌦ ↵) = ✏(↵) (h⌦ 1)e

Hole+(h⌦ ↵) = ✏(h) (1⌦ ↵)e

Hole� = S⌦E �Hole+ � S
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Holē� = S⌦E �Holē+ � S
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±

= Hole,ē± � S
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Holē� = S⌦E �Holē+ � S
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Kitaev models as Hopf algebra gauge theory



Kitaev models as Hopf algebra gauge theory

• regular ciliated ribbon graph �



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges• regular ciliated ribbon graph �



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once

• regular ciliated ribbon graph �



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

algebra of functions of Hopf algebra  
gauge theory for D(H)

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

algebra of functions of Hopf algebra  
gauge theory for D(H)

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

algebra of triangle operators 
Kitaev model for H

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

algebra of functions of Hopf algebra  
gauge theory for D(H)

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

algebra of triangle operators 
Kitaev model for H

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

D(H)⌦V
•      is a  module morphism with respect to              - module structure of Hopf algebra D(H)⌦V�

theory and                - module structure on  (H#H⇤)⌦E

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

algebra of functions of Hopf algebra  
gauge theory for D(H)

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

algebra of triangle operators 
Kitaev model for H

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

D(H)⌦V
•      is a  module morphism with respect to              - module structure of Hopf algebra D(H)⌦V�

theory and                - module structure on  (H#H⇤)⌦E

•  induces algebra isomorphism � : A⇤
� inv

! (H#H)op⌦E

inv

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



Kitaev models as Hopf algebra gauge theory

• no loops or multiple edges
• faces traverse each edge at most once
• every vertex and face: exactly one cilium

• regular ciliated ribbon graph �

[C.M.]Theorem

algebra of functions of Hopf algebra  
gauge theory for D(H)

Holr(e)• holonomies             induce algebra isomorphism: � : A⇤
� ! (H#H⇤)op⌦E

algebra of triangle operators 
Kitaev model for H

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

D(H)⌦V
•      is a  module morphism with respect to              - module structure of Hopf algebra D(H)⌦V�

theory and                - module structure on  (H#H⇤)⌦E

•  induces algebra isomorphism � : A⇤
� inv

! (H#H)op⌦E

inv

• relates holonomies of faces:           site of      ➩       (v, f) � � �Hol�f = Hol�D
v ·Hol�D

f

e

r(e)• for edge    of     : consider path         in  e � r(e) �D

Holr(e) : H ⌦H⇤ ! (H ⌦H⇤)⌦E



gauge invariance and flatness



gauge invariance and flatness

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=



gauge invariance and flatness

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)



gauge invariance and flatness

e

r(e)

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)



gauge invariance and flatness

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)

A⇤
inv = Pinv(A⇤)

X 7! X C (`⌦ ⌘)⌦VPinv :

gauge invariant subalgebra gauge invariant subalgebra 
⇧inv : X 7! X C (`⌦ ⌘)⌦V

Kinv = ⇧inv(K)

⇠=⇠=



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)

A⇤
inv = Pinv(A⇤)

X 7! X C (`⌦ ⌘)⌦VPinv :

gauge invariant subalgebra gauge invariant subalgebra 
⇧inv : X 7! X C (`⌦ ⌘)⌦V

Kinv = ⇧inv(K)

⇠=⇠=

curvature at faces ciliated face -representation of
X C (↵⌦ h)f = Holf (↵⌦ h) ·XX C (↵⌦ h)f = X ·Ah

v ·B↵
f

Z(D(H))



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)

A⇤
inv = Pinv(A⇤)

X 7! X C (`⌦ ⌘)⌦VPinv :

gauge invariant subalgebra gauge invariant subalgebra 
⇧inv : X 7! X C (`⌦ ⌘)⌦V

Kinv = ⇧inv(K)

⇠=⇠=

quantum moduli space

X 7! (⇧f2FHolf (`⌦ ⌘)) ·XPflat :

M = Pflat(A⇤
inv)

quantum moduli space

X 7!
⇣
⇧v2V A

`
v ⇧f2FB

⌘
f

⌘
·X⇧flat :

