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Introduction

Hydrodynamics describes the long-wavelength, low-frequency limit of
the microscopic dynamics of a system.

Relativistic hydrodynamics has been used to study high-energy
heavy-ion collisions with considerable success.

As all fluids are non-ideal in nature, dissipation must be included in
the formulation of hydrodynamic equations.

Relativistic generalization of the Navier-Stokes theory (first-order in
gradients) shows acausal behavior.

Israel-Stewart theory (second-order corrections) restores causality.

However there are several ways in which one can derive a
second-order theory of relativistic dissipative hydrodynamics.

Here I discuss formulations based on kinetic theory.
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Ideal and dissipative hydrodynamics

Hydrodynamic equations are conservation of energy-momentum and
particle current, i.e., ∂µT

µν = 0 and ∂µN
µ = 0.

Ideal Dissipative

Tµν = εuµuν − P∆µν Tµν = εuµuν − (P + Π)∆µν + πµν

Nµ = nuµ Nµ = nuµ + nµ

Unknowns: ε, P, n, uµ︸ ︷︷ ︸
1+1+ 1+ 3

= 6 ε, P, n, uµ, Π, πµν , nµ︸ ︷︷ ︸
1+1+ 1 + 3 + 1 + 5 + 3

= 15

Equations: ∂µT
µν = 0, ∂µN

µ = 0, EOS︸ ︷︷ ︸
4 + 1 + 1

= 6

Closed set of equations 9 more equations required

Here ∆µν = gµν − uµuν .

Landau frame chosen: Tµνuν = εuµ.
Amaresh Jaiswal MITP Workshop 3



Relaivistic kinetic theory

Kinetic theory: calculation of macroscopic quantities by means of
statistical description in terms of distribution function.

For large no. of particles, one can introduce a function f (x , p) which
gives a distribution of particle momenta at each space-time point.

In terms of the distribution function, the energy momentum tensor
and particle four-current can be written as:

Tµν(x) =
g

(2π)3

∫
d3p

p0
pµ pν f (x , p) ; Nµ(x) =

g

(2π)3

∫
d3p

p0
pµ f (x , p)

For a system which is not in equilibrium, f = f0 + δf .

With suitable projections, the dissipative quantities can be written in
terms of δf as:

Π= −1

3
∆αβ

∫
dP pαpβ δf , πµν = ∆µν

αβ

∫
dp pαpβ δf , nµ= ∆µ

α

∫
dp pα δf .
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Dissipative evolution equations

In order to preserve causality, it is necessary to have relaxation-type
equations for dissipative quantities rather than constituent equations.

The best prescription [Denicol, Koide, Rischke, PRL 2010] is to consider

Π̇= −1

3
∆αβ

∫
dP pαpβ δ̇f , π̇〈µν〉= ∆µν

αβ

∫
dp pαpβ δ̇f , ṅ〈µ〉= ∆µ

α

∫
dp pα δ̇f ,

where Π̇ = uµ∂µΠ, π̇〈µν〉 = ∆µν
αβπ̇

αβ and ṅ〈µ〉 = ∆µ
αṅα.

To obtain δ̇f , one can use the Boltzmann equation in the relaxation
time approximation:

pµ∂µf = −u · p
τR

δf .

Keeping in mind that f = f0 + δf , and after some rearrangements,

δ̇f = −ḟ0 −
1

u · p
pγ∇γf −

δf

τR
.
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Dissipative evolution equations contd.

Substituting δ̇f in expressions for Π̇, π̇〈µν〉 and ṅ〈µ〉

Π̇ +
Π

τR
=

∆αβ

3

∫
dp pαpβ

[
ḟ0 +

1

u · p
pγ∇γ (f0 + δf )

]
,

π̇〈µν〉 +
πµν

τR
= −∆µν

αβ

∫
dp pαpβ

[
ḟ0 +

1

u · p
pγ∇γ (f0 + δf )

]
,

ṅ〈µ〉 +
nµ

τR
= −∆µ

α

∫
dp pα

[
ḟ0 +

1

u · p
pγ∇γ (f0 + δf )

]
.

The above equations are relaxation-type equations with a single
relaxation time-scale τR .

Now the form of δf needs to be specified.

Grad’s 14-moment method.

