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Transport	
  proper>es	
  and	
  analy>c	
  structure	
  of	
  correla>on	
  func>ons	
  
	
  in	
  weakly	
  interac>ng	
  many-­‐body	
  quantum	
  system	
  (par>cles	
  or	
  quasipar>cles)	
  

Plan	
  

Transport	
  proper>es	
  and	
  analy>c	
  structure	
  of	
  correla>on	
  func>ons	
  
	
  in	
  strongly	
  interac>ng	
  many-­‐body	
  quantum	
  systems	
  	
  (via	
  holography)	
  

Real	
  systems	
  are	
  at	
  intermediate	
  coupling	
  (e.g.	
  QGP)	
  	
  

The	
  problem	
  of	
  interpola>on	
  	
  

Compu>ng	
  correc>ons	
  to	
  infinite	
  coupling	
  results	
  from	
  higher-­‐deriva>ve	
  
gravity	
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Hierarchy	
  of	
  >mes	
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  in	
  Bogolyubov’s	
  kine>c	
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  theory	
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  freedom	
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Hydro	
  regime:	
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momenta	
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individual	
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and	
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dependent	
  
distribu>on	
  func>ons	
  

Local	
  densi>es	
  
of	
  conserved	
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Globally	
  conserved	
  
charges	
  

The	
  hydrodynamic	
  regime	
  (con>nued)	
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For	
  spa>ally	
  homogeneous	
  distribu>ons:	
  

Eigenvalue	
  problem:	
  

Solu>on:	
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Spectrum	
  of	
  linearized	
  kine>c	
  operator	
  

a) Discrete spectrum, U = α/r4

b) Continuous spectrum with a gap, U = α/rn, n > 4

c) Continuous gapless spectrum, U = α/rn, n < 4

d) Hod spectrum

Wang	
  Chang	
  &	
  Uhlenbeck	
  (1952),	
  Grad	
  (1963)	
  



Relaxa>on	
  >me	
  in	
  kine>c	
  theory	
  (con>nued)	
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  The	
  hierarchy	
  of	
  relaxa>on	
  >mes	
  is	
  determined	
  by	
  the	
  spectrum	
  
	
  of	
  linearized	
  kine>c	
  operator	
  

τR = 1/νmin
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∂t
+

pi
m
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∂ri
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∂ri
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= −F − F0

τR

Krook-­‐Gross-­‐Bhatnagar	
  (KGB)	
  equa>on	
  (1959)	
  

For	
  weakly	
  inhomogeneous	
  systems:	
  

Transport	
  is	
  then	
  essen>ally	
  determined	
  by	
  the	
  relaxa>on	
  >me,	
  e.g.	
  shear	
  viscosity	
  is	
  

η = τR s T



How	
  to	
  compute	
  shear	
  viscosity	
  in	
  strongly	
  interac>ng	
  systems?	
  

D.T.Son	
  next	
  to	
  Maxwell’s	
  viscometer	
  at	
  Cavendish	
  Laboratory,	
  Cambridge	
  	
  



Fluid	
  dynamics	
  is	
  an	
  effec>ve	
  theory	
  valid	
  in	
  the	
  long-­‐wavelength,	
  long-­‐>me	
  limit	
  

Fundamental	
  degrees	
  of	
  freedom	
  =	
  densi>es	
  of	
  conserved	
  charges	
  

Equa>ons	
  of	
  mo>on	
  =	
  conserva>on	
  laws	
  +	
  cons>tu>ve	
  rela>ons^*	
  	
  

∂aJ
a = 0

�
∂tJ

0 = D∇2J0 + · · ·

∂aT
ab = 0

Example	
  I	
  

Example	
  II	
  
�

Navier-­‐Stokes	
  eqs	
  
Burnen	
  eqs	
  
…..	
  

