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3-body interaction fit on symmetric hypernuclei
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18Conclusions
✓ The observation of massive neutron stars reopened the debate about the 

presence of hyperons in the inner core 
‣ no general agreement among theoretical calculations 
‣ hyperon puzzle not yet solved: new hints? 

✓ We developed a quantum Monte Carlo algorithm to study finite and infinite 
hypernuclear systems: 
‣ a repulsive three-body ΛNN force is needed to reproduce the  

experimental Λ separation energies for light- and medium-heavy  
hypernuclei 

‣ the predicted neutron star equation of state and maximum mass 
strongly depend upon the details of the three-body ΛNN force  

✓ Need of more constraints on hypernuclear interactions before drawing 
conclusions on the role played by hyperons in neutron stars 
‣ accurate experimental investigation: medium-heavy  

neutron-rich hypernuclei 
‣ accurate theoretical investigation

?
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R ⇠ 12 km

M ⇠ 1.4 M�

NS

P. Haensel, A. Y. Potekhin, D. G. Yakovlev 
Neutron Stars 1, Springer 2007

⇢0 = 0.16 fm�3

268 NEUTRON STARS

Figure 5.10. Threshold chemical potentials of neutral hyperons and neutron (left) and of nega-
tively charged hyperons and the sum µe+µn (right) versus baryon number density for model C of
Glendenning (1985). Vertical dotted lines mark the thresholds for the creation of new hyperons;
dashed lines show minimum enthalpies µ0

H of unstable hyperons before the thresholds.

5.14.1 Hyperonic composition
Let us consider an electrically neutral matter composed of baryons B (nucle-

ons and hyperons) and leptons ℓ (electron and muons) at a given baryon number
density nb. The baryon density is

∑

B

nB = nb , (5.111)

while the electric charge neutrality implies
∑

B

nBQB −
∑

ℓ=e,µ

nℓ = 0 , (5.112)

where QB is the electric charge of a baryon B in units of e. The energy density
depends on the number densities of baryons {nB} and leptons (ne, nµ), E =
E({nB}, ne, nµ). The equilibrium state has to be determined by minimizing E
under the constraints given by Eqs. (5.111) and (5.112). To this aim, we will
use the method of Lagrange multipliers described in §5.11.1. In analogy with
Eq. (5.91) we define the auxiliary energy density Ẽ

Ẽ = E + λb

(
∑

B

nB − nb

)
+ λq

⎛

⎝
∑

B

QBnB −
∑

ℓ=e,µ

nℓ

⎞

⎠ . (5.113)
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J. Haidenbauer et al.,  
Nucl. Phys. A 915  

(2013) 24–58

36 J. Haidenbauer et al. / Nuclear Physics A 915 (2013) 24–58

Fig. 2. “Total” cross section σ (as defined in Eq. (24)) as a function of plab. The experimental cross sections are taken
from Refs. [54] (filled circles), [55] (open squares), [69] (open circles), and [70] (filled squares) (Λp → Λp), from [56]
(Σ−p → Λn, Σ−p → Σ0n) and from [57] (Σ−p → Σ−p, Σ+p → Σ+p). The red/dark band shows the chiral EFT
results to NLO for variations of the cutoff in the range Λ = 500, . . . ,650 MeV, while the green/light band are results to
LO for Λ = 550, . . . ,700 MeV. The dashed curve is the result of the Jülich ’04 meson-exchange potential [37].

also for Λp the NLO results are now well in line with the data even up to the ΣN threshold.
Furthermore, one can see that the dependence on the cutoff mass is strongly reduced in the NLO
case. We also note that in some cases the LO and the NLO bands do not overlap. This is partly
due to the fact that the description at LO is not as precise as at NLO (cf. the total χ2 values in
Table 5). Also, the error bands are just given by the cutoff variation and thus can be considered
as lower limits.

