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Mathematical perspective

Equivariant cohomology of Mr

'
Highest weight representation Hr of Ar

(A) For every fixed point p ∈Mr there is a basis vector ~vp ∈ Hr

(B) There is a scalar product 〈·, ·〉Ar on Hr for which the basis {~vp} is
orthogonal

(C) There are chiral vertex operators Vµ(z) associated with Mr which
are primary fields for Ar (with completely factorised matrix elements
in the basis {~vp})

(D) There is an infinite-dimensional commutative algebra (integrals of
motion) acting in Hr which is diagonalised in the basis {~vp}
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Physical perspective

Pure N = 2 gauge theory: “topology” of Mr

Vector ψ = [Mr ] =
∑

p ~vp ∈ Hr

Whittaker vector
(Gaiotto state) for Hr

Nekrasov partition function
Zpure = 〈ψ,Oψ〉Ar

N = 2 quiver gauge theories: “universal vector bundles” on Mr

〈~vp,Vµ(z)~vq〉Ar

Conformal blocks over
Seiberg–Witten curve Σ

Nekrasov partition
function Zquiver
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Evidence for the conjectures

I Ingredients:

◦ 4d N = 2 gauge theories of class S: Compactification of
6d (2, 0) superconformal theory on Σ×M4

(Gaiotto, Moore & Neitzke ’09; Gaiotto ’09)

◦ Ω-background: Reduction of 6d N = 1 gauge theory on
flat M4-bundle X −→ T 2 with flat (C∗)2-bundle on T 2

(Nekrasov ’02)

I Examples:

1. Gauge theories on R4

2. Gauge theories on ALE spaces (of type A)
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1. N = 2 gauge theories on R4 ' C2

I Moduli space: Mr =
∐

n≥0 Mr ,n (Nakajima quiver variety)

I ADHM data: Mr ,n = µ−1(0)ξ
/
GL(n,C), µ = [B1,B2] + I J

Â0 = •
�� frame−−−→ •

��
◦oo double−−−−→ Cn •

B1

��

B2

ZZ
J ,,

◦ Cr

I
ll

I Mr ,n ' moduli space of (framed) U(r) “noncommutative
instantons” on R4 with c2 = n (flat at ∞); dim(Mr ,n) = 2 r n

I T = (C∗)2 × (C∗)r , (C∗)r ⊂ GL(r ,C) acts on Mr ,n:

(t1, t2, ~e ) = ( e i ε1 , e i ε2 , e i~a )

I p ∈MT
r ,n parameterized by Young diagrams Y = (Y1, . . . ,Yr ) with

|Y | =
∑

i |Yi | = n
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Nekrasov partition functions

I Instanton part of Nekrasov’s partition function for pure N = 2 U(r)
gauge theory on R4:

ZR4 =
∑
n≥0

qn
∫
Mr,n

1

I Localization theorem in T -equivariant cohomology gives
combinatorial expression in q and (ε1, ε2, ~a ) :∫
Mr,n

1 =
∑
|Y |=n

1

Eu(TYMr ,n)
=
∑
|Y |=n

r∏
i,j=1

1

mYi ,Yj (ε1, ε2, ai − aj)

I Extension to N = 2 quiver gauge theories on R4: Matter fields
represent Euler classes of universal vector bundles on Mr ,n
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AGT duality (A & B)

I A1 = Heis: c = 1 free boson (Vafa & Witten ’94)

I A2 = Heis ⊕ V ir : Liouville theory (Alday, Gaiotto & Tachikawa ’09)

I Ar =W(gl(r)) ' Heis ⊕W(sl(r)): Ar−1 conformal Toda field
theory (Wyllard ’09)

Theorem (Grojnowski ’96; Nakajima ’96; Vasserot ’01; Schiffmann & Vasserot ’12;

Maulik & Okounkov ’12) There is an action of Ar =W(gl(r)) on

Hr =
⊕
n≥0

H∗T
(
Mr ,n

)
for which Hr is a Verma module. The vector

ψ =
∑
n≥0

[
Mr ,n

]
=
∑
n≥0

∑
|Y |=n

[Y ]

is a Whittaker vector for Hr .