*	
  Modulo	
  assump>ons	
  e.g.	
  analy>city	
  

T ab = εuaub + P (ε)
�
gab + uaub

�
+Πab + · · ·

**	
  E.o.m.	
  universal,	
  transport	
  coefficients	
  depend	
  on	
  underlying	
  microscopic	
  theory	
  

J i = −D∇i J0 + · · ·



Consider	
  rela>vis>c	
  neutral	
  conformal	
  fluid	
  in	
  a	
  d-­‐dimensional	
  (curved)	
  space-­‐>me	
  

T ab = εuaub + P (ε)
�
gab + uaub

�
+Πab + · · ·

Πab = − ησab

+ ητΠ

�
�Dσab� +

1

d− 1
σab (∇ · u)

�

+ κ
�
R�ab� − (d− 2)ucR

c�ab�dud

�

+ λ1σ
�a
cσ

b�c + λ2σ
�a
cΩ

b�c + λ3Ω
�a
cΩ

b�c

Including	
  only	
  terms	
  with	
  first	
  and	
  second	
  	
  deriva>ves	
  of	
  fluid	
  velocity:	
  	
  

Transport	
  coefficients	
  (in	
  conformal	
  case):	
  

Non-­‐conformal	
  case:	
  2	
  first	
  order	
  coefficients,	
  15	
  (10)	
  second	
  order	
  coefficients	
  	
  
(see	
  S.Bhanacharyya,	
  1201.4654	
  [hep-­‐th])	
  	
  

η , τΠ ,κ ,λ1 ,λ2 ,λ3



Beyond	
  second	
  order	
  hydrodynamics	
  

Tensors	
  structures	
  appearing	
  in	
  the	
  deriva>ve	
  expansion	
  have	
  been	
  analyzed	
  using	
  	
  
computer	
  algebra	
  in	
  1507.02461	
  [hep-­‐th]	
  by	
  Grozdanov	
  &	
  Kaplis.	
  

At	
  third	
  order,	
  there	
  are	
  20	
  relevant	
  structures	
  in	
  the	
  conformal	
  case	
  	
  
and	
  68	
  in	
  the	
  non-­‐conformal	
  one.	
  

This	
  s>ll	
  needs	
  an	
  entropy	
  current	
  analysis	
  similar	
  to	
  the	
  one	
  in	
  	
  
S.Bhanacharyya,	
  1201.4654	
  [hep-­‐th]	
  	
  	
  

ω = −i η
ε+P k2 − i

�
η2τΠ

(ε+P )2 − θ1
2(ε+P )

�
k4 + · · ·

ω = ±csk − iΓk2 ∓ Γ
2cs

�
Γ− 2c2sτΠ

�
k3 − i

�
8η2τΠ

9(ε+P )2 − θ1+θ2
3(ε+P )

�
k4 + · · ·

Example:	
  dispersion	
  rela>ons	
  in	
  conformal	
  case	
  

cs = 1/
√
3 Γ = η/(ε+ P )Here	
  



Nota>ons	
  used	
  in	
  the	
  deriva>ve	
  expansion	
  

D ≡ ua∇a

∆ab ≡ gab + uaub

A�ab� ≡ 1

2
∆ac∆bd (Acd +Adc)−

1

d− 1
∆ab∆cdAcd ≡ �Aab�

σab = 2�∇aub�

Ωab =
1

2
∆ac∆bd (∇cud −∇duc)

*Hydro	
  defini>ons	
  differ	
  in	
  the	
  literature	
  –	
  see	
  footnote	
  91	
  on	
  page	
  128	
  	
  
of	
  M.Haehl,	
  R.Loganayagam,	
  M.Rangamani,	
  1502.00636	
  [hep-­‐th]	
  	
  



Compu>ng	
  transport	
  coefficients	
  from	
  “first	
  principles”	
  

Kubo	
  formulae	
  allows	
  one	
  to	
  calculate	
  transport	
  	
  
coefficients	
  from	
  microscopic	
  models	
  	
  

In	
  the	
  regime	
  described	
  by	
  a	
  gravity	
  dual	
  the	
  correlator	
  	
  
can	
  be	
  computed	
  using	
  gauge	
  theory/gravity	
  duality	
  

Fluctua>on-­‐dissipa>on	
  theory	
  
(Callen,	
  Welton,	
  Green,	
  Kubo)	
  



Kubo	
  formulas	
  for	
  second	
  order	
  transport	
  coefficients	
  

First	
  order	
  transport	
  coefficients	
  can	
  be	
  computed	
  from	
  two-­‐point	
  func>ons	
  
of	
  the	
  corresponding	
  operators	
  using	
  Kubo	
  formulas	
  

λ2 = 2ητΠ − 4 lim
p,q→0

∂2

∂p0∂qz
Gxy,ty,xz

RAA (p, q)

Similarly,	
  second	
  transport	
  coefficients	
  can	
  be	
  computed	
  from	
  three-­‐point	
  func>ons	
  

W
�
h+, h−� = ln

�
Dφ+Dφ−Dϕ exp

�
i

�
d4x+

�
−g+L

�
φ+(x+), h+

�
−
� β

0
d4yLE [ϕ(y)]− i

�
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�
−g−L

�
φ(x−), h−

��

Gab,cd,...
RA... (0, x, . . .) =

(−i)n−1(−2i)nδnW

δhA ab(0)δhR cd(x) . . .