A quantitative comparison with the experiments is provided in Table 5. There we list the
obtained overall χ2 but also separate values for each data set that was included in the fitting
procedure. Obviously the best results are achieved in the range Λ = 500–650 MeV. Here, in
addition, the χ2 exhibits also a fairly weak cutoff dependence so that one can really speak of
a plateau region. For larger cutoff values the χ2 increases smoothly while it grows dramatically

lack of experimental data !!
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Green’s function Monte Carlo (GFMC)
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The main figure compares computed and
experimental energies of nuclear states.
The computations were made using just
the Argonne v18 (AV18) NN potential
and AV18 plus the Urbana-IX or the
Illinois-2 NNN potentials.
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Surfaces of density = 0.24 fm-3 in polarized deuteron states.  The distinctive
structures are induced by the strong tensor potentials which result from the
pion-exchange component of the nucleon-nucleon interaction.
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waves for n+4He scatter-
ing; i.e. the low-lying
resonant states of the
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two-body density in
4,6,8He is an indica-
tor of the size of the
alpha core of these
nuclei.  Many calcula-
tions assume this core is
not modified by the
additional neutrons.  Our
A-nucleon calculations
show a small, but signi-
ficant, suppression of
the peak density and
increase in the rms pp
radius.  This implies ~80
and ~350 keV excitations
of the alpha cores of
6,8He, respectively.
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There is an experimental
claim of a bound tetra-
neutron (4n).  Our Ham-
iltonian predicts at most
a (likely very broad) reson-
ance at +2 MeV.  The
figure shows attempts to
produce a 4n with nega-
tive energy by changing
the Hamiltonian.  Modi-
fication of the 1S0 poten-
tial gives a bound
dineutron and signifi-
cantly overbinds other
nuclei.  Adding a T=3/2
NNN potential doesn’t
effect 2n or 4He but
very much overbinds
heavier systems; in fact
6n becomes the most
stable A=6 system!  We
conclude that a bound
4n is very unlikely. -100 0 100 200 30010-11
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7Li(e,e′p)6He(Jπ) - Argonne v18 + Urbana IX - VMC Wave Functions

6He(0+) × 10

6He(2+)

The shape and magnitude
of (e,e′p) differential
cross sections are given
by the overlap of the
wave functions of the
target and residual
nuclear states.  This
normalization is usually
expressed as a spectro-
scopic factor.  In this
figure overlaps of 7- and
6-nucleon VMC wave
functions have been used
to directly compute the
overlap with no adjust-
ment to fit the data.
The resulting spectro-
scopic factors are 0.41
for the 0+ and 0.19 for
the 2+ states; consider-
ably smaller than conven-
tional (Cohen-Kurath)
shell-model values of
0.59 and 0.40.  This
reduction is due to the
strong short-range and
tensor correlations.
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Ext. well: V=-35.5, R=3, a=1.1
with

Argonne v18 + Illinois-2

Neutron drops are systems of
interacting nucleons bound in
an artificial external well
which may be thought of as
representing the protons of
a real nucleus.  By including
only neutrons in the calcula-
tion, the isospin degree of
freedom is suppressed and a
larger system can be studied
than for real nuclei (so far
14n which is much easier
than 12C, our biggest
nucleus).  This figure shows
results for a well chosen to
mimic the protons in oxygen.
The Nn energies are compared
with experimental N+8O
values; the Nn energies have
been shifted to match 8n to
16O. One can clearly see
the effects of nn pairing.
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6Li was produced in the
big bang by the alpha-
deuteron capture reaction
at energies of 20 to 200
keV, for which good data
does not exist.  This is
a VMC computation using
6-nucleon wave functions
of the rate, expressed as
the astrophysical S
factor.  The low-energy
Kiener data are indirect
and were extracted in a
model-dependent way
from 6Li dissociation on
208Pb; no theoretical
calculation gives a
constant S at low
energy.
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Constant density contours in 8Be(0+)
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Body-fixed. Frame

The density of 8Be(0+)
in the laboratory frame
is spherically symmetric
(left panel).  The one-
body structure of the
8Be(0+,2+,4+) states
consists of an alpha
particle and four p-shell
nucleons.  But strong
NN correlations shape the
p-shell nucleons into a
second alpha, which can
be seen in the body-fixed
frame (right panel).
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10B(gs, 1+, 2+, 4+) - AV18 + Illinois-4 - 〈H〉

10B(4+)
10B(2+)
10B(1+)
10B(3+)

GFMC acts on a trial wave
function (ΨT) with
exp[-(H-E0)τ] where τ
is the imaginary time.
This filters excited-
state contamination out
of ΨT. The figure shows
energies from GFMC
propagation of 10B
states as functions of
τ, starting from the
VMC values at τ=0.
Solid and dashed lines
show the averages and
statistical errors used
in the main figure.  The
large and rapid change
for small τ indicates
that small admixtures of
highly excited (~1 GeV)
states are being removed.
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The NN force is known from NN scattering data
to be very complicated, with, e.g., strong tensor and
spin-orbit terms.  The Argonne v18 potential (AV18)
is expressed as a sum of 18 operator terms.  This
poster explores the importance of this complicated
structure to nuclear binding energies and level
structures.  The right-most bars (green) show experi-
mental energies.  The red (IL2) bars represent our
best nuclear Hamiltonian which consists of the AV18
and the Illinois-2 NNN potentials; it gives a very
good fit to experiment.  Proceeding from the right to
left, the other bars show the results of progressive
simplifications of this Hamiltonian as described in the
next column.  In each simplification the potential is
modified to reproduce as well as possible low
angular-momentum NN scattering partial waves.

