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(@); - (B): = (af)s i ¢ 1
()i - (B)i = (Ba) ® a1y, B) (Bya(2)) iel
(@); - (B); = (@ ® B)ij i< ]
(a)i- (B); = <5(1) D a1y, R) (04(2) & 5(2))@7’ P> g

e algebra structure on K*®?
e K -module algebra with

(' ®..@a") <h= <oz%1) gy, h) oz%2> ® ... @ afy)

ordering of edge ends at v

e braided tensor product of module algebras [Maijid, ‘90s]

e dual to a twist A®F — - A®F . G71 with F'=ILi<icj<jo|B(jo|+i) » G = HiGIR(_\fi\—H)i

edge orientation reversal

e require involution T7 : K* — K~

e require: K ribbon, take 7" : a — {(a(1), g) S(az)) with g =u""v

e if K semisimple = g¢g=1,T"=5

=> vertex disc with arbitrary edge orientation:
require that 7* : K* — K™ is algebra and module isomorphism
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* select one of the ends for each edge ¢ € E(T') , sets I, C {1, ..., |v|} \f

* put cilium at each vertex => ordering of edge ends
e vertices v € V @ R-matrices R, € K ® K

=> Hopf algebra gauge theory on vertex disc: K- module algebra A,

gluing vertex linear map G* : K**F — @,cy A”
discs lG*

a@ o @

=> Hopf algebra gauge theory on ribbon graph: [wise. C.M.1

G* induces K®Y module algebra structure Aj on K*®F
o> Af ={ac K*®¥ :a<ah=¢h)aVh e K®} is subalgebra, independent of cilia

structure
* K =F|G] = lattice gauge theory for G ® N )
e K=D(H) = edge with 2 vertices = H#H"

= loop ~ D(H) .C

e K factorisable = loop = K

=> lattice algebra from combinatorial quantisation of Chern-Simons theory
[Alekseev, Grosse, Schomerus '94] , [Buffenoir Roche '95]
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holonomies and curvature suppose: K semisimple

® holonomy: functor Hol: G(I') — HomF(K*,K*@)E)

path groupoid G(I') [F -linear category with single object

e objects: vertices = associative algebra

0 e morphisms: equivalence ¢ oY =mg-en 0 (PRP)o Ak
eoe =0y classes of free words in edges

defined by Hol. = (a).
H01€—1 — (S(Oz))e

\/

e curvature: holonomy of a face

e algebra morphisms Hol; : {a € K™ : A(a) = A%(a)} — C(A},,)
* Haar integral n € K* > projector Priat : Ay — Ajpy, X — (IL;cpHol s (n

e quantum moduli space [Alekseev, Grosse, Schomerus '94], [Buffenoir.Roche '951. [C.M. D.Wisel
M = Ppiar(Ajpy)
=> associative algebra
=> topological invariant
e depends only on surface obtained by gluing discs to faces of I’

* interpretation: gauge invariant functions on flat gauge fields
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* Hopf algebra gauge theory on ribbon graph determined uniquely by simple axioms:

® algebra of functions
® action of gauge transformations
® subalgebra of observables

® |ocality

* mathematical data:
e ciliated ribbon graph
® ribbon Hopf algebra

* result: Hamiltonian quantum Chern-Simons theory

e derived from axioms, not by quantising Poisson structures

® topological invariant: quantum moduli space



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

e edge ¢ € E © 4 triangle operators LF, T% : H®¥ — g%F



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®*

LE, i (h)e s (kh)e  TEh i (W)e = (b)) (ha)e
ng_ . (h)e — (hk)e Tg_ . (h)e > <O{, h(1)> (h(g))e



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®* /
le—l— : (h)e — (kh)e Tg—l— : (h)e — <Oé, h(2)> (h(l))e \

ng_ . (h)e — (hk)e Tg_ . (h)e > <O{, h(1)> (h(g))e

* vertex v € V = vertex operator



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®* /
le—l— : (h)e — (kh)e Tg—l— : (h)e — <Oé, h(2)> (h(l))e \

ng_ . (h)e — (hk)e TE?_ . (h)e > <O{, h(1)> (h(g))e

ki
e vertex v € V = vertex operator Ay =Tee, LY + HOP — H®P
M @..@h™ = kph' @...® kg)h"



2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®* /

LE. : (h)e — (kh)e T2y 2 (h)e = (a, hezy) (hen))e \
L¢_ i (h)e = (hk)e T2 (h)e = (s h(ny) (R(2))e
AF =Tl,e, LYY HOF — HOF

e vertex v € V = vertex operator .
M @..@h™ = kph' @...® kg)h"

e face f € F' = face operator




2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®* /

LE. : (h)e — (kh)e T2y 2 (h)e = (a, hezy) (hen))e \
Le:(h)ew> (hk)e T 2 (h)e = (o, hqr)) (hez))e
k _ k(i) . yQF ®F
e vertex v € V = vertex operator  A; =1lee, L.}" : H®" — H

M @..@h™ = kph' @...® kg)h"

e face f € ' = face operator B} =Heey T, : H®Y — H®P
h' @ .. @R = (o, higy - hiy) hiyy © ... @ hiy




2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I

e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®* /

LE. : (h)e — (kh)e T3 2 (h)e = (a, b)) (h))e \
L¢_ i (h)e = (hk)e T2 (h)e = (s h(ny) (R(2))e
AE =T, LLY : HOF — HOF

e vertex v € V = vertex operator .
M @..@h™ = kph' @...® kg)h"

e face f € ' = face operator B} =Heey T, : H®Y — H®P
h' @ .. @R = (o, higy - hiy) hiyy © ... @ hiy