����
h=0

= (−i)n−1
�
T ab
R (0)T cd

A (x) . . .
�

Schwinger-­‐Keldysh	
  genera>ng	
  func>onal	
  

Moore,	
  Sohrabi,	
  Saremi,	
  2010,	
  2011;	
  Arnold,	
  Vaman,	
  Wu,	
  Xiao,	
  2011	
  



How	
  to	
  compute	
  second	
  order	
  transport	
  coefficients?	
  

Fluid-­‐gravity	
  correspondence	
  [Bhanacharyya	
  et	
  al,	
  2007]	
  
	
  
	
  
Quasinormal	
  spectrum	
  [Baier	
  et	
  al,	
  2007]	
  
	
  
	
  
Kubo	
  formulas	
  &	
  three-­‐point	
  func>ons	
  	
  
[Moore,	
  Sohrabi,	
  Saremi,	
  2010,	
  2011;	
  Arnold,	
  Vaman,	
  Wu,	
  Xiao,	
  2011]	
  
	
  



Shear	
  viscosity	
  in	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  SYM	
  

Correc>on	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  Buchel,	
  Liu,	
  A.S.,	
  hep-­‐th/0406264	
  

perturba>ve	
  thermal	
  gauge	
  theory	
  
S.Huot,S.Jeon,G.Moore,	
  hep-­‐ph/0608062	
  

Buchel,	
  0805.2683	
  [hep-­‐th];	
  Myers,	
  Paulos,	
  Sinha,	
  0806.2156	
  [hep-­‐th]	
  



First	
  and	
  second	
  order	
  transport	
  coefficients	
  of	
  conformal	
  	
  
holographic	
  fluids	
  to	
  leading	
  order	
  in	
  supergravity	
  approxima>on	
  	
  

η = s/4π ,

τΠ =
d

4πT

�
1 +

1

d

�
γE + ψ

�
2

d

���
,

κ =
d

d− 2

η

2πT
,

λ1 =
dη

8πT
,

λ2 =

�
γE + ψ

�
2

d

��
η

2πT
,

λ3 = 0

Bhanacharyya	
  et	
  al,	
  2008	
  

Note: 2ητΠ − 4λ1 − λ2 = 0



Transport	
  coefficients	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  non-­‐trivial	
  func>ons	
  of	
  the	
  	
  
parameters	
  of	
  the	
  underlying	
  microscopic	
  theory,	
  even	
  in	
  the	
  simplest	
  case	
  of	
  conformal	
  liquids	
  	
  

η

s
= F

�
Nc, Nf ,

m

T
,
Λ

T
, ...

�

Some	
  informa>on	
  can	
  be	
  obtained	
  from	
  kine>c	
  theory	
  at	
  weak	
  coupling	
  	
  
and	
  from	
  gauge-­‐string	
  duality	
  at	
  strong	
  coupling	
  (for	
  theories	
  with	
  string	
  or	
  gravity	
  duals).	
  

In	
  the	
  laner	
  case,	
  it	
  is	
  natural	
  to	
  look	
  for	
  “universal”	
  	
  
(independent	
  of	
  the	
  specific	
  string	
  construc>on)	
  results.	
  	