It is clear that one needs a complicated interaction,
including spin, isospin, tensor, spin-orbit, and
three-body terms, to reproduce important qualitative
features of light nuclear binding and excitation
energies.

This work has been published in R. B. Wiringa and
S. C. Pieper, Evolution of Nuclear Spectra with 
Nuclear Forces, Phys. Rev. Lett. 89, 182501 (2002);
a complete tabulation of results may be found at
http://www.phy.anl.gov/theory/fewbody/avxp_results.html,
and a Fortran subroutine for the potentials at
http://www.phy.anl.gov/theory/research/av18/av18pot.f.

AV18 - The NNN force is removed.  Nuclei are increasingly
         underbound as A or N-Z increases; the Borromean
         nuclei 6,8He are unbound.  The ground state of 10B is
         predicted to be 1+ instead of 3+. Some spin-orbit
         splittings are also too small.
AV8′ - Terms quadratic in L are removed from AV18.  This
         does not result in qualitative changes.
AV6′ - The L•S force is removed.  Spin-orbit pairs are almost
         degenerate.  6,7Li are, at best, marginally bound.
AV4′ - The tensor force is removed, leaving just central, σ•σ,
         τ•τ, and σ•σ τ•τ forces. The deuteron has no D-wave.
         8Be is bound, thus removing the A=8 mass gap.  S, L,
         and symmetry-state ([n]) all are good eigenvalues.  States
         of the same S, L, [n] but different J are degenerate.
AVX′ - The same 4 operators as AV4′ but expressed as only
         central and space-exchange operators.  A number of pop-
         ular simplified NN forces have this structure.  The
         results are qualitatively similar to those for AV4′.
AV2′ - Only central and σ•σ terms.  This allows S=0
         and S=1 interactions to be different, but does not
         differentiate between even and odd L.  Thus the repul-
         sion of P waves is lost and binding energies do not
         saturate.  There is no A=5 mass gap.  Nuclear spectra
         are reversed with the lowest symmetry states becoming
         most bound.  Thus there are often degenerate ground
         states with different J.
AV1′ - A purely central potential that still retains a repul-
         sive core.  The Coulomb potential makes AHe the most
         stable A-body nucleus for A up to 10!
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Green’s function Monte Carlo (GFMC)
A  12nuclei
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The main figure compares computed and
experimental energies of nuclear states.
The computations were made using just
the Argonne v18 (AV18) NN potential
and AV18 plus the Urbana-IX or the
Illinois-2 NNN potentials.
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Surfaces of density = 0.24 fm-3 in polarized deuteron states.  The distinctive
structures are induced by the strong tensor potentials which result from the
pion-exchange component of the nucleon-nucleon interaction.
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States that are above
particle emission thres-
hold should really be
computed as scattering
states.  This figure shows
the first few partial
waves for n+4He scatter-
ing; i.e. the low-lying
resonant states of the
unbound nucleus 5He.
The results are shown as
partial-wave cross sections.
The solid black curves
represent the experimental
data.  The J = 3/2-

resonance is well reproduced,
both in location and width.
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4,6,8He - AV18 + IL2 -  GFMC proton-proton distributions

4He
6He
8He

The proton-proton
two-body density in
4,6,8He is an indica-
tor of the size of the
alpha core of these
nuclei.  Many calcula-
tions assume this core is
not modified by the
additional neutrons.  Our
A-nucleon calculations
show a small, but signi-
ficant, suppression of
the peak density and
increase in the rms pp
radius.  This implies ~80
and ~350 keV excitations
of the alpha cores of
6,8He, respectively.
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There is an experimental
claim of a bound tetra-
neutron (4n).  Our Ham-
iltonian predicts at most
a (likely very broad) reson-
ance at +2 MeV.  The
figure shows attempts to
produce a 4n with nega-
tive energy by changing
the Hamiltonian.  Modi-
fication of the 1S0 poten-
tial gives a bound
dineutron and signifi-
cantly overbinds other
nuclei.  Adding a T=3/2
NNN potential doesn’t
effect 2n or 4He but
very much overbinds
heavier systems; in fact
6n becomes the most
stable A=6 system!  We
conclude that a bound
4n is very unlikely. -100 0 100 200 30010-11
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7Li(e,e′p)6He(Jπ) - Argonne v18 + Urbana IX - VMC Wave Functions