M = ⇧flat(Kinv)

⇠=

curvature at faces ciliated face -representation of
X C (↵⌦ h)f = Holf (↵⌦ h) ·XX C (↵⌦ h)f = X ·Ah

v ·B↵
f

Z(D(H))



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)

topological invariant

A⇤
inv = Pinv(A⇤)

X 7! X C (`⌦ ⌘)⌦VPinv :

gauge invariant subalgebra gauge invariant subalgebra 
⇧inv : X 7! X C (`⌦ ⌘)⌦V

Kinv = ⇧inv(K)

⇠=⇠=

quantum moduli space

X 7! (⇧f2FHolf (`⌦ ⌘)) ·XPflat :

M = Pflat(A⇤
inv)

quantum moduli space

X 7!
⇣
⇧v2V A

`
v ⇧f2FB

⌘
f

⌘
·X⇧flat :

M = ⇧flat(Kinv)

⇠=

curvature at faces ciliated face -representation of
X C (↵⌦ h)f = Holf (↵⌦ h) ·XX C (↵⌦ h)f = X ·Ah

v ·B↵
f

Z(D(H))



gauge invariance and flatness

X C (h⌦ ↵)v = A
S(h(2))
v B

S(↵(1))
f XB

↵(2)

f A
h(1)
v

gauge transformations ciliated vertex - representation of  D(H)

X C (h⌦ ↵)v

A⇤
algebra of functions - Hopf algebra gauge theoryKitaev’s triangle operators

(H#H⇤)⌦EK =

⇠=

 (h⌦ ↵)eHolr(e)(h⌦ ↵)

topological invariant
= {X 2 (H#H)⌦E : HK ·X ·HK = X}

A⇤
inv = Pinv(A⇤)

X 7! X C (`⌦ ⌘)⌦VPinv :

gauge invariant subalgebra gauge invariant subalgebra 
⇧inv : X 7! X C (`⌦ ⌘)⌦V

Kinv = ⇧inv(K)

⇠=⇠=

quantum moduli space

X 7! (⇧f2FHolf (`⌦ ⌘)) ·XPflat :

M = Pflat(A⇤
inv)

quantum moduli space

X 7!
⇣
⇧v2V A

`
v ⇧f2FB

⌘
f

⌘
·X⇧flat :

M = ⇧flat(Kinv)

⇠=

curvature at faces ciliated face -representation of
X C (↵⌦ h)f = Holf (↵⌦ h) ·XX C (↵⌦ h)f = X ·Ah

v ·B↵
f

Z(D(H))



3. Conclusions



3. Conclusions

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions    simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models •      finite-dimensional semisimpleH



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models •      finite-dimensional semisimpleH

�•     regular ribbon graph



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models

 Hopf algebra gauge theory for     D(H)  Kitaev model for H

•      finite-dimensional semisimpleH

�•     regular ribbon graph



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models

 Hopf algebra gauge theory for     D(H)  Kitaev model for H

•      finite-dimensional semisimpleH

�•     regular ribbon graph

~ factorisation of Hopf algebra gauge theory



3. Conclusions

•  algebra of functions 
•  action of gauge transformations
•  subalgebra of observables
•  locality

‣ key concept: module algebra over ribbon Hopf algebra

‣ result: quantum moduli space from combinatorial quantisation
quantum Chern-Simons theory

[Alekseev, Grosse, Schomerus ’94],  
[Buffenoir Roche ’95] 

Hopf algebra gauge theory for D(H)Kitaev model for H

 Turaev-Viro TQFT Rep(H) Rep(D(H))Reshetikhin-Turaev TQFT

quantum moduli space

gauge inv + flatness

M

   simple axioms for Hopf algebra gauge theory
determine the structure completely

axiomatic description of Hopf algebra gauge theory

Hopf algebra gauge theory and Kitaev models

 Hopf algebra gauge theory for     D(H)  Kitaev model for H

•      finite-dimensional semisimpleH

�•     regular ribbon graph

~ factorisation of Hopf algebra gauge theory


