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A Question:

How to describe quantum phenomena like anomaly in
a semi-classical way for charged massless (chiral)

fermion in gauge field?
A Answer: Quantum Kinetic Theory

(1) Classical description of charged chiral fermion
with anomaly in phase space

(2) Chiral kinetic theory from Wigner function
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A High energy HIC

A Electric field in cms frame

of nucleus,
YA
EI EI‘

A Boost to Lab frame (v,= 0.99995 c for 200GeV), Scale of strong

P interaction
Ze?

B=—v, xE —eB — 2vv,— ~|1.3m2 |~ 2.6 x 10'® Gs

R? T
Kharzeev, McLerran, Warringa (2008), Skokov (2009), Deng & Huang (2012),
Bloczynski,Huang, Zzhang,Li ao (2012); many others eé
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Chiraltly s =0+ v -

Helicity h=o- % RH (h=+1) yy
LH (h=-1) yZ
In the chiral limit (massless quark) with a T

RH chirality LH chirality

Particle +1 -1

Anti-particle -1 +1
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A A charged massless fermion (unit charge) in EM field, treat (x,p)

in equal footing,

S(e, p) / it[(p+ A(z)) - & — d(x) — e(p)

A EOM can be derived from Euler-Lagrange equation

d &L SL_D%@ﬁ;%@)

dtdp Op Ip d 9 9A,(x)
4oL 9L _ r Al = grAlE) + &=
dt 0x  Ox
o |d __a@m . 0A,(x)
{p:E+¢xE}
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A Re-defining variables K oK

$(6) = [ dtbu(©é - H(e) vt
A where H(&) = ¢(x) +€e(p) and 7,(&) = (p+ A(x).0)
A EOM is from Euler-Lagrange Equation

dOL 0L 078 0w OH(E)

o7 . — éb _
dt ofa — Oge OEh oga oca det(y) =1

(0 —By, B, 100)
Embgb — _35(5)} EOM B, 0 —-B, 010 /
¢ | -BB 0 001
_ Nal§)  O(§) /"hab] =1 0 0 o000
ab = gl N oce 0 -1 0 000

0 0 —-1000
\ /

Qun Wang (USTC, China), Chiral Kinetic Theory from Wigner functions



A EOM can be cast to a normal Poisson bracket in Hamiltonian
dynamics
OH (§)
oEa

OH (&)
oge
£ = —{¢* H} & from Hamiltonian

= éb = _h_l]ba

%55 b= — < from Lagrangian

A Now we add the Berry potential term F == ¢mmto Lagrangian

S(e,p) = / it(p + A(e)) - & — al(p) - p — d(@) — (p)

S(§) = dthﬂ(‘g)é& — H(&)] From singular

/ property of H=0 /o

at p=0
Y(§) = (p + A(z), —a(p))
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A EOM can be rewritten into a form which can be compared to

Hamiltonian representation

. OH : oOH
YabE” = — 6§(f) = £ =~ 8§(f)
([ 0 —-B, B, 0 0 )

By 0 -B
det(v) = (1+ B -Q)?

Yan] =

|

&

vs)

[y

=

T s

=

S}

Oy —€ 2=V, xalp)
o -1 0 =05 0 Berry curvature
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A Theinverse matrix # and EOM
[ o Q4 —Q, -1-B,Q, -BQ, —BQ
— 0 €y —B,02y  —1— By —B5(,
f}f_l B 1 QQ —Ql 0 —Bng —Bgﬂg -1 — BgQg
1+ B 1+ Bty Bot)Y Bsty 0 — By Bs
By 14 B0y  Bsl)s B, 0 -5y
\ B, By 14 Bs(l, —Bs B, 0
. OH (&
gﬂf — —['}r‘l]”’b% -—2> from Euler-Lagrange equation
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A Comparing EOM from Lagranian and Hamiltonian approach

{&,¢" = [y°

Eiijk
{xiaxj} -
1+ B - Chang & Niu, PRL 75, 1348 (1995);
) p )t — —€ijk By, Xiao,Chang,Niu, RMP 82,1959(2010):
o 1+B-Q Duval,et al, MPLB 20,373(2006)
(rop) = 22
' 1+ B-Q
A Explicit EOM
, OH OH o 0H . 0H
T = —{mnirj}a—% - {fci:pj}@ b= —{pufcj}amj {pa;pj}apj
1 1
= 1+B,Q[EKQ+'U+B('U'Q)]¢ = 1+B‘Q[E+(E~B)ﬂ+vx5]i
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A The above can be re-written as (/det(y) = 1+ B - Q)

ydet(v)d = v+ E xQ+ B(v- Q) symmetry T <P
> — F
Jdet()p = E+vx B+ (E-B)Q Y

B < Q

A Then we can evaluate Chiral Kinetic Eq. in 3D:

d./det a fd t 3 ./ det a .y/det D.T. Son, N. Yamamoto,
ety ‘ h tiy det() Py det() PRL 109, 181602 (2012) ;

dt ox; Ip; M.A. Stephanov, Y. Yin,

anomaly — Q). B 4+ (Vs: W E) .+ (E . B)(Vp . Q) PRL 109, 162001 (2012)

