GENERALISED GEOMETRY IN STRING THEORY
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INTRODUCTION

e Renewed interest for extended symmetries in string theory and M-theory

e the 10 — d effective actions of type |l and M-theory compactified on tori have large
symmetry groups

dimension H / ‘ 6 ‘ 5 ‘ 2 ‘ 3 ‘
glob. symm || SL(5) | SO(5.5) | Ess) | Ercr) | Escs) |

e these are the U-duality groups

e U-duality contains O(d, d) (T-duality ) as a subgroup
e U-duality cannot be understood from symmetries of the conventional
formulation of type Il or M-theory

e new formulations of type Il and M-theory where
e extended symmetries have a geometrical interpretation
e role of the higher rank gauge fields



e Two different approaches

e DFT/EFT: Double and/or Exceptional Field Theories
[hull, zwiebach 09; hohm, hull, zwiebach 10; hohm, samtleben 13; ...]

e U-duality covariant formulation

e enlarge the space-time

glob. symm || SL(5) | SO(5,5) | Esee) | Erry |
dimension || 7+10 | 6+16 | 5+27 | 4+56 |

e diffeo and p-form gauge transformation correspond to coordinate
transformations in the larger space

e consistency of the generalised algebra reduces the coordinates to a physical
subset «» section condition



o GCG/EGG: Generalised Complex and/or Exceptional Generalised Geometry
[ enlal’ge the tangent Space [hitchin 02; gualtieri 04; hull 07; pacheco, waldram 08, ...]

Riemannian GCG EGG
tangent b. M TM ®T*M ToT* AT AT (T @ AST*)
structure SO(6) 0(6,6) Er7 7y
group T-duality U-duality

e charges of extended objects

e the transition functions involve RR and NS potentials as generalised
diffeomorphims

e the structure group is the duality group on the internal manifold



e Unified framework to study

e patterns of supergravities in different dimensions
e compactifications, effective actions
e gauge/gravity duality, consistent truncations

e In this talk
e introduction to the main features of generalised geometry

e applications to string theory and supergravity
e supersymmetric compactifications with fluxes
e geometry of the gauge/gravity duality
e consistent truncations



GENERALISED GEOMETRIES



GENERALISED COMPLEX GEOMETRY IN d=6

[hitchin 02; gualtieri 04]

e We are interested in compactifications of the NS sector of 10d SUGRA on
backgrounds of the type

Mg = My x Mg

e the symmetries of the bosonic sector are diffeomorphisms and B-field gauge

transformations
metric —  0g=L,g

dilaton — 09 = Lyo
two-form  — 6B = LyBa) — dA(a)

where v . diffeomorphisms
d\ : B-field transformations
B(a) = B(a) — dA(ap) Ua 01U

dA(a) = dAg) — LodAap)
Aap) + Mpy) T M) = 9(apy)d9(apy) Us NUsNU,



Generalised tangent bundle

e The idea of Generalised Geometry is to treat diffeomorphisms and B-field gauge
transformations on the same footing

e define the sum of tangent and cotangent bundle of Mg

E=TMoT*M

V=0uv+ é — untwisted generalised vectors

e natural pairing of vectors and forms
n(Vi,Va) = (v1 +&1,v2 + &) = %(51(02) + &2(v1))
— reduce the structure group to O(6,6)
e the O(6,6) adjoint R € adF = (T @ T*) ® A*T* ® A*T actson V as

v =r-v— [

E=r-A—1,b

VI=R-V «—



e the generalised tangent bundle E is a non-trivial fibration of T* M over T'M
(extension of T by T™)

0—T*M —FE -5 TM — 0

whose sections are generalised vectors V' = v + £. On Uy
Viey = 2@V = [e2(0 + ey = [0 + (€~ 6B)] o)

and have non trivial patching on U, N Uz

V(a) T Ela) = T(@B)V(B8) T |T(amEB) — irwp v AN (@B) r € GL(6,R)
Vi) = €~ Rigp Vg dX(ap) € A?(Ms)



e Observations
e the split V = ¢V give non-canonical isomorphism between E and T' & T*
e the split and the patching of V' imply the gauge transformations of the B-field
e the patching further reduces it to GL(R,6) x A*(M) — generalised
diffemorphisms

e To include the dilaton we need a further generalisation of £

~

E = (detT*"M)E

with structure group GL(R,6) x A?(M) x RT



Differential structure

e The ordinary Lie derivative generates diffeomorphisms

m n m m m mn m m m
L,0" =0"0, v — 0" 00" = 00,0 — (0 Xaq v)" v

GL(6) adjoint action <—

e The Dorfmann derivative generates generalised diffeos

Ly VM = VNN V™ — (0 xq VIM V'V On = (0p,0)