Chapman-Enskog like iterative solution of the Boltzmann equation.
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Grad’s 14-moment method

The equilibrium distribution functions can be written as

f0 = [exp{y0(x , p)}+ r ]−1, y0 = −β(u · p) + α, r = 0,±1

Away from equilibrium, f = [exp{y(x , p)}+ r ]−1, where

φ(x , p) ≡ y(x , p)− y0(x , p) = ε(x)− εµ(x)pµ + εµν(x)pµpν + · · ·

Approximations: Taylor expansion around equilibrium up to linear in φ
and truncated up to quadratic in pµ

f = f0 + δf , δf = f0f̃0φ, where, f̃0 = 1− rf0

Assumption: ε, εµ and εµν are linear in Π, nµ and πµν

ε = A0Π, εµ = A1Πuµ+B0nµ, εµν = A2(3uµuν−∆µν)Π−B1u(µnν)+C0πµν

A0, A1, A2, B0, B1 and C0 are determined from the definitions of
dissipative quantities, matching conditions and frame definition.

Amaresh Jaiswal MITP Workshop 7



Iterative solution of the Boltzmann equation

Botzmann equation in the relaxation-time approximation:

pµ∂µf = −u · p
τR

(f − f0) ⇒ f = f0 −
τR
u · p

pµ∂µf

Writing f = f0 + δf (1) + δf (2) + · · · and solving iteratively,

δf (1) = − τR
u · p

pµ∂µf0, δf (2) =
τR
u · p

pµpν∂µ
( τR
u · p

∂ν f0
)
, · · ·

Using δf (1) in the definition of dissipative quantities, one gets

Π = −βΠ τR θ, πµν = 2βπ τR σ
µν , nµ = βn τR ∇µα.

Using these first-order relations in δf (1),

δf1 =
(
λΠΠ + λnnαp

α + λππαβp
αpβ

)
f0f̃0.

Identical to small anisotropy expansion in aHydro; see talk by L. Tinti.

Amaresh Jaiswal MITP Workshop 8



Second-order viscous corrections

For a system of massless particles at vanishing chemical potential,
δf = δf (1)+ δf (2) can be written as

δf =
f0β

2βπ(u ·p)
pαpβπαβ−

f0β

βπ

[
τπ
u ·p

pαpβπγα ωβγ −
5

14βπ(u ·p)
pαpβπγα πβγ

+
τπ

3(u ·p)
pαpβπαβθ −

6τπ
5

pαu̇βπαβ +
(u ·p)

70βπ
παβπαβ +

τπ
5

pα
(
∇βπαβ

)
− 3τπ

(u ·p)2
pαpβpγπαβ u̇γ +

τπ
2(u ·p)2

pαpβpγ (∇γπαβ)

−β + (u ·p)−1

4(u ·p)2βπ
pαpβpγpδπαβπγδ

]
+O(δ3).

[R. S. Bhalerao, AJ, S. Pal, and V. Sreekanth, PRC 89, 054903 (2014)]

The first-order correction can be compared to that due to Grad’s
14-moment approximation

δfCE =
5f0

2(u ·p)(ε+ P)T
pαpβπαβ, δfG =

f0
2(ε+ P)T 2

pαpβπαβ
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Effect of viscous corrections on observables
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Figure: Effect of viscous corrections on pion spectra and longitudinal HBT radii.

[R. S. Bhalerao, AJ, S. Pal, and V. Sreekanth, PRC 89, 054903 (2014)]

Grad’s approximation for δf violate 1/
√
mT scaling of the

longitudinal HBT radii.
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Shear evolution for low density fluids of massless particles

For µb = m = 0,

���
���

���XXXXXXXXX
nµ= ∆µ

α

∫
dp pα δf ,

���
���

���
���XXXXXXXXXXXX

Π= −1

3
∆αβ

∫
dP pαpβ δf , πµν = ∆µν

αβ

∫
dp pαpβ δf .

Using 14-moment approximation [G. S. Denicol, T. Koide and D. H. Rischke,

PRL 105, 162501 (2010)],

π̇〈µν〉+
πµν

τπ
= 2βπσ

µν−4

3
πµνθ+2π〈µγ ω

ν〉γ−10

7
π〈µγ σ

ν〉γ , βπ =
4P

5
.