Then ZR4 =
〈
ψ, qL0ψ

〉
where qL0 = qn on H∗T

(
Mr ,n

)
.
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Integrability (D)

I Ω-deformed gauge theory ≡ quantized version of integrable system
associated to N = 2 gauge theory

I FR4 = lim
ε1,ε2→0

−ε1 ε2 logZR4 = Seiberg–Witten prepotential

(Nekrasov ’02), captures geometry of Seiberg–Witten spectral curve of
Hitchin system on Σ (Martinec & Warner ’95; Donagi & Witten ’95)

I Vector multiplet scalars Ip = Trφp commuting Hamiltonians,
realised geometrically on Hr as Chern classes Ip = (cp−1)T (Vr ) of
“natural vector bundle” Vr on Mr

(Lehn ’98; Okounkov & Pandharipande ’04; Smirnov ’13; Nakajima ’14)

I Hr ' symmetric functions: Fixed point basis ~vY = [Y ] ⇐⇒
generalised Jack symmetric functions JY , eigenfunctions of quantum
Calogero–Moser–Sutherland model
(Nakajima ’96; Vasserot ’01; Alba, Fateev, Litvinov & Tarnopolsky ’10; Smirnov ’14)
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Vertex operators (C)

(Carlsson & Okounkov ’08)

I For any r ≥ 1: There are geometrically defined chiral vertex
operators Vµ(z) (using Euler classes of “hypermultiplet
Ext-bundles”) such that

〈
~vY ,Vµ(z)~vY ′

〉
generate Nekrasov partition

functions of N = 2 quiver gauge theories on R4

I For r = 1: Vµ(z) are primary fields of W(gl(1)) = Heis (bosonic
exponentials of Nakajima operators)

I For r = 2: Matrix elements correspond to primary field insertions in
conformal blocks (Fateev & Litvinov ’10; Hadasz, Jaskolski & Suchanek ’10)
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2. N = 2 gauge theories on ALE spaces

I Kleinian singularity C2/Zk , ω · (z ,w) = (ω z , ω−1 w), ωk = 1

I Smooth deformation:

C2/Zk = {x y − zk = 0 in C3} −→ Xk := {x y − zk + Poly<k = 0}

C2/Zk =

Dk

��

D0

OO −→

Xk =

Dk

��

D0

OO

Di'S2

//

Singular 0 order k −→ Smooth (C∗)2-fixed points p1, . . . , pk

I ALE space X ' Xk with ALE Kähler metric, i.e. Euclidean at ∞
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Quiver varieties

I Âk−1 Nakajima quiver varieties Mξ(~v , ~w ) = µ−1(0)ξ
/∏

j GL(Cvj )

for ~v , ~w ∈ Zk
≥0 with r =

∑
j wj :

Âk−1 = •

vv• // • // · · · // • // •

hh

I (Semi)stable ξ ∈ Rk subdivided into chambers with isomorphic
Mξ(~v , ~w )

I Two distinguished chambers: C0 and C∞
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Gauge theory on R4/Zk

I For ξ0 ∈ C0, Mξ0 (~v , ~w ) ' moduli space of (framed) Zk -equivariant
noncommutative instantons on R4, holonomy (ρw1

1 , . . . , ρwk

k ) at ∞
(flat gauge fields at ∞: π1(S3/Zk) ' Zk)

I T = (C∗)2 × (C∗)r acts on Mξ0 (~v , ~w ) with finitely many fixed
points: p ∈Mξ0 (~v , ~w )T parameterised by ~w -coloured Young
diagrams Y = (Y1, . . . ,Yr ) with k colours

I Nekrasov partition functions as weighted sums over fractional
instantons with chemical potentials ~ξ = (ξ1, . . . , ξk−1) are computed
by localization theorem (Fucito, Morales & Poghossian ’04; Fujii & Minabe ’05):

ZR4/Zk
=

∑
~v

q|~v | ~ξ ~v
∫
Mξ0

(~v ,~w )

1

∫
Mξ0

(~v ,~w )

1 =
∑
|Y |=|~v |

r∏
i,j=1

1

mZk

Yi ,Yj
(ε1, ε2, ai − aj)
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AGT on ALE

I Cohomology of quiver varieties carry rep of ĝl(k)r via geometric
Hecke correspondences (Nakajima ’94)

I N = 4 gauge theory partition function (Euler chars of instanton

moduli spaces) computes characters of ĝl(k)r (Vafa & Witten ’94)

I Vertex algebra realization of ĝl(k)1 for r = 1 on equivariant
cohomology of quiver varieties with ~w = (1, 0, . . . , 0) (Nagao ’07)

I Equivariant cohomology of Mξ0 (~w ) =
∐
~v Mξ0 (~v , ~w ) carry reps of

coset construction:
(Belavin & Feigin ’11; Nishioka & Tachikawa ’11; Belavin, Belavin & Bershtein ’11;

Wyllard ’11; Ito ’12; Alfimov & Tarnopolsky ’12; Tan ’13; . . .)