* Hamiltonian Hy = yev A llzer B} ¢ € K,n € K* Haar integrals l
O\

SR
f\f /\




2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I
e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®*

LE. : (h)e — (kh)e T2y 2 (h)e = {a, o)) (B(1))e \/
Le i (h)e = (hk)e T2 i (R)e = (@, hayy) (Bea))e
evertex v € V = vertex operator Al =1Il.¢, Lkif) : H®Y — H®"

(&

M @..@h™ = kph' @...® kg)h"
e face f € F & face operator B} =Heey T, : H®Y — H®P

* Hamiltonian Hy = yev A llzer B} ¢ € K,n € K* Haar integrals l

e protected space H,r = {z € H®" : Hi(z) = z} \/«.\»%

N‘

SR
f\f /\




2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I
e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®*

LE. : (h)e — (kh)e T2y 2 (h)e = {a, b)) (b )e \/
Le i (h)e = (hk)e T2 i (R)e = (@, hayy) (Bea))e
evertex v € V = vertex operator Al =1Il.¢, Lkif) : H®Y — H®"

(&

M @..@h™ = kph' @...® kg)h"
e face f € F & face operator B} =Heey T, : H®Y — H®P

* Hamiltonian Hy = yev A llzer B} ¢ € K,n € K* Haar integrals l

e protected space H,r = {z € H®" : Hi(z) = z} \/«.\»ii,

topological invariant - depends only on surface obtained by —@
gluing discs to faces of T f’i\ — @ —

'




2. Kitaev mOdels [Kitaev, ‘03] [Buerschaper, Mombelli, Christandl, Aguado, ‘10]

ingredients: finite-dimensional, semisimple Hopf algebra H + ribbon graph I
e extended space H®”

eedge ¢ € E © 4triangle operators L%, , T% : H®® — H®*

LE. : (h)e — (kh)e T2y 2 (h)e = {a, b)) (b )e \/
Le i (h)e = (hk)e T2 i (R)e = (@, hayy) (Bea))e
k _ k(i . y®E QF
e vertex v € V = vertex operator  A; =1lee, L.}" : H®" — H

(&

M @..@h™ = kph' @...® kg)h"
e face f € F & face operator B} =Heey T, : H®Y — H®P

* Hamiltonian Hy = yev A llzer B} ¢ € K,n € K* Haar integrals l

e protected space H,r = {z € H®" : Hi(z) = z} \/«.\»ii,

topological invariant - depends only on surface obtained by —@
gluing discs to faces of I’ /‘i\

4.(_

<«
=> not a Hopf algebra gauge theory but structural similarities f / \‘



Kitaev models as a Hopf algebra gauge theory




Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual



Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I




Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual
ribbon graph I = dual ribbon graph T




Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual
ribbon graph I = dual ribbon graph T




Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p




Kitaev models as a Hopf algebra gauge theory

combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p

* edge e © 4 triangle operators

er — Lt ex —TY¢




Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p

* edge e © 4 triangle operators

er — L ex —TY¢

* edge e o> faithful representation of Heisenberg double H#H™



Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p

* edge e © 4 triangle operators

er — Lt ex —TY¢

* edge e o> faithful representation of Heisenberg double H#H™

H ® H* with multiplication
(h®@a) - (k®B) = (an),ka)) apb & hayk



Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p

* edge e © 4 triangle operators

er — LY e = T2

* edge e = faithful representation of Heisenberg double H#H™

H @ H* with multiplication p:h®a— LY oT?
(h®@a)- (k@ B) = {an, ko) a@B® ha)k S(S(h) ® S(a)) — L" o T



Kitaev models as a Hopf algebra gauge theory

e combine ribbon graph and its dual

ribbon graph I = dual ribbon graph T
=> double ribbon graph I'p

* edge e © 4 triangle operators

er — LY e = T2

* edge e = faithful representation of Heisenberg double H#H™

H @ H* with multiplication p:h®a— LY oT?
(h®@a)- (k@ B) = {an, ko) a@B® ha)k S(S(h) ® S(a)) — L" o T

e triangle operators for I' ; E-fold tensor product (H#H*)®*



holonomies



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®E)



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®E)

path groupoid G(I'p)



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®E)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol.- = S®¥ 6 Hol_+ o S
I—IOIe _—1 = HOle,éi oS

7€:|:




holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol.- = S®¥ 6 Hol_+ o S
I—IOIe _—1 = HOle,éi oS

7€:|:

examples



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol,- = S®* o Hol_+ 0 S
Hol 1 = HOle,éi oS

€,e

examples




holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol,- = S®* o Hol_+ 0 S
Hol 1 = HOle,éi oS

€,e

examples




holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol,- = S®* o Hol_+ 0 S
Hol 1 = HOle,éi oS

€,e

examples

Hol,(h ® a) = e(a) A"  Hol;(h® a) = e(h)BY

=> for ribbon paths: ribbon operators



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol,- = S®* o Hol_+ 0 S
Hol 1 = HOle,éi oS

€,e

examples

Hol,(h ® a) = e(a) A"  Hol;(h® a) = e(h)BY

=> for ribbon paths: ribbon operators => defined also for non-ribbon paths



holonomies

e functor Hol: G(I'p) — Homp((H @ H*), (H ® H*)®%)

path groupoid G(I'p) [F-linear category with single object = associative algebra
X RUES Mp(H)*®E O (p®)o AD(H)*
defined by
Hol.+ (h ® a) = €(h) (1 ® a).
Holz+ (h ® a) = €(a) (h® 1),

Hol,- = S®¥ 0 Hol_+ o S
Hol,- = S®* o Hol_+ 0 S
Hol 1 = HOle,éi oS

€,e

examples

.
.-

« e
. x P
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