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Equivariant cohomology of M,

~

Highest weight representation H, of A,

(A) For every fixed point p € M, there is a basis vector v, € H,

(B) There is a scalar product (-,-).4, on H, for which the basis {V,} is
orthogonal

(C) There are chiral vertex operators V,,(z) associated with M, which

are primary fields for A, (with completely factorised matrix elements
in the basis {V,})

(D) There is an infinite-dimensional commutative algebra (integrals of
motion) acting in H, which is diagonalised in the basis {V,}
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Physical perspective

Pure A = 2 gauge theory: “topology” of M,

Vector o = [M,] =37 v, € H,

Whittaker vector Nekrasov partition function
(Gaiotto state) for H, ZPUC — (1) O) 4,

N = 2 quiver gauge theories: “universal vector bundles” on M,

(Vo, Viu(2) V) a,

Conformal blocks over Nekrasov partition
Seiberg—Witten curve ¥ function Z9Mver
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Evidence for the conjectures

» Ingredients:

o 4d N = 2 gauge theories of class S: Compactification of
6d (2,0) superconformal theory on ¥ x M,
(Gaiotto, Moore & Neitzke '09; Gaiotto '09)

o (-background: Reduction of 6d N' = 1 gauge theory on
flat My-bundle X — T2 with flat (C*)*bundle on T2
(Nekrasov '02)

» Examples:

1. Gauge theories on R*

2. Gauge theories on ALE spaces (of type A)
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1. NV = 2 gauge theories on R* ~ C?

Moduli space: M, =[],~q M, (Nakajima quiver variety)

ADHM data: M, , = p~1(0)*/GL(n,C), p=[B1,Bs]+1J

) ) ™
frame double
—_—

Zo = e ° o C" e
&

M., ~ moduli space of (framed) U(r) “noncommutative

instantons” on R* with ¢ = n (flat at o); dim(M, ,) =

T = (C*)?> x (C*)", (C*)" c GL(r,C) acts on M, :

(t17t27€) — (61517 eisz’ e 15)

pE M,T’n parameterized by Young diagrams Y = (Y1, ...
Y[ =2 Yil=n

—J—=

oC’
~—
2rn
, Y,) with
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Nekrasov partition functions

Instanton part of Nekrasov's partition function for pure N =2 U(r)
gauge theory on R*:

Zpe=>Y q" /

n>0

Localization theorem in T-equivariant cohomology gives
combinatorial expression in g and (e1,¢5,3) :

/,,nl Z EU(TYM Z H 51,52,3,—31)

lY|= |Y|=n ij=1

Extension to N = 2 quiver gauge theories on R*: Matter fields
represent Euler classes of universal vector bundles on M, ,
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AGT duality (A & B)

» A; = Heis: ¢ =1 free boson (Vafa & Witten '94)
> A, = Heis ® Vir: Liouville theory (Alday, Gaiotto & Tachikawa '09)

> A, =W(gl(r)) =~ Heis ® W(sl(r)): A,_1 conformal Toda field
theory (Wyllard '09)

Theorem (Grojnowski '96; Nakajima '96; Vasserot '01; Schiffmann & Vasserot '12;
Maulik & Okounkov '12) There is an action of A, = W(gl(r)) on

H, = @ HE(M, )

n>0

for which H, is a Verma module. The vector

v=3 M=% 3 [Y]

n>0 n>0 |Y|=n

is a Whittaker vector for H,.
Then Zgs = (¢, g™9) where g = g" on H} (M, ,).
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Integrability (D)

Q-deformed gauge theory = quantized version of integrable system
associated to N =2 gauge theory

Fre = lim  —ey &5 log Zre = Seiberg—Witten prepotential

B 61,62*}0
(Nekrasov '02), captures geometry of Seiberg—Witten spectral curve of
Hitchin system on ¥ (Martinec & Warner '95; Donagi & Witten '95)

Vector multiplet scalars I, = Tr ¢ commuting Hamiltonians,
realised geometrically on 7, as Chern classes I, = (c,—1)7(V;) of
“natural vector bundle” V, on M,

(Lehn '98; Okounkov & Pandharipande '04; Smirnov '13; Nakajima '14)

‘H, ~ symmetric functions: Fixed point basis vy =[Y] <—
generalised Jack symmetric functions Jy, eigenfunctions of quantum
Calogero—Moser—Sutherland model

(Nakajima '96; Vasserot '01; Alba, Fateev, Litvinov & Tarnopolsky '10; Smirnov '14)
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Vertex operators (C)

(Carlsson & Okounkov '08)