6He(0+) × 10

6He(2+)

The shape and magnitude
of (e,e′p) differential
cross sections are given
by the overlap of the
wave functions of the
target and residual
nuclear states.  This
normalization is usually
expressed as a spectro-
scopic factor.  In this
figure overlaps of 7- and
6-nucleon VMC wave
functions have been used
to directly compute the
overlap with no adjust-
ment to fit the data.
The resulting spectro-
scopic factors are 0.41
for the 0+ and 0.19 for
the 2+ states; consider-
ably smaller than conven-
tional (Cohen-Kurath)
shell-model values of
0.59 and 0.40.  This
reduction is due to the
strong short-range and
tensor correlations.
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with
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Neutron drops are systems of
interacting nucleons bound in
an artificial external well
which may be thought of as
representing the protons of
a real nucleus.  By including
only neutrons in the calcula-
tion, the isospin degree of
freedom is suppressed and a
larger system can be studied
than for real nuclei (so far
14n which is much easier
than 12C, our biggest
nucleus).  This figure shows
results for a well chosen to
mimic the protons in oxygen.
The Nn energies are compared
with experimental N+8O
values; the Nn energies have
been shifted to match 8n to
16O. One can clearly see
the effects of nn pairing.
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6Li was produced in the
big bang by the alpha-
deuteron capture reaction
at energies of 20 to 200
keV, for which good data
does not exist.  This is
a VMC computation using
6-nucleon wave functions
of the rate, expressed as
the astrophysical S
factor.  The low-energy
Kiener data are indirect
and were extracted in a
model-dependent way
from 6Li dissociation on
208Pb; no theoretical
calculation gives a
constant S at low
energy.
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The density of 8Be(0+)
in the laboratory frame
is spherically symmetric
(left panel).  The one-
body structure of the
8Be(0+,2+,4+) states
consists of an alpha
particle and four p-shell
nucleons.  But strong
NN correlations shape the
p-shell nucleons into a
second alpha, which can
be seen in the body-fixed
frame (right panel).
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GFMC acts on a trial wave
function (ΨT) with
exp[-(H-E0)τ] where τ
is the imaginary time.
This filters excited-
state contamination out
of ΨT. The figure shows
energies from GFMC
propagation of 10B
states as functions of
τ, starting from the
VMC values at τ=0.
Solid and dashed lines
show the averages and
statistical errors used
in the main figure.  The
large and rapid change
for small τ indicates
that small admixtures of
highly excited (~1 GeV)
states are being removed.
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26.21/2− 3/2−

1/2−

5He

68.80+68.62+
69.51+

58.40+58.32+58.61+

33.30+

30.32+

27.51+

32.20+

30.12+
28.41+

25.10+

23.02+
21.71+

25.10+

23.22+
21.42+21.01+20.20+

23.80+

21.92+
20.42+19.61+19.00+

29.50+

27.32+

24.62+24.51+
23.30+

29.30+
27.52+

23.72+23.70+

68.80+68.62+
69.51+

58.40+58.32+58.61+

33.30+

30.32+

27.51+

32.20+

30.12+
28.41+

25.10+

23.02+
21.71+

25.10+

23.22+
21.42+21.01+20.20+

23.80+

21.92+
20.42+19.61+19.00+

29.50+

27.32+

24.62+24.51+
23.30+

29.30+
27.52+

23.72+23.70+ 1+

0+

2+

2+
0+

1S[2]
1D[2]

3P[11]

1S[2]
1D[2]

3P[11]

6He

67.61+67.23+
67.81+

63.41+
62.33+62.21+

32.51+

29.63+

26.91+

35.81+

32.13+32.02+

27.11+

28.41+

24.73+24.92+

28.21+

25.33+
24.22+
23.21+

19.71+

26.91+

24.13+
22.82+22.01+

18.81+

32.01+

29.83+

27.82+
26.41+

23.41+

32.01+

29.83+

27.72+
26.31+

67.61+67.23+
67.81+

63.41+
62.33+62.21+

32.51+

29.63+

26.91+

35.81+

32.13+32.02+

27.11+

28.41+

24.73+24.92+

28.21+

25.33+
24.22+
23.21+

19.71+

26.91+

24.13+
22.82+22.01+

18.81+

32.01+

29.83+

27.82+
26.41+

23.41+

32.01+

29.83+

27.72+
26.31+

1+

1+

3+
2+
1+

3S[2]
3D[2]