  	
  

η , τΠ ,κ ,λ1 ,λ2 ,λ3

In	
  the	
  limit	
  of	
  infinite	
  N	
  (gauge	
  group	
  rank)	
  and	
  infinite	
  coupling	
  	
  
(i.e.	
  in	
  the	
  supergravity	
  approxima>on	
  from	
  dual	
  string	
  theory	
  point	
  of	
  view)	
  

η

s
=

�
4πkB

2ητΠ − 4λ1 − λ2 = 0

Policastro,	
  Kovtun,	
  Son,	
  AOS,	
  2001-­‐2008	
  
Buchel,	
  J.Liu,	
  2003;	
  Buchel,	
  2004	
  
Iqbal,	
  H.Liu,	
  2008	
  

[for	
  conformal	
  rela>vis>c	
  fluids]:	
  Kovtun,	
  Ritz,	
  2008	
  

[for	
  conformal	
  rela>vis>c	
  fluids]:	
  Haack,	
  Yarom,	
  2008	
  

σ

χ
=

1

4πT

d

d− 2



η

s
≥ �

4πkB

ζ

η
≥ 2

�
1

d− 1
− c2s

�

c2s ≤ c2s,conf =
1

d− 1

More	
  specula>ve	
  statements	
  inspired	
  by	
  holography	
  

Kovtun,	
  Son,	
  AOS,	
  2004	
  (violated	
  by	
  some	
  models	
  with	
  	
  
Higher	
  deriva>ve	
  gravity,	
  Kats	
  and	
  Petrov,	
  2007;	
  	
  
Brigante,	
  Myers,	
  H.Liu,	
  Myers,	
  Shenker,	
  Yaida,	
  2008)	
  

Buchel,	
  2008	
  (counterexample:	
  Buchel,	
  2012)	
  

D � �vF
kBT

σ

χ
≥ �v2

4πT

d

d− 2

See	
  also	
  “Fluctua>on	
  bounds…”	
  by	
  Kovtun	
  1407.0690	
  [hep-­‐th]	
  

Hohler	
  and	
  Stephanov,	
  2009;	
  	
  
Cherman,	
  Cohen,	
  Nellore,	
  2009	
  

Kovtun	
  and	
  Ritz,	
  2008	
  

Hartnoll,	
  2014	
  

See	
  also	
  Kanitscheider	
  and	
  Skenderis,	
  2009	
  



Cuts	
  versus	
  poles:	
  a	
  mystery	
  

Weak	
  (vanishing)	
  coupling	
  

Singulari>es	
  of	
  a	
  Green’s	
  func>on	
  in	
  the	
  complex	
  frequency	
  plane	
  

Hartnoll,	
  Kumar	
  (2005)	
  

Strong	
  (infinite)	
  coupling	
  

Starinets	
  (2002)	
  

We	
  should	
  be	
  able	
  to	
  interpolate	
  between	
  the	
  two	
  limits…	
  



Coupling	
  constant	
  correc>ons	
  to	
  N=4	
  SYM	
  transport	
  coefficients	
  

η =
π

8
N2

c T
3 (1 + 135γ + . . . )

τΠ =
(2− ln 2)

2πT
+

375γ

4πT
+ . . .

κ =
N2

c T
2

8
(1− 10γ + . . . )

λ1 =
N2

c T
2

16
(1 + 350γ + . . . )

λ2 = −N2
c T

2

16
(2 ln 2 + 5 (97 + 54 ln 2) γ + . . . )

λ3 =
25N2

c T
2

2
γ + . . .

γ = λ−3/2ζ(3)/8S =
1

2κ2
5

�
d5x

√
−g

�
R+

12

L2
+ γW

�

Note: 2ητΠ − 4λ1 − λ2 = 0



Curvature	
  squared	
  correc>ons	
  to	
  transport	
  coefficients	
  	
  
of	
  a	
  (hypothe>cal)	
  strongly	
  coupled	
  liquid	
  	
  

η =
r3+
2κ2

5

(1− 8 (5α1 + α2)) + ...

ητΠ =
r2+ (2− ln 2)

4κ2
5

�
1− 26

3
(5α1 + α2)

�
−

r2+ (23 + 5 ln 2)

12κ2
5

α3 + ...

κ =
r2+
2κ2

5

�
1− 26

3
(5α1 + α2)

�
−

25r2+
6κ2

5

α3 + ...

λ1 =
r2+
4κ2

5

�
1− 26

3
(5α1 + α2)

�
−

r2+
12κ2

5

α3 + ...

λ2 = −
r2+ ln 2

2κ2
5

�
1− 26

3
(5α1 + α2)

�
−

r2+ (21 + 5 ln 2)

6κ2
5

α3 + ...

λ3 = −
28r2+
κ2
5

α3 + ...