=(£ - B)(V,-Q)
V. -B =10

where we have used Maxwell equations ,
V. xE+B =0
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A Then we can prove the conservation of invariant phase space
volume is violated by anomaly (with _¢ & (3’)

d;ggpa./det(q) =) i ‘f(;‘]‘;g Jdet(~) = 27 o )3(}3 B)

A 1f J(eh=s is conserved in normal phase space

2 ol sl
api

=0
ot Ox;

A Then we have chiral kinetic equation in 3D

af»,/det [ Offdettn) | Ofpiydet() ) Byt p)

dr; Ip;

anomaly
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A To describe dynamics of chiral fermions, we
have to explicitly know their helicity
(equivalently p), therefore we need to know
information of (t,x,p), t hat 6s why
Kinetic approach

A Classical kinetic approach: f(t,x,p)

A Quantum kinetic approach: W(t,x,p)
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Gauge invariant Wigner operator/function
Vasak, Gyulassy, Elze,

W(z,p) =<: W(x,p) :> Annals Phys. 173, 462 (1987)

d4y
e
(2m)4

_ S 1 1 1 1
Wos(a,p) = s (a: n 5”) PU (A, o+ Sy - —y)% (a: _ 2y

2 2

. 1 1 1 1
Gauge link PU (A,:c+5y,x — Ey) = PExp (—iey“/o dsAy (m — 2y+sy))

Dirac equation in electromagnetic field
[ Du(x) —m](z) = 0, () |ir"Df(x) +m| =0

Quantum Kinetic Equation for Wigner function for massless
fermion in homogeneous (constant) EM field

phase space derivative

I
Vi (p“ ™ §Nu) W(z,p) =0 Vi =0y —QF* oy
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A For collisionless fermions in constant EM field

T (p“ ok %N”) W(xz,p) = 0.

A Wigner function decomposition in 16 generators of Clifford
algebra

1 1
W = 1 [94’ + iy P + YV + ’y%“gﬁzﬁ + 50“”5@,,]

scalar p-scalar vector axial-vector tensor

= [dtrr, = [atparr, T = [dtppry

Vasak, Gyulassy and Elze, Annals Phys. 173, 462 (1987);,
Elze, Gyulassy and Vasak, Nucl. Phys. B 276, 706(1986);
Zhuang and Heinz, Annals Phys. 245, 311 (1996).
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A Decoupled equations for RH (s=+1) and LH (s=-1) components

PrAuap) = 0. Vi =0 — QF™ o
V”j;(ﬁ,p) — 0.

A A A
Q.S(p jsp _pﬁjs ) = —e’ pvﬁjj?
A where RH and LH components are (s=+1, -1)
1
/‘Lf(i’*p) — 5[7/#(‘5*10) —{_Sﬁ#(map)]
A Expand vector and axial vector in powers of 94 and F*
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A The solutions to (F, )t and (Q)! encodes a lot of information !!

Hloy(e,0) = 1807 S = e
Sl @n) = 5053 0) — SQFpaf0GR)
A where ‘/7 Fermi-Dirac Distr.
fs(z,p) = (23)3 ©(po) fr(po — s) + O (=po) fr(=po + ps)]
Fox _ %Emvﬂy Q. = %(ayuﬂ — By 1. = 1+ s
Q" = %JWQM Gao, Liang, Pu, QW, Wang, PRL 109, 232301(2012)
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A Vector current j# — put 4wt + g BH

Gao, Liang, S. Pu, QW, Wang,

CME: (g = 15 cvE: £ = iuus PRL 109, 232301(2012)
272 2

A Axial current j£ = nsu” + &sw” + £psBH

-Chiral separation effect:
[ A
272
-Local polarization effect
_ 1o, 1 /5 5
55—6T +F(M +M5)

A Derived conservation laws

Eps =

&l

0T = QF“*j,,  0.j°=0. 8.j8=—-"=E-B
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j=Q'55B TTi |
972 \ : Time reversa
/ P: Parity

T-odd Ghm conductiviD
P-odd effect j=oFE
T-odd

Dissipative
P

FromD.Khar z eaatkv 0 s
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A Covariant Chiral Kinetic Equation in 4D (CCKE)

Vp =0 mmy 4 (P2) (@amfs dp”apfs) =

A" prof dp* pv I
F = P -|_8€ byFaﬁ, dT =F pI/_S(E B)b

Berry Curvature  pu — _p_”

: .. . In 4D T p2
A Chiral Kinetic Equation in 3D " P

dx d
[doov, =0 = afi+ o Vxfok o Vpfi=0

dx _ Pp+s[(p- MB+ExQ dp_E+pxB+s(E-B)Q

dt 14+s02-B ’ dt 1+s02-B
Chen, Pu, QW, Wang, PRL 110, 262301 (2013) P
Son, Yamamoto, PRL 109, 181602 (2012) Fe;g Curvature ) = 552
Stephanov, Yin, PRL 109, 162001 (2012) n P
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A Particle and energy density with

-—

N

A Phase-space measure:
A Berry curvature:

Gao, QW, PLB749, 542 (2015)
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