O(6,6) adjoint action <—
e incomponents (V =v+&and V' =" 4+ &)

Ly V' = L, + (£v€/ — Ly d)

e Define the twisted Dorfmann derivative acting on the untwisted gen. vectors V/

A

L‘A/V/ = BBLVv/ = ﬁ@’ﬁ/ -+ (E@é/ — L@/dé + L@/L@H)

twist by the two-form flux H = dB <



Generalised Metric and Vielbeine

e The metric g and the B-field combine into a single object — generalised metric

g—Bg™'B Bg!

g —
—g !B g !

e defines an O(6) x O(6) structure on E
e parametrises the coset

0(6, 6)
0(6) x O(6)

— NS moduli of toroidal compactifications

e Define generalised vielbeine £ 4 on E such that

G '=6"PE,® FEp

e take aframein {¢“} € T'M and the dual frame {e,} € T"M (a =1,...,6), then

Eqg= ("4 1eaB) +eq



EXCEPTIONAL GEOMETRY: TYPE IIA

[grana, louis, sim, waldram 09; cassani, de felice, m.p., strickland constable, waldram 16]

e The construction can be extended to include all potentials of type || SUGRA — [IA

e the IIA potentials (democratic formulation pergshoett et a. 01))

NS two-form RR polyform NS six-form

~

B C=Y7_Cori B
H=dB | F=dC—-HAC+meP | H=dB - 3[s(F)AC+me  AC]x
and m = Fj is the Romans mass

N

e With gauge transformations

oyB = L,B —d\
oy C = L,C —eP A (dw — m))

Sy B = L,B — (do + muwg) — 1[eB A (dw —mA) A s(C)]

2 6



e The generalised tangent bundle is ' € 56 of £77) and decomposes under G L(6)

E~TM@®T*M ®ANT*M @ (T* @ AST*) @ AeVerT* M

charges of branes allowed in six dimensions

e generalised vectors
V=Ww+A+o+7+w) — V=eBe BV
with patching on Ua) NU )

Via) = edA(ap) edRap)Tm QLs(ap) p=dA(ap) —m Aap) | Vig)

e The adjoint bundle is ad € 133 + 1 of E;(7) x RT (GL(6) decomposition)

ad = RA ORy & (T @T*) @ A2T @ A2T* @ AT & AST* @ A°NT g A°WT™
R=Il+p+r+8+B+3+B+T+C
includes GL(6) action, shifts of warp factor and dilaton, NSNS and RR potentials



e Define a generalised frame and metric

e Given the generalised tangent bundle
E~TM@T*M @ AT M@ (T* @ AST*) @ AV"T* M
define the conformal split frame as a twist

Ea = eBe Belele? . FE 4

{EA} _ {éa} U {ea} U {eal...a5} U {ea,al...a6} U {1} U {ealaQ} U {eal...a4} U {€a1”'a’6}

e Define the inverse generalised metric

G '=6'PE,® FEp



e The Dorfman derivative is

LyV' = LU=V 4 m(V) - V!

with LU=V = £,0/ 4 (LN — 1w dX) + (Lo0” — tydo + [s(w') A dw]s)
+ (L' +jo' NdA+ N ®@ do + js(w') A dw)
+ (Low +dA AW — (tyr + NA)dw)

m(V) -V = m(—tyws — ANW; + N Qwg — AQ@ w§ + toy A+ N A N)

e it generates generalised diffeos : diffeos plus NSNS and RR gauge transformations

y

5\/9 — ['vg
Lv§G oyB = L,B —d\
— <
V= (v,\ 0,w) oyC = L,C— (dw—m\) + ...
\ oy B = L,B — (do + mws) — 2(dw —mA) As(C) + ...