SR2 =
1

2κ2
5

�
d5x

√
−g

�
R− 2Λ+ L2

�
α1R

2 + α2RµνR
µν + α3RµνρσR

µνρσ
��

Note: 2ητΠ − 4λ1 − λ2 = 0



Gauss-­‐Bonnet	
  correc>ons	
  to	
  transport	
  coefficients	
  	
  
of	
  a	
  (hypothe>cal)	
  strongly	
  coupled	
  liquid	
  	
  

SGB =
1

2κ2
5

�
d5x

√
−g

�
R+

12

L2
+

λGB

2
L2

�
R2 − 4RµνR

µν +RµνρσR
µνρσ

��

η =
r2+
2κ2

5

(1− 4λGB)

ητΠ =
r2+ (2− ln 2)

4κ2
5

−
r2+ (25− 7 ln 2)

8κ2
5

λGB + ...

κ =
r2+
2κ2
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Note: 2ητΠ − 4λ1 − λ2 = 0



Non-­‐perturba>ve	
  Gauss-­‐Bonnet	
  correc>ons	
  to	
  transport	
  coefficients	
  	
  
of	
  a	
  (hypothe>cal)	
  strongly	
  coupled	
  liquid	
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Grozdanov	
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  2014	
  

Grozdanov	
  and	
  AOS,	
  2014	
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Singulari>es	
  of	
  stress-­‐energy	
  tensor	
  Green’s	
  func>on	
  
at	
  infinite	
  (black	
  dots)	
  and	
  finite	
  (black	
  crosses	
  and	
  diamonds)	
  

	
  coupling	
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η

s
≥ 1

4π

η

s
<

1

4π

White	
  squares:	
  poles	
  at	
  infinite	
  coupling	
  
Crosses:	
  poles	
  at	
  finite	
  coupling	
  

Singulari>es	
  of	
  stress-­‐energy	
  tensor	
  Green’s	
  func>on	
  
in	
  different	
  regimes	
  of	
  viscosity-­‐entropy	
  ra>o	
  



On	
  the	
  “unreasonable	
  effec>veness”	
  of	
  kine>c	
  theory	
  at	
  strong	
  coupling	
  	
  	
  

Recall that in kinetic theory η = const s τR T



Breakdown	
  of	
  hydrodynamics	
  at	
  (large)	
  finite	
  coupling	
  	
  	
  

qc = qc(λ)



“Applicability	
  of	
  hydrodynamics”	
  as	
  a	
  func>on	
  of	
  coupling	
  	
  

Hydro	
  OK	
  

Hydro	
  not	
  applicable	
  



Quasipar>cles	
  from	
  holography?	
  



Conclusions	
  &	
  open	
  ques>ons	
  

Finite	
  coupling	
  correc>ons	
  seem	
  to	
  show	
  qualita>vely	
  similar	
  behavior	
  irrespec>ve	
  of	
  the	
  	
  
precise	
  structure	
  of	
  higher	
  deriva>ve	
  terms	
  	
  in	
  dual	
  gravity	
  (we	
  did	
  R^2	
  and	
  R^4)	
  

How	
  robust	
  are	
  the	
  results	
  (structure	
  of	
  higher	
  deriva>ve	
  expansion)?	
  	
  

We	
  observe	
  breakdown	
  of	
  hydrodynamics	
  at	
  coupling-­‐dependent	
  value	
  of	
  a	
  wave-­‐vector.	
  The	
  	
  
dependence	
  on	
  coupling	
  suggests	
  that	
  hydrodynamics	
  has	
  a	
  wider	
  applicability	
  range	
  at	
  

	
  stronger	
  coupling	
  

Our	
  results	
  suggest	
  that	
  kine>c	
  theory	
  results	
  may	
  be	
  formally	
  s>ll	
  applicable	
  
	
  in	
  the	
  intermediate	
  and	
  strong	
  coupling	
  regime	
  

where	
  the	
  use	
  of	
  kine>c	
  theory	
  itself	
  cannot	
  be	
  jus>fied	
  

We	
  observe	
  qualita>vely	
  different	
  analy>c	
  structure	
  of	
  correlators	
  depending	
  on	
  whether	
  	
  
η/s > 1/4π or η/s < 1/4π

Is	
  this	
  of	
  any	
  significance?	
  