1P[11]

3S[2]
3D[2]

1P[11]

6Li

103.83/2−
104.97/2−

106.45/2−106.01/2−

109.41/2−

90.73/2−
91.77/2−
92.75/2−92.21/2−

96.21/2−

42.63/2−

36.87/2−

30.45/2−30.41/2−

24.31/2−

43.83/2−43.91/2−

37.97/2−38.15/2−

34.05/2−

31.61/2−

25.31/2−

34.13/2−34.21/2−

28.87/2−28.85/2−

33.93/2−34.01/2−

28.67/2−28.15/2−
26.45/2−
24.67/2−
25.43/2−25.41/2−

32.03/2−32.21/2−

26.87/2−26.45/2−
24.55/2−
23.07/2−
24.43/2−23.81/2−

39.43/2−39.11/2−

35.07/2−

32.35/2−31.75/2−

29.27/2−29.73/2−29.11/2−28.65/2−

25.85/2−

39.23/2−38.81/2−

34.67/2−
32.65/2−
31.85/2−
29.77/2−
30.53/2−30.11/2−

103.83/2−
104.97/2−

106.45/2−106.01/2−

109.41/2−

90.73/2−
91.77/2−
92.75/2−92.21/2−

96.21/2−

42.63/2−

36.87/2−

30.45/2−30.41/2−

24.31/2−

43.83/2−43.91/2−

37.97/2−38.15/2−

34.05/2−

31.61/2−

25.31/2−

34.13/2−34.21/2−

28.87/2−28.85/2−

33.93/2−34.01/2−

28.67/2−28.15/2−
26.45/2−
24.67/2−
25.43/2−25.41/2−

32.03/2−32.21/2−

26.87/2−26.45/2−
24.55/2−
23.07/2−
24.43/2−23.81/2−

39.43/2−39.11/2−

35.07/2−

32.35/2−31.75/2−

29.27/2−29.73/2−29.11/2−28.65/2−

25.85/2−

39.23/2−38.81/2−

34.67/2−
32.65/2−
31.85/2−
29.77/2−
30.53/2−30.11/2−

1/2−

1/2−

5/2−
5/2−

3/2−
1/2−

7/2−
5/2−
5/2−

7/2−

3/2−
1/2−

2P[3]
2F[3]

4P[21]
2P[21]

2S[111]

2P[3]

2F[3]

4P[21]
2P[21]

2S[111]4D[21]

7Li

160.60+

163.22+

168.11+

121.00+

123.42+

126.21+

34.90+

32.22+

29.01+

31.90+

30.02+
28.41+

22.90+
21.22+
19.51+

24.80+

21.92+
20.31+

23.00+

20.42+
18.81+

32.70+

27.02+
25.91+
24.80+
23.72+

31.40+

28.32+

160.60+

163.22+

168.11+

121.00+

123.42+

126.21+

34.90+

32.22+

29.01+

31.90+

30.02+
28.41+

22.90+
21.22+
19.51+

24.80+

21.92+
20.31+

23.00+

20.42+
18.81+

32.70+

27.02+
25.91+
24.80+
23.72+

31.40+

28.32+

1+
0+
2+

0+

2+

1S[22]
1D[22]

3P[211]

1S[22]
1D[22]

3P[211]