APPLICATION 1:
SUPERSYMMETRIC COMPACTIFICATIONS



CALABI-YAU vs FLUX GEOMETRIES

e Generalised geometries are useful tools to study flux compactifications

EX: compactifications to
MlO = M4 X M6
with 10d type Il SUSY parameters

e1=Cr@nL+(@nt IR (ni.)* =n"  6d Weyl spinors
€2=C @5+t ¢t =¢( 44 Wey! spinors

e with no fluxes, minimal SUSY = the internal manifold is a Calabi-Yau

(i) SU(3) holonomy
an+ =0 = o
Ricci flathess R, =0

e for flux compactifications SUSY =- the internal manifold is no longer Calabi-Yau

1 ; 1 -
(Vin £ ZHm)n+ + 1—6€¢€ij Fymnl =0



e We still say something about the geometry of the internal manifold
e go from spinors to structures

e go to Generalised Geometry

e Calabi Yau compactifications revisited

e Jglobally defined, invariant forms (bilinears in the susy parameters)

Joy ( Kahler form )
— GL(3,C)NSp(6,R) = SU(3) structure on T' Mg
Qcy  (holomorphic 3-form)

e SUSY is equivalent to the closure of SU(3) structure

e SUSY deformations

Kahler def. (déJ = 0) vector and hypermultiplets
complex structure def.  (déQ2 = 0) of N =2 SUGRAin4d



N =1 VACUA AND O(d, d) PURE SPINORS

e Use GCG to give a geometrical interpretation of ' = 1 flux vacua

e build polyforms on Mg as bispinors of the susy parameters

1 —2 1 Mp...M
— Iy + = 35 — Ul Tmq...my '
p =0y @7 > o (70 ny ) da™

e O are spinors on T'Mg P T™ Mg
positive chirality <« o, € AvenT* (M) even forms
negative chirality < ®_ ¢ A°T*(M) odd forms

e pure spinors — vacuum of Cliff(6,6)

e define a SU(3) x SU(3) structure on 7' T

SU(Z) onT”* ni = any <I>+ — %(Ele—ij _ ic_gw) A ez/\2/2
Ny =cing +cz-n- | O = —ig(Ge Y +iGw) Az
SU(3)onT* ni = any b, — %be_u
i = by O_ = —i%LQ




e 10d SUSY variations are equivalent to the differential conditions

e One spinor is closed
d(e34®,) = 0 — generalised Calabi Yau
e the RR fields act as torsion

d(e34®,) = e31dA A Py + %e?’A * \(F)

zero fluxes fluxes
T T aT™
pure spinor Mo O
integrability | V,,no =0 d® =0
Calabi Yau | Generalised Calabi Yau

e unified description of type IIA and |IB
e extend to other dimensions



N =2 VACUA AND EXCEPTIONAL STRUCTURES

e General description of string and M-theory backgrounds with 8 supercharges

D=4(d=6o0ord="17)
D =5(d=>50rd =6)

ds? = e?2ds% + ds>

e apply to Minkowski and AdS compactifications of M-theory and type |l
e CY compactifications to 4 and 5 dimensions
e M2 and wrapped M5 branes
e D3 branes



e define exceptional structures on M
e bilinears in the background susy parameters
e parametrise the scalars of the D-dim SUGRA

e VM structure — scalar fields of vector multiplets

M, = — K € 56
e H structure — scalar fields of hyper multiplets

E X RT J, € 133
My = —0 " — | b2 (MQK =
Spin*(12) SU(2) triplets

Muk
SU(2) x Rt

e together J, and K define a Usp(6) structure <= N = 2 SUSY in five
dimensions



e Supersymmetry: write the SUSY variations as condtions on the generalised
S’[FUC’[U res [ashmore, waldram 15, ashmore, m.p., waldram 16, grana, ntokos 16]
LKJa — Eabc)\bJC

LK =0

1

,LLa(V) = —§eabc/tr(Jb,Lch) = )\a/C(K, K, V)

with L Dorfmann derivative ( generates diffeomorphims and gauge transt.)
1q (V) moment maps for the action of gen. diffeomorphisms on J,
Ay = 0 Minkowski Ao 0 AdS

e nice dictionary with gauged supergravity

LigJs = €apevJe (LigJo =0) < hyperino variations

LxK =0 < gaugino variations

ta (V) = )\a/c(K, K,V) < gravitino variations

e generalised torsion maps to the embedding tensor



RESULTS

e Compactifications
o exampleS Of CompaCt|f|Cat|0nS on GCY manlf0|dS [grana, minasian, m.p. tomasiello 06]