Using Champan-Enskog like iterative solution of the Boltzmann
equation [AJ, PRC 87, 051901 (2013)],

π̇〈µν〉+
πµν

τπ
= 2βπσ

µν−4

3
πµνθ+2π〈µγ ω

ν〉γ−10

7
π〈µγ σ

ν〉γ , βπ =
4P

5
.

Identical in the conformal case, not in general!
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Third-order hydrodynamics

Third-order equation for shear stress tensor [AJ, PRC 88, 021903 (2013)]:

π̇〈µν〉=− πµν

τπ
+ 2βπσ

µν + 2π〈µγ ω
ν〉γ − 10

7
π〈µγ σ

ν〉γ − 4

3
πµνθ−10

63
πµνθ2

+τπ

[
50

7
πρ〈µων〉γσργ −

76

245
πµνσργσργ −

44

49
πρ〈µσν〉γσργ

−2

7
πρ〈µων〉γωργ −

2

7
ωρ〈µων〉γπργ +

26

21
π〈µγ ω

ν〉γθ − 2

3
π〈µγ σ

ν〉γθ

]
−24

35
∇〈µ

(
πν〉γ u̇γτπ

)
+

6

7
∇γ
(
τπu̇

γπ〈µν〉
)

+
4

35
∇〈µ

(
τπ∇γπν〉γ

)
−2

7
∇γ
(
τπ∇〈µπν〉γ

)
− 1

7
∇γ
(
τπ∇γπ〈µν〉

)
+

12

7
∇γ
(
τπu̇
〈µπν〉γ

)
.

14 new transport coefficients obtained; 15 predicted from conformal
analysis [S. Grozdanov and N. Kaplis, PRD 93, 066012 (2016)].

Misses ωρ〈µων〉γωργ similar to ωρ〈µω
ν〉
ρ at second-order.
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One dimensional Bjorken evolution of pressure anisotropy
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[AJ, PRC 88, 021903 (2013)]
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Low density fluids of massive particles

Massive particles m 6= 0 and low net Baryon number density µb = 0

���
��

���
�XXXXXXXXX

nµ= ∆µ
α

∫
dp pα δf , Π= −1

3
∆αβ

∫
dP pαpβ δf , πµν = ∆µν

αβ

∫
dp pαpβ δf .

Second-order evolution equations are obtained as,

Π̇ = − Π

τΠ
− βΠθ − δΠΠΠθ + λΠππ

µνσµν ,

π̇〈µν〉 = −π
µν

τπ
+ 2βπσ

µν + 2π〈µγ ω
ν〉γ − τπππ〈µγ σν〉γ − δπππµνθ+λπΠΠσµν .

In relaxation-time approximation, τΠ = τπ = τR ⇒ ζ/η = βΠ/βπ.

For m/T � 1,

ζ

η
= Λ

(
1

3
− c2

s

)2

, Λ =


75 for MB
48 for FD
∞ for BE
15 Weinberg

[AJ, R. Ryblewski, M. Strickland, PRC 90, 044908 (2014); W. Florkowski, AJ, E. Maksymiuk,

R. Ryblewski, M. Strickland, PRC 91, 054907 (2015)]
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One dimensional Bjorken evolution
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Figure: [AJ, R. Ryblewski, M. Strickland, PRC 90, 044908 (2014); W. Florkowski, AJ,

E. Maksymiuk, R. Ryblewski, M. Strickland, PRC 91, 054907 (2015)].

Chapman-Enskog method performs better than moment method.

Results valid for all distributions.
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High density fluids of massless particles

Massless particles m = 0 and net Baryon number density µb 6= 0,

nµ= ∆µ
α

∫
dp pα δf ,

���
���

���
���XXXXXXXXXXXX

Π= −1

3
∆αβ

∫
dP pαpβ δf , πµν = ∆µν

αβ

∫
dp pαpβ δf .

Second-order evolution equations are obtained as,

ṅ〈µ〉 +
nµ

τn
= βn∇µα− nνω

νµ − nµθ − 9

5
nνσ

νµ,

π̇〈µν〉 +
πµν

τπ
= 2βπσ

µν + 2π〈µγ ω
ν〉γ − 4

3
πµνθ − 10

7
π〈µγ σ

ν〉γ .

Charge: κn/η = βn/βπ; heat: κq/η = (βn/βπ)[(ε+ P)/nT ]2.