8He

150.80+
151.22+

152.54+

156.21+
155.03+

158.00+

159.20+

162.00+

131.60+
132.42+

135.44+
136.21+136.23+

138.60+

134.90+

141.20+

63.50+

59.72+

52.64+

41.41+

38.73+

30.10+

32.80+

27.60+

65.00+

61.92+

55.04+

43.01+
41.63+

35.80+35.80+

29.80+

49.80+

47.02+

41.14+

33.71+

31.03+

48.90+

45.62+

37.74+

33.42+33.31+
31.73+31.52+

46.30+

43.72+

36.24+

31.02+30.81+
29.73+29.12+

56.90+

52.82+

45.44+

40.82+

39.01+
37.23+
37.64+
36.00+

37.31+37.02+

34.03+34.02+

56.50+

53.42+

45.14+

39.62+
38.31+
37.33+36.64+36.30+36.42+
35.03+34.32+

150.80+
151.22+

152.54+

156.21+
155.03+

158.00+

159.20+

162.00+

131.60+
132.42+

135.44+
136.21+136.23+

138.60+

134.90+

141.20+

63.50+

59.72+

52.64+

41.41+

38.73+

30.10+

32.80+

27.60+

65.00+

61.92+

55.04+

43.01+
41.63+

35.80+35.80+

29.80+

49.80+

47.02+

41.14+

33.71+

31.03+

48.90+

45.62+

37.74+

33.42+33.31+
31.73+31.52+

46.30+

43.72+

36.24+

31.02+30.81+
29.73+29.12+

56.90+

52.82+

45.44+

40.82+

39.01+
37.23+
37.64+
36.00+

37.31+37.02+

34.03+34.02+

56.50+

53.42+

45.14+

39.62+
38.31+
37.33+36.64+36.30+36.42+
35.03+34.32+

0+

0+

0+

1+

0+

2+
4+
2+
1+

3+
4+

0+

2+

3+
2+

1S[4]
1D[4]
1G[4]

3P[31]
3D[31]

5D[22]
1S[22]

3P[211]

1S[4]
1D[4]

1G[4]

3P[31]
3D[31]

5D[22]
1S[22]

3P[211]

3F[31]
3F[31]

8Be

67.13+

70.11+

71.53+

74.91+

51.23+

54.51+
53.23+

55.71+

52.22+

50.04+

53.01+

51.03+
49.81+

51.42+

48.63+

51.61+

47.22+

45.04+

49.21+

47.13+
46.11+
46.62+

66.13+
64.81+

61.72+
60.04+

63.31+

59.63+

56.91+

58.62+

55.73+

64.83+64.01+

61.22+

58.74+

62.61+

60.03+59.61+58.82+

56.13+

67.13+

70.11+

71.53+

74.91+

51.23+

54.51+
53.23+

55.71+

52.22+

50.04+

53.01+

51.03+
49.81+

51.42+

48.63+

51.61+

47.22+

45.04+

49.21+

47.13+
46.11+
46.62+

66.13+
64.81+

61.72+
60.04+

63.31+

59.63+

56.91+

58.62+

55.73+

64.83+64.01+

61.22+

58.74+

62.61+

60.03+59.61+58.82+

56.13+

3+
1+

2+

4+

1+

3+
1+
2+

3+

3+: 3D[42]
1+: 3S[42]

10B

α+n α+2n
α+d

α+t

6He+2n

2α
6Li+α

What Makes
Nuclear Level Structure?

GFMC Calculations
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The NN force is known from NN scattering data
to be very complicated, with, e.g., strong tensor and
spin-orbit terms.  The Argonne v18 potential (AV18)
is expressed as a sum of 18 operator terms.  This
poster explores the importance of this complicated
structure to nuclear binding energies and level
structures.  The right-most bars (green) show experi-
mental energies.  The red (IL2) bars represent our
best nuclear Hamiltonian which consists of the AV18
and the Illinois-2 NNN potentials; it gives a very
good fit to experiment.  Proceeding from the right to
left, the other bars show the results of progressive
simplifications of this Hamiltonian as described in the
next column.  In each simplification the potential is
modified to reproduce as well as possible low
angular-momentum NN scattering partial waves.

It is clear that one needs a complicated interaction,
including spin, isospin, tensor, spin-orbit, and
three-body terms, to reproduce important qualitative
features of light nuclear binding and excitation
energies.

This work has been published in R. B. Wiringa and
S. C. Pieper, Evolution of Nuclear Spectra with 
Nuclear Forces, Phys. Rev. Lett. 89, 182501 (2002);
a complete tabulation of results may be found at
http://www.phy.anl.gov/theory/fewbody/avxp_results.html,
and a Fortran subroutine for the potentials at
http://www.phy.anl.gov/theory/research/av18/av18pot.f.