L effeC’[Ive aCtlonS On ﬂUX baCkgI’OU ndS [grana, louis, waldram 05,06; martucci, koerber 07, 08, ...]
e expansion forms could be not closed and of mixed degree
e difficult to identify the light modes

e some progress in moduli counting (omasielio 07, martucei 09.... |

e Gauge/gravity duality
e baryonic branch of Klebanov-Strassler  (gana, minasian, m.p. zattaron o]
e massive deformations of type lIA AdS, duals of CFT3  mp, zattaroni 09, iist, tsimpis 09]
e geometry of superconformal V' = 1 theories [minasian, m.p, zaftaroni o6;

gabella, gauntlett, palti, sparks, waldram 09, ... ]

o exaCtly marginal deformat|0ns Of N — 1 SCFT [ashmore, gabella, grana, m.p., waldram 16]
® AdS7 SO|U’[IOHS dual tO 6d SCFT [apruzzi, fazzi, rosa, tomasiello 13, ...]



APPLICATION 2:
CONSISTENT TRUNCATIONS



LOW ENERGY EFFECTIVE ACTIONS

e A standard technigque to derive lower dimensional actions is Kaluza-Klein reduction
e take a background of the type

Mg = Myg—q X My

e expand the 10d field in harmonics on M; — infinite towers of lower-dimensional
fields

e truncate the KK modes to a finite set in a consistent way
e no dependence on the internal manifold in the eom and susy variations
e full non-linear interactions and symmetries for the lower dimensional fields

e Consistent reductions establish a map between theories in different dimensions
e all solutions of the lower dimensional theory lift to higher dimensional ones

e insight on the higher dimensional origin of the lower dimensional gauge
symmetries

e powerful tool in AdS/CFT



ORDINARY SCHERK-SCHWARZ REDUCTION

e Consistent truncations are rare and non-trivial

e often the truncation ansatz is ensured by symmetry — Scherck-Schwarz
reductions on group manifolds

e Consider a compactification on a group manifold 11,
Mg = Myo—q X My
e the left-invariant vector fields {¢,} satisfy the algebra

Le ey = fpéc f.5 constant

e {¢,} generate the (right) isometries of the metric
e {¢,} give a globally defined frame — M, is parallelisable



e Truncation ansatz
e define the twisted frame and the internal metric

e m(x,2) = Ul (x) &, (2) U, € GL(d)
9" (x,2) = MP(x) e, (2) é" (2) M® =5 y.2UL € GL(d)/ SO(d)

e write the 10d SUGRA fields as

ds® = g, (x)dz"da” + May(z)(e® — AZ(x)dx“)(eb — Ab(z)dz)
Ci(z,2) = Cp(z)da” + Cy(x)(e® — Aj (z)dz") + 1
Cs(z,z)=...

where g,,,,, My, AZ, etc are D — d-dimensional fields

e Features of the truncated theory
e the reduction is consistent by symmetry
e being parallelisable M, has globally defined spinors = maximal SUSY

e the gauge group comes from Killing symmetries and gauge transformations of the
potentials.



GENERALISED SCHERCK-SCHWARZ REDUCTION

e Extend to EGG the notion of parallelisability — Generalised Leibniz parallelisation

e Jaglobally defined frame {£ 4} for the E;.14+1) x RT generalised tangent bundle
on M.

e the frame must satisfy the algebra
L, Ep = Xus°Ec X 45° constant
e X ,5% generate the gauge algebra
[Xa,Xp] = —Xap“Xc
and are related to the embedding tensor of the D — d gauged supergravity

XY =0,4%ty)B"

embedding tensor <— — U-duality generators

e GLP implies the manifold is a coset M; ~ G/H and maximal SUSY



e Truncation ansatz
e decompose all 10d fields according to SO(1,9) — SO(1,9 — d) x SO(d)
ds? = 2 g, (x)dz"dx” + gon(z, 2) D2 D2"