Ar ,k = ĝl(k)r ⊕
ŝl(r)k ⊕ ŝl(r)κ−k

ŝl(r)κ

I A1,k = ĝl(k)1 , A2,k = ĝl(k)2 ⊕NSR (Zk -parafermionic Ar−1 Toda

field theory, SUSY Liouville theory for k = 2 = r)
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cohomology of quiver varieties with ~w = (1, 0, . . . , 0) (Nagao ’07)

I Equivariant cohomology of Mξ0 (~w ) =
∐
~v Mξ0 (~v , ~w ) carry reps of

coset construction:
(Belavin & Feigin ’11; Nishioka & Tachikawa ’11; Belavin, Belavin & Bershtein ’11;

Wyllard ’11; Ito ’12; Alfimov & Tarnopolsky ’12; Tan ’13; . . .)

Ar ,k = ĝl(k)r ⊕
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I Vertex algebra realization of ĝl(k)1 for r = 1 on equivariant
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∐
~v Mξ0 (~v , ~w ) carry reps of

coset construction:
(Belavin & Feigin ’11; Nishioka & Tachikawa ’11; Belavin, Belavin & Bershtein ’11;

Wyllard ’11; Ito ’12; Alfimov & Tarnopolsky ’12; Tan ’13; . . .)

Ar ,k = ĝl(k)r ⊕
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cohomology of quiver varieties with ~w = (1, 0, . . . , 0) (Nagao ’07)

I Equivariant cohomology of Mξ0 (~w ) =
∐
~v Mξ0 (~v , ~w ) carry reps of

coset construction:
(Belavin & Feigin ’11; Nishioka & Tachikawa ’11; Belavin, Belavin & Bershtein ’11;

Wyllard ’11; Ito ’12; Alfimov & Tarnopolsky ’12; Tan ’13; . . .)

Ar ,k = ĝl(k)r ⊕
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Gauge theory on Xk

I For ξ∞ ∈ C∞, Mξ∞((1, . . . , 1) , (1, 0, . . . , 0)) ' Xk (Kronheimer ’89)

I Mξ0 (~v , ~w ) 6' Mξ∞(~v , ~w )

I Mξ∞(~v , ~w ) 'M~u,d,~w = moduli space of U(r) noncommutative
instantons on Xk with topological charge d , magnetic flux ui through
Di ' S2, and holonomy (ρ

wj

j ) at ∞ (Bruzzo, Pedrini, Sala & RS ’13)

I Torus fixed points p ∈MT
~u,∆,~w parameterized by ~Y = ( ~Y1, . . . , ~Yr )

with ~Ya = (Y 1
a , . . . ,Y

k
a ), and ~u = (~u1, . . . , ~ur ) with ~ua ∈ Zk−1

Y k
a ��

Y 1
a

OO

Y i
a //
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Nekrasov partition functions for Xk

(Bonelli, Maruyoshi, Tanzini & Yagi ’12; Bruzzo, Sala & RS ’14)

I Weighted sum over fractional instantons with chemical potentials:

ZXk
=
∑
d,~u

qd+ 1
2r ~u·C

−1~u ~ξ ~u
∫
M~u,d,~w

1

I Localization theorem gives “blow-up formula” (factorization in terms
of toric geometry of Xk):

ZXk
=

∑
~u , ~u

q
1
2

r∑
l=1

~ul ·C−1~ul ~ξ ~u
r∏

l,l′=1

k−1∏
n=1

1

`
(n)
~ul′−~ul

(
ε

(n)
1 , ε

(n)
2 , al′ − al

)
×

k∏
i=1

ZR4

(
ε

(i)
1 , ε

(i)
2 , ~a (i); q

)

I Seiberg–Witten geometry: lim
ε1,ε2→0

−k ε1 ε2 logZXk
=

1

k
FR4
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Chamber dependence

(Fujii & Minabe ’05; Bonelli, Maruyoshi & Tanzini ’11; Wyllard ’11; Belavin et al ’13;

Alfimov, Belavin & Tarnopolsky ’13; Ito, Maruyoshi & Okuda ’13; Bruzzo, Sala & RS ’14;