AV18 - The NNN force is removed.  Nuclei are increasingly
         underbound as A or N-Z increases; the Borromean
         nuclei 6,8He are unbound.  The ground state of 10B is
         predicted to be 1+ instead of 3+. Some spin-orbit
         splittings are also too small.
AV8′ - Terms quadratic in L are removed from AV18.  This
         does not result in qualitative changes.
AV6′ - The L•S force is removed.  Spin-orbit pairs are almost
         degenerate.  6,7Li are, at best, marginally bound.
AV4′ - The tensor force is removed, leaving just central, σ•σ,
         τ•τ, and σ•σ τ•τ forces. The deuteron has no D-wave.
         8Be is bound, thus removing the A=8 mass gap.  S, L,
         and symmetry-state ([n]) all are good eigenvalues.  States
         of the same S, L, [n] but different J are degenerate.
AVX′ - The same 4 operators as AV4′ but expressed as only
         central and space-exchange operators.  A number of pop-
         ular simplified NN forces have this structure.  The
         results are qualitatively similar to those for AV4′.
AV2′ - Only central and σ•σ terms.  This allows S=0
         and S=1 interactions to be different, but does not
         differentiate between even and odd L.  Thus the repul-
         sion of P waves is lost and binding energies do not
         saturate.  There is no A=5 mass gap.  Nuclear spectra
         are reversed with the lowest symmetry states becoming
         most bound.  Thus there are often degenerate ground
         states with different J.
AV1′ - A purely central potential that still retains a repul-
         sive core.  The Coulomb potential makes AHe the most
         stable A-body nucleus for A up to 10!
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α+n