B = 1 Buymy (1, 2)D2™ A D22 + B (z, z)dat A D2 +
C;=C,,Dz" + éu dat

>Bu(z, z)dz* A da”

Dz™ = d2" — h}j'(x, z)dz"

e field redefinition — covariance under gen diffeos

B, =B, B,, = B, +Lh[MB,,]
C = B/\éu B :B [CMV/\S(C)LL—l_Lh[uBV]
B, =B, —[C,As(C)]s Cow =P ANCuy+un,C+ Bl ACy,

e B, C are field on the internal manifold

e reproduce the gauge transformation of the lower-dimensional supergravity



e arrange fields with the same external indices in ;. 1441) x RT tensors

e scalars — gen metric
{gmn7 Bml’I’I’L27 Bml...m67 Cﬂ’w lemg’l’)’L37 le...m5}
e vectors — gen vector 4, M ¢ E
v .
A,u — {h,umv B,uma Buml...mm C,ua C,umlmga C,uml...m47 C,uml...mf;}
_ M N /
e two-forms — B,,,, e N' C (F® E)sym

MN D
B,UJ/ — {B,LLI/7 B,uuml...m47 C,ul/ma C,ul/mlmgmga C,mel...m5}



e twist the generalised frame and metric

EyM(2,2) =Ua®(@)Ep"(2)  GY7V(2,2) = MAP(2) Ea™ (2) EB™ ()

Egii1(a+1
Eati(a+1) < — [é )

with K maximally compact subgroup of Eg;(g41)

e write the 10d fields as

A (2, 2) = Ay (@) Ea™ (2)
1

B (2, 2) = 3 B P (2)(Ea @nr Ep)MY (2)

a similar construction should work for higher rank forms in D — d-dimensions

e Partial check of the consistency of the reduction — recover the gauge
transformations of the lower dimensional gauged SUGRA



GENERALISED SPHERE REDUCTIONS

Sphere reductions are an interesting application of generalised Scherk-Schwarz
reduction

e only S, 53, anf S” are parallelisable

e all spheres are generalised parallelisable pee, stickand-constabie, waidram 14]

e a d-sphere is a coset
od _ SO(d+1)
SO(d)

e GGL(d+ 1,R) generalised geometry: define the gen. tangent bundle (twisting
given by A; 1)

with F; = dAd_l

d(d+1
Ear+y =T @ Gl A ( ;— ) dim. bivector of GL(d + 1,R)

* FEgra+1) always admits a globally defined frame

a?2

Ez-j — Vjij + %Eijkl...kd_lykldyb ARE 'ykd_l + ["UijA

SO(d + 1) killing vectors < — constrained coordinates on R% §;;y'y’ = 1



RESULTS

e New results about consistent truncations to maximal supergravity from EGG and EFT
e consistency of the AdS5 x S° truncation ponm, samtieven 141
e extension to hyperbolic spaces

e NO0-go theorems for consistent truncations for massive A (cicer, gaurino, inverso 16, cassani, de felice, m.p.

strickland-constable, waldram 16 ]

e Extension to less than maximal supergravity workin progress|



CONCLUSIONS

e Generalised geometry is a powerful tool to study generic supergravity backgrounds

e GCG geometrise NS fluxes
e largely exploited in several dimensions
e interesting new results for instance in AAS/CFT

e EGC geometrise both NS and RR

e nicely reproduces and unify knwon results
e New consistent truncations



e More generally — deeper understanding of flux backgrounds

D =11or D =10 lIA/lIB
supergravity

compacityfications e
ctifications

T, and CY, 5 with flux, tor

{ (D — d) ungauged

(D — d) gauged
supergravity gaugings

supergravity

e moduli problem and deformations

e trunctations with less SUSY

e phenomenological effective actions

e topological models

e more insight into the AdS/CFT correspondence



GENERALISED SPHERE REDUCTIONS

e Apply generalised Scherk-Schwarz reduction to sphere compactifications in
massless and massive type IIA

m =10 m # 0

SO | ISO(7T)  wrnovasatsy | ISO(T)  igvarinovarcia 15
S4 | SO(5)  fcowcss et etal 00 -
S3 | ISO(4)  maie sameten 15 -
S2 | SO(3)  aam sezgmes -

— only S% admits a parallelisation for massive Il1A



e Sphere backgrounds and generalised parallelisable pee, stickiand-constable, waidram 14]
e 2 5= .50(d+1)/SO(d) backgrounds has a d-form F; = dA,;_;
e define the gen. tangent bundle where the twisting is given by A,
Egr+n =T & A>T*

e Eqr(as1)isin 3d(d+ 1) dim. bivector representation of GL(d + 1, R)
= G L(d + 1,R) generalised geometry

e Fqcra+1) €anbe see as
Eopasny =W AW W ~ (det T*)Y2(T + AYT)

W is the fundamental of GL(d + 1) .