» For any r > 1. There are geometrically defined chiral vertex
operators V,,(z) (using Euler classes of “hypermultiplet
Ext-bundles”) such that (Vy, V,,(z)Vy:) generate Nekrasov partition
functions of A" = 2 quiver gauge theories on R*

» For r =1: V,(z) are primary fields of W(gl(1)) = Heis (bosonic
exponentials of Nakajima operators)

» For r =2: Matrix elements correspond to primary field insertions in
conformal blocks (Fateev & Litvinov '10; Hadasz, Jaskolski & Suchanek '10)
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1 k

» Kleinian singularity C2/Zy, w-(z,w) = (wz,w tw), vk =1
» Smooth deformation:

C?)Zi = {xy —z" =0in C*} — X, := {xy — z¥ + Poly =0
<

DUT Do]
D;j~5§?
C?)Zyx = X = o=

N N

Singular 0 order k — Smooth (C*)2-fixed points py, ..., px

» ALE space X ~ X; with ALE Kahler metric, i.e. Euclidean at co
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Quiver varieties

» Ax_1 Nakajima quiver varieties Me(V, W) = u’l(O)g/Hj GL(C%)
for V,w € Zgo with r="73". w;:

A1 =

» (Semi)stable ¢ € R¥ subdivided into chambers with isomorphic
Me(V,w)

» Two distinguished chambers: Cy and Cy
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For & € Gy, Mg, (V, W) ~ moduli space of (framed) Z,-equivariant
noncommutative instantons on R*, holonomy (p}", ..., p/*) at co
(flat gauge fields at co:  m1(S3/Zk) ~ Zx)

T = (C*)? x (C*)" acts on Mg, (v, w ) with finitely many fixed
points: p € Mg, (V,w )T parameterised by w-coloured Young
diagrams Y = (Y4,...,Y;) with k colours

Nekrasov partition functions as weighted sums over fractional
instantons with chemical potentials £ = (&1, ...,&k—1) are computed
by localization theorem (Fucito, Morales & Poghossian '04; Fujii & Minabe '05):

v £o v,w
> I

.
Mo (7,7) YIS et yhy(sl,eg,a,—aj)
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Cohomology of quiver varieties carry rep of gA[(k)r via geometric
Hecke correspondences (Nakajima '94)

N = 4 gauge theory partition function (Euler chars of instanton
moduli spaces) computes characters of gl(k), (Vafa & Witten '94)

Vertex algebra realization of gl(k); for r = 1 on equivariant
cohomology of quiver varieties with w = (1,0,...,0) (Nagao '07)

Equivariant cohomology of Mg (W) =[], Mg, (V, W) carry reps of
coset construction:

(Belavin & Feigin '11; Nishioka & Tachikawa '11; Belavin, Belavin & Bershtein '11;
Wyllard '11; Ito '12; Alfimov & Tarnopolsky '12; Tan '13; ...)

Ar’k _ é\[(k)r @ Sl(r)k? 5[(r),.i,k
sl(r)x

Ak = al(k)l , Aok = gA[(k)z B NSR (Zk-parafermionic A,_; Toda
field theory, SUSY Liouville theory for k =2 =r)
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For goo € Coo, Mgoo((l, ey l), (].,07 . ,0)) ~ X} (Kronheimer '89)
Me,(V, W) 2 M (VW)

Me_(V,W) ~ Mgy 4% = moduli space of U(r) noncommutative
instantons on Xj with topological charge d, magnetic flux u; through
D; ~ 52, and holonomy (pJWJ) at 00 (Bruzzo, Pedrini, Sala & RS '13)

Torus fixed points p € MJTA,W parameterized by Y = (\71, o \7,)
with Y, = (YL,...,YX), and & = (if,...,0d,) with &, € Zk1
Yl
|y
_—
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(Bonelli, Maruyoshi, Tanzini & Yagi '12; Bruzzo, Sala & RS '14)

» Weighted sum over fractional instantons with chemical potentials:

_ d+iacla Fa
=Y qraeeigs [
d,d

Mad,w

» Localization theorem gives “blow-up formula” (factorization in terms
of toric geometry of Xi):

3 1
Zx = Zqz ' H H Q) o

7, a LI'=1 n=1 u,,fu,(gl

X HZR“ 51 ,52), (’);q)

Mw

,day — a/)

1
» Seiberg—Witten geometry:  lim o —kerep log Zx, = E]:RA

€1,82—



Chamber dependence

(Fujii & Minabe '05; Bonelli, Maruyoshi & Tanzini '11; Wyllard '11; Belavin et al '13;
Alfimov, Belavin & Tarnopolsky '13; Ito, Maruyoshi & Okuda '13; Bruzzo, Sala & RS '14;
RS '15; ...)