Wiedemann-Franz law [AJ, B. Friman, K. Redlich, PLB 751, 548 (2015)]:

κq
η

= C
π2T

µ2
, C =


37/27 for 2 flavor QGP, µ/T � 1
95/81 for 3 flavor QGP, µ/T � 1
5/3 for µ/T � 1
8/9 AdS/CFT[Son & Starinets, JHEP 0603, 052 (2006)]

(µ: quark chemical potential)
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Heat and charge conductivity
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[AJ, B. Friman, K. Redlich, PLB 751, 548 (2015)].

Intriguing similarity with AdS/CFT results for heat conductivity.

At high densities, charge conductivity of QGP is small compared to
shear viscosity.
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Summary

One can derive causal hydrodynamics from Boltzmann equation
without resorting to moment method for δf .

The simplest case with relaxation-time approximation is presented
here.

It is consistent with aHydro in the limit of small anisotropy [L. Tinti,

PRC 94, 044902 (2016)].

The method presented here seems to work better than 14-moment
approximation.

Interesting features for the ratio of transport coefficients observed
within relaxation-time approximation.

RG method can be used to solve the Boltzmann equation with 2↔ 2
collision kernel and derive second-order hydro equations [K. Tsumura,

Y. Kikuchi, T. Kunihiro, PRD 92, 085048 (2015); PRC 92, 064909 (2015); 1604.07458].
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Thank you for your attention!
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Backup slide 1: Non-local Collision term

Collision term generalised to include non-local effects by including
gradients of f (x , p)

C [f ]gen = C [f ] + ∂µ (Aµf ) + ∂µ∂ν (Bµν f )

Where Aµ and Bµν are tensor coefficients of the non-local terms.

This form of collision term explicitly derived for 2↔ 2 elastic collision:

C [f ] =
1

2

∫
dp′dk dk ′ Wpp′→kk ′

(
fk fk ′ f̃p f̃p′ − fpfp′ f̃k f̃k ′

)
Where, Wpp′→kk ′ is the transition matrix element and fk = f (k , x).

Probability of the process (kk ′ → pp′) ∝ fk fk ′ f̃p f̃p′ ← occurs at x

Probability of the process (pp′ → kk ′) ∝ fpfp′ f̃k f̃k ′ ← also occurs at x

[AJ, R. S. Bhalerao and S. Pal, PLB 720, 347 (2013)]
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Backup slide 2: Non-local effects
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Assumption that the two proccesses (kk ′ → pp′) and (pp′ → kk ′) occur at the
same space-time point relaxed to include a seperation ξ.

[AJ, R. S. Bhalerao and S. Pal, PLB 720, 347 (2013)]
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Backup slide 3: Dissipative equations with non-locality

Final evolution equations for the dissipative fluxes:

Π = ãΠNS − βΠ̇τΠΠ̇ + τΠnn · u̇ − lΠn∂ · n − δΠΠΠθ + λΠnn · ∇α
+ λΠππµνσ

µν + ΛΠu̇u̇ · u̇ + ΛΠωωµνω
νµ + (8 terms),

nµ = ãnµNS − βṅτnṅ
〈µ〉 + λnnnνω

νµ − δnnnµθ + lnΠ∇µΠ− lnπ∆µν∂γπ
γ
ν

− τnΠΠu̇µ − τnππµν u̇ν + λnπnνπ
µν + λnΠΠnµ + Λnu̇ω

µν u̇ν

+ Λnω∆µ
ν∂γω

γν + (9 terms),

πµν = ãπµνNS − βπ̇τππ̇
〈µν〉 + τπnn

〈µu̇ν〉 + lπn∇〈µnν〉 + λπππ
〈µ
ρ ω

ν〉ρ

− λπnn〈µ∇ν〉α− τπππ〈µρ σν〉ρ − δπππµνθ + Λπu̇u̇
〈µu̇ν〉

+ Λπωω
〈µ
ρ ω

ν〉ρ + χ1ḃ2π
µν + χ2u̇

〈µ∇ν〉b2 + χ3∇〈µ∇ν〉b2.

Where ã = (1− a), Ẋ = uµ∂µX and “8 terms” (“9 terms”) involve
second-order, scalar (vector) combinations of derivatives of b1, b2.
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