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Sources of Fluctuations in High 
Energy Nuclear Collisions 

• Initial state fluctuations 
• Hydrodynamic fluctuations due 

to finite particle number 
• Energy and momentum 

deposition by jets traversing the 
medium 

• Freeze-out fluctuations 
 



Volume = 400 fm3 

=(n-nc)/nc 
Incorporates correct critical exponents and amplitudes - Kapusta (2010) 
Static univerality class: 3D Ising model & liquid-gas transition 



But this is for a small system 
in contact with a heat and  
particle reservoir. 
  
How do you treat fluctuations 
in an expanding and cooling 
system as in heavy ion collisions? 

Kapusta, Muller, Stephanov 



Hydrodynamic Fluctuations! 
Hydrodynamic fluctuations (noise) have been applied to a 
wide variety of physical, chemical, and biological systems. 
 
There are fluctuations in high energy heavy ion collisions 
due to the finite size and finite particle content of the system. 



Molecular Dynamics 

Lubrication Equation 

Stochastic Lubrication 
          Equation 
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Relativistic Dissipative Fluid Dynamics 

In the Landau-Lifshitz approach u is the velocity of energy transport. 



Extend Landau’s theory of hydrodynamic 
   fluctuations to the relativistic regime 
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Stochastic source 

Similar expressions arise in the Eckart approach. 



Procedure 

• Solve equations of motion for arbitrary source function 
 

• Perform averaging to obtain correlations/fluctuations 
 

• Stochastic fluctuations need not be perturbative 



Example: Boost Invariant Bjorken Model 
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Fluctuation 

Solution 

response function 

noise 

calculable 
and similarly for fluctuations in the local flow velocity… 
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In the small viscosity limit 

This leads to delta functions and their derivatives. 

Cause:  Space-time delta functions (white noise) 
in the original correlation functions. 
Cure:  Use finite range correlations (colored noise). 



Why colored noise? 
In the local rest frame:   

ijklklijμ MtTt(SSt(S )()(2),   ,0), δδην xxx ==

This is white noise (Fourier transform is a constant).   
It is OK for hydrodynamics if noise is treated as a  
perturbation, but creates havoc if it is treated  
nonperturbatively as there will be a dependence on  
the coarse-grained cell size. 
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Regular part of response function 
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Fluctuations in the local temperature 
and flow velocity fields  

give rise to a nontrivial 2-particle 
correlation function when the fluid 
elements freeze-out to free-streaming 
hadrons. 



            Noise in MUSIC 
 
  Numerical 3+1d hydrodynamics 
             Event by event 
LHC energy – shear viscosity only 
    Noise treated perturbatively 

Young; Young, Kapusta, Gale, Jeon, Schenke 





Eccentricity Fluctuations 

0for  even    02 => bv

b=6 fm b=0 



Simpler example: 
Baryon diffusion. 

Kapusta & Young 



The need for causality 
The diffusion equation propagates information 
instantaneously.  No good for hydrodynamic 
modeling of high energy nuclear collisions! 
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be modified to? 



The need for colored noise 
Add noise to the current; in the local rest frame:   
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This is white noise (Fourier transform is a constant).   
It is OK for hydrodynamics if noise is treated as a  
perturbation, but creates havoc if it is treated  
nonperturbatively as there will be a dependence on  
the coarse-grained cell size. 
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order 3rd - (1968) equation Pipkin-Gurtin  

0              

order  2nd -(1948) equation Cattaneo      

0                   

order1st - equation diffusionOrdinary     
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Descriptions of heat conduction 



The Associated Baryon Current 
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Response function 

Density correlator 

Noise 
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Fluctuation-Dissipation Theorem 



Ordinary Diffusion Equation 
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Cattaneo Equation 
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Gurtin-Pipkin Equation 

./    where

 withpolescomplex  ofpair a  are there2For 

.  withfor  poles

complex  ofpair a  and for  polesimaginary 
ofpair a  are there2for  and noise For the
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Dimensionless noise 

.3/1   and  0      with          
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Summary 

• Fluctuations and dissipation are intimately 
   related. 
• Noise can be implemented perturbatively but 

non-perturbative implementation is a 
challenge. 

• Colored noise seems to be needed which 
might require 3rd order fluid dynamics! 

Supported by the Office Science, U.S. Department of Energy. 
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