Chamber dependence

(Fujii & Minabe '05; Bonelli, Maruyoshi & Tanzini '11; Wyllard '11; Belavin et al '13;
Alfimov, Belavin & Tarnopolsky '13; Ito, Maruyoshi & Okuda '13; Bruzzo, Sala & RS '14;
RS '15; ...)

> ZPC = Z2"C, but Mg, (V,w)T £ Mg (V,w)T (bijection for
r =1 only)



Chamber dependence

(Fujii & Minabe '05; Bonelli, Maruyoshi & Tanzini '11; Wyllard '11; Belavin et al '13;
Alfimov, Belavin & Tarnopolsky '13; Ito, Maruyoshi & Okuda '13; Bruzzo, Sala & RS '14;
RS '15; ...)

> ZPC = Z2"C, but Mg, (V,w)T £ Mg (V,w)T (bijection for
r =1 only)

quiver quiver .
> ZET £ ZET (wallcrossing .. )



Chamber dependence

(Fujii & Minabe '05; Bonelli, Maruyoshi & Tanzini '11; Wyllard '11; Belavin et al '13;
Alfimov, Belavin & Tarnopolsky '13; Ito, Maruyoshi & Okuda '13; Bruzzo, Sala & RS '14;
RS '15; ...)

> ZPC = Z2"C, but Mg, (V,w)T £ Mg (V,w)T (bijection for
r =1 only)

quiver quiver .
> ZET £ ZET (wallcrossing .. )

» Vafa—Witten theory: Z)\{kw =q

SN
/
>~
£
—~
=
o
SN—r
N—
|
<
=

character of gA[(k),



Chamber dependence

(Fujii & Minabe '05; Bonelli, Maruyoshi & Tanzini '11; Wyllard '11; Belavin et al '13;
Alfimov, Belavin & Tarnopolsky '13; Ito, Maruyoshi & Okuda '13; Bruzzo, Sala & RS '14;
RS '15; ...)
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» AGT relations on Xy for k =2
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Chamber dependence: r =1

Forr=1andje{0,1,...,k—1}:

G Coo
Me,(V; &) Me (V&) ~ Ming
Y € Mg, (7, 8)7 YeMi,,
j-coloured with k colours Y = (Y., Y")
Hoj = @\7 H?(Mﬁo(‘z é;)) Hooj = EBﬁ,n H‘*F(MUWE)
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Integrability
(Belavin, Bershtein & Tarnopolsky '13; Pedrini, Sala & RS '14)

> Hoj =~ symmetric functions: [Y] <= rank k Uglov symmetric
function Uy (S; k) for coloured Young diagram Y, with parameter
given by unique fixed point 0 € (C2/Z)";

eigenfunctions of “spin” Calogero—Sutherland models

> Hooj =~ symmetric functions:
[?v ’j] — Jy1 (6(1)) ® - ® Jyx (ﬁ(k)) & (’YJ+ (.dj)
Jyi(B7) = Jack symmetric function with parameter 3() given by
fixed point p; € X,J

> V; = natural vector bundle on []; , Mg, &
I, = (cp—1) (V) infinite system of commuting multiplication
operators diagonalized in fixed point basis [\7, ]
I, = Virasoro operator Lg for gl(k)l

I, = sum of k non-interacting quantum Calogero—Sutherland
Hamiltonians with prescribed couplings
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Representations
(Nakajima '94; Nagao '07; Pedrini, Sala & RS '14)

Theorem: There are geometric actions of Ay y = gA[(k)l on Ho; and
Moo j for which they are the j-th fundamental representation of gl(k):.

The vector .
v=Y Mang]=>_ > [V.d]
n,d nd |¥|=n

is a Whittaker vector for Ho ;.

Open problems: Look for relations between:

o Different bases and quantum integrable systems

o

Different representations of gl(k):

@]

Ho,j and Hoo j geometrically

o Vertex operators 77
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CFT, interpretation of blowup equations
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N = 2 gauge theories on Hirzebruch—Jung spaces
(Bonelli, Maruyoshi, Tanzini & Yagi '12)

Geometric construction of R-matrix on quiver varieties
(Maulik & Okounkov '12; Smirnov '13)

6d N = (1,1) gauge theories/elliptic deformation of 2d CFT
(Igbal, Kozcaz & Yau '15; Nieri '15)