α+2n

α+d
6He+n

α+t

6He+2n

7Li+n

2α

8Li+n

2α+n

8He+2n

9Be+n
6Li+α

3α

AV18

UIX IL7
Exp

2.21+ 2.21+ 2.21+ 2.21+2.21+ 2.21+ 2.21+ 2.21+ 1+

2H
7.61/2+

8.51/2+ 8.51/2+ 8.51/2+

7.61/2+

8.51/2+ 8.51/2+ 8.51/2+ 1/2+

3H

24.10+

28.40+ 28.40+ 28.30+

24.10+

28.40+ 28.40+ 28.30+ 0+

4He

22.53/2−
21.91/2−

26.93/2−

25.81/2−

27.53/2−

26.21/2−

22.53/2−
21.91/2−

26.93/2−

25.81/2−

27.53/2−

26.21/2−

3/2−
1/2−

5He

23.80+

21.92+

20.42+

19.61+
19.00+

28.00+

26.12+

23.91+

29.20+

26.92+

29.30+

27.52+

23.72+ 23.70+23.80+

21.92+

20.42+

19.61+
19.00+

28.00+

26.12+

23.91+

29.20+

26.92+

29.30+

27.52+

23.72+ 23.70+

1+

0+
2+

2+
0+

6He

26.91+

24.13+

22.82+

22.01+

18.81+

31.31+

28.53+

27.32+

26.21+

31.81+

29.53+

27.62+

26.41+

32.01+

29.83+

27.72+

26.31+

26.91+

24.13+

22.82+

22.01+

18.81+

31.31+

28.53+

27.32+

26.21+

31.81+

29.53+

27.62+

26.41+

32.01+

29.83+

27.72+

26.31+

1+

1+

3+
2+
1+

6Li

21.93/2−

20.71/2−

19.45/2−

26.33/2−

25.21/2−

23.95/2−

28.63/2−

26.71/2−

25.35/2−

28.83/2−

25.95/2− 25.9(5/2)−

21.93/2−

20.71/2−

19.45/2−

26.33/2−

25.21/2−

23.95/2−

28.63/2−

26.71/2−

25.35/2−

28.83/2−

25.95/2− 25.9(5/2)−

1/2−
3/2−

5/2−
(5/2)−

7He
32.03/2− 32.21/2−

26.87/2−
26.45/2−

24.55/2−

23.07/2−

24.43/2−
23.81/2−

37.53/2− 37.61/2−

32.27/2−

31.15/2−

29.75/2−

28.17/2−

29.13/2−

27.05/2−

24.45/2−

39.13/2− 39.01/2−

34.97/2−

32.55/2−

31.35/2−

29.07/2−

39.23/2−
38.81/2−

34.67/2−

32.65/2−

31.85/2−

29.77/2−

30.53/2−
30.11/2−

32.03/2− 32.21/2−

26.87/2−
26.45/2−

24.55/2−

23.07/2−

24.43/2−
23.81/2−

37.53/2− 37.61/2−

32.27/2−

31.15/2−

29.75/2−

28.17/2−

29.13/2−

27.05/2−

24.45/2−

39.13/2− 39.01/2−

34.97/2−

32.55/2−

31.35/2−

29.07/2−

39.23/2−
38.81/2−

34.67/2−

32.65/2−

31.85/2−

29.77/2−

30.53/2−
30.11/2−

5/2−
5/2−

3/2−
1/2−

7/2−
5/2−
5/2−

7/2−

3/2−
1/2−

7Li

23.00+

20.42+

18.81+

27.70+

25.02+

23.31+

31.10+

26.42+

31.40+

28.32+

23.00+

20.42+

18.81+

27.70+

25.02+

23.31+

31.10+

26.42+

31.40+

28.32+

1+

0+

2+

8He
32.72+
32.11+
31.50+

30.13+
29.72+

31.01+

27.14+

26.33+

29.11+
28.72+

38.82+

37.81+

36.90+

35.43+ 35.21+

32.34+

41.22+

40.51+

38.10+
38.23+

36.92+

37.81+

34.84+

35.92+

41.32+

40.31+

35.90+

39.03+

38.11+

34.84+

35.23+

35.91+

32.72+
32.11+
31.50+

30.13+
29.72+

31.01+

27.14+

26.33+

29.11+
28.72+

38.82+

37.81+

36.90+

35.43+ 35.21+

32.34+

41.22+

40.51+

38.10+
38.23+

36.92+

37.81+

34.84+

35.92+

41.32+

40.31+

35.90+

39.03+

38.11+

34.84+

35.23+

35.91+ 2+
2+

2+
1+

0+

3+
1+

4+

3+

1+

8Li 46.30+

43.72+

36.24+

31.02+ 30.81+

29.73+
29.12+

55.20+

52.12+

44.24+

36.42+

37.01+

35.23+

56.50+

53.52+

45.34+

39.92+

38.51+

36.83+

35.94+
35.40+

36.61+

56.50+

53.42+

45.14+

39.62+

38.31+

37.33+

36.64+
36.30+ 36.42+

46.30+

43.72+

36.24+

31.02+ 30.81+

29.73+
29.12+

55.20+

52.12+

44.24+

36.42+

37.01+

35.23+

56.50+

53.52+

45.34+

39.92+

38.51+

36.83+

35.94+
35.40+

36.61+

56.50+

53.42+

45.14+

39.62+

38.31+

37.33+

36.64+
36.30+ 36.42+

1+

0+

2+

4+

2+
1+
3+
4+

0+

2+

8Be

33.73/2−
34.01/2−

32.15/2−

29.77/2−

40.93/2−

39.41/2−

37.95/2−

35.27/2−

37.33/2−

45.53/2−

43.41/2−

40.15/2−

45.33/2−

42.71/2−

41.05/2−

38.97/2−

33.73/2−
34.01/2−

32.15/2−

29.77/2−

40.93/2−

39.41/2−

37.95/2−

35.27/2−

37.33/2−

45.53/2−

43.41/2−

40.15/2−

45.33/2−

42.71/2−

41.05/2−

38.97/2−

3/2−

3/2−

1/2−
5/2−
7/2−

9Li
45.73/2−

44.71/2+

45.55/2−
45.01/2−

42.85/2+

40.37/2−

36.79/2−

55.13/2−

51.35/2−
50.91/2−

57.43/2−

55.91/2+

55.15/2−
55.41/2−

54.45/2+

53.23/2+

51.07/2−

53.43/2−

46.57/2−

41.25/2+

39.37/2+

58.23/2−

56.51/2+

55.75/2−
55.41/2−
55.15/2+

53.53/2+

51.87/2−

52.63/2−

46.97/2−

41.55/2+

40.77/2+
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The main figure compares computed and
experimental energies of nuclear states.
The computations were made using just
the Argonne v18 (AV18) NN potential
and AV18 plus the Urbana-IX or the
Illinois-2 NNN potentials.
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Surfaces of density = 0.24 fm-3 in polarized deuteron states.  The distinctive
structures are induced by the strong tensor potentials which result from the
pion-exchange component of the nucleon-nucleon interaction.
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States that are above
particle emission thres-
hold should really be
computed as scattering
states.  This figure shows
the first few partial
waves for n+4He scatter-
ing; i.e. the low-lying
resonant states of the
unbound nucleus 5He.
The results are shown as
partial-wave cross sections.
The solid black curves
represent the experimental
data.  The J = 3/2-

resonance is well reproduced,
both in location and width.
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4,6,8He - AV18 + IL2 -  GFMC proton-proton distributions

4He
6He
8He

The proton-proton
two-body density in
4,6,8He is an indica-
tor of the size of the
alpha core of these
nuclei.  Many calcula-
tions assume this core is
not modified by the
additional neutrons.  Our
A-nucleon calculations
show a small, but signi-
ficant, suppression of
the peak density and