 Faray1) always admits a globally defined frame

ar2

Eij = Vj5 + %Gz’jkl...kd_lykldyb AR -ykd_l + [’Uz’jA

SO(d + 1) killing vectors < < constrained coordinates on R% §;;y'y’ = 1

° Eij = FE; A Ej with Ej frame on W



e For massless llA the full £, ,441) tangent bundle is parallelisable

e define a frame
Es=Ej;+» Ep  Eyc other GL(d+1) reprs

with
Lp,Ep = Xas“E¢ , (X4, XB] = —Xa“Xc

e For massive llA the frame the algebra of the massless frame does not close
XAB —>XAB+E E EPmMN
e to have a GLP we would need
EMENESm y = const

e this is possible if £4 € G,, , the stabiliser of the Romans mass m — true only
for S°



EXAMPLE: S° REDUCTIONS

e Describe S° = SO(4)/SO(3) in constrained coordinates

e introduce on R* the coordinates
zt =1y such that iy =1 1=1,....,4

e S5° of radius R is obtained fixing » = R. The metric and volume form are

S R3 . . .
gg3 — R2 5ijdyzdy‘7 V0153 = y Eil.'.i4yzldyz2 VANKICIRIVA dyz4

e the SO(4) Killing vectors are

vij = R (yik; — yjki)

Lo, vp = R~ (Sikvrj — 0uvn; — Sk01 + 6510k
with %; conformal Killing vectors

Lr.g=—2y'g ki(y;) = t,dy; = 0i5 — vy



e Generalised geometry for S°
e the U-duality group on Ms is Ey4) ~ SL(5,R)

e the generalised tangent bundle

E~TeT*®R® AT
V=v4+A+wy+ws

isin 10 of SL(5,R) and is the product £ =W AW
W ~ (det T)"Y2(T 4+ det T) € 5 of SL(5,R)
= a parallelisation of £ must also be a parallelisation of W
e a generalised frame {E;;} has natural decomposition under SL(4,R) as

SL(5,R) 5 SL(4,R)
10 — 6+4
{Er;} = A{Eij, Eis} ,j=1,...,4



Massless IIA on S° is Leibniz parallelisable

e there is globally defined and orthonormal frame

E,; =v;; + Re;; kdl—FLU..B 2
I N T Sk SO T b H = dB = Zvols

Ery = ) |
Eis =vyi+ % eijmy’dy® Ady' — y; B it

e the Dorfman derivative gives the 1.50(4) algebra

L, Ep = 2R ;. Ey; — 651 E:)
L, Ews = —2R 6, Ejj5
Lp,sErm = 2R ;. Eps

Lg. Eiys =0

e it reproduces the truncation to maximal D = 7 supergravity with 7.SO(4) gaugings

[cvetic et al.00; samtleben, weidner 05]



Towards a no-go theorem for massive IIA parallelisations on S*

e Basic assumptions

e since H = %dFQ IS exact, the only non-zero flux is m, so that no twisting of £
e it exists a parallelisation E;; that gives an SO(4)

L, Er = 2R (0; By — 61 Eni) Lp, Fr =0
Lg, Exs = —2R™ 05 Ejj5 Lp,.Exs =0

e conseguences

e F;; are generalised Killing vectors Lz, G711 =0
e the frame is uniquely fixed

Ez'j = U4y + R2 dy@ A\ dyj
Eis = R(my; +dy;) ,

butis nota SL(5,R) frame since E;; # E; N Ej; with E; € W

Era=FEr;=

e the same results hold for SO(5) and 7.S0O(4) algrebrae

e There is no parallelisations £;; on S3