RS ’15; . . . )

I Zpure
C0

= Zpure
C∞

, but Mξ0 (~v , ~w )T 6' Mξ∞(~v , ~w )T (bijection for
r = 1 only)

I Zquiver
C0

6= Zquiver
C∞

(wallcrossing . . . )

I Vafa–Witten theory: ZVW
Xk

= q
r k
24

k−1∏
j=0

( χω̂j (q, ~ξ )

η(q)

)wj

= ZVW
R4/Zk

,

character of ĝl(k)r

I AGT relations on Xk for k = 2
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Chamber dependence: r = 1

For r = 1 and j ∈ {0, 1, . . . , k − 1}:

C0 C∞

Mξ0 (~v , ~ej) Mξ∞(~v , ~ej) 'M~u,n,~ej

Y ∈Mξ0 (~v , ~ej)
T ~Y ∈MT

~u,n,~ej

j-coloured with k colours ~Y = (Y 1, . . . ,Y k)

H0,j =
⊕

~v H∗T
(
Mξ0 (~v , ~ej)

)
H∞,j =

⊕
~u,n H∗T

(
M~u,n,~ej

)
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Integrability

(Belavin, Bershtein & Tarnopolsky ’13; Pedrini, Sala & RS ’14)

I H0,j ' symmetric functions: [Y ] ⇐⇒ rank k Uglov symmetric
function UY (β; k) for coloured Young diagram Y , with parameter β
given by unique fixed point 0 ∈ (C2/Zk)T ;
eigenfunctions of “spin” Calogero–Sutherland models

I H∞,j ' symmetric functions:

[ ~Y , ~u ] ⇐⇒ JY 1

(
β(1)

)
⊗ · · · ⊗ JY k

(
β(k)

)
⊗ (γ~u + ωj)

JY i

(
β(i)
)

= Jack symmetric function with parameter β(i) given by
fixed point pi ∈ XT

k

I Vj = natural vector bundle on
∐
~u,n M~u,n,~ej

Ip = (cp−1)T (Vj) infinite system of commuting multiplication

operators diagonalized in fixed point basis [ ~Y , ~u ]

I1 = Virasoro operator L0 for ĝl(k)1

I2 = sum of k non-interacting quantum Calogero–Sutherland
Hamiltonians with prescribed couplings
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Representations

(Nakajima ’94; Nagao ’07; Pedrini, Sala & RS ’14)

Theorem: There are geometric actions of A1,k = ĝl(k)1 on H0,j and

H∞,j for which they are the j-th fundamental representation of ĝl(k)1.
The vector

ψj =
∑
n,~u

[
M~u,n,~ej

]
=
∑
n,~u

∑
|~Y |=n

[ ~Y , ~u ]

is a Whittaker vector for H∞,j .

Open problems: Look for relations between:

◦ Different bases and quantum integrable systems

◦ Different representations of ĝl(k)1

◦ H0,j and H∞,j geometrically

◦ Vertex operators ??
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◦ H0,j and H∞,j geometrically

◦ Vertex operators ??



Representations

(Nakajima ’94; Nagao ’07; Pedrini, Sala & RS ’14)

Theorem: There are geometric actions of A1,k = ĝl(k)1 on H0,j and
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Further directions

I 5d gauge theories/q-deformed 2d CFT: q-deformed vertex algebra
acts on equivariant K-theory of Mr

(Awata & Yamada ’10; Yanagida ’10; Awata et al ’11; Feigin & Tsymbaliuk ’11;

Nieri et al ’13; Schiffmann & Vasserot ’13; Carlsson, Nekrasov & Okounkov ’14; . . . )

I Uglov limit of level r rep of elliptic Hall algebra −→ Ar ,k

(Belavin, Bershtein & Tarnopolsky ’12; Itoyama, Oota & Yoshioka ’13; Spodyneiko ’15)

I CFT2 interpretation of blowup equations
(Bershtein, Feigin & Litvinov ’13; Bershtein & Shchechkin ’14)

I N = 2 gauge theories on Hirzebruch–Jung spaces
(Bonelli, Maruyoshi, Tanzini & Yagi ’12)

I Geometric construction of R-matrix on quiver varieties
(Maulik & Okounkov ’12; Smirnov ’13)

I 6d N = (1, 1) gauge theories/elliptic deformation of 2d CFT
(Iqbal, Kozcaz & Yau ’15; Nieri ’15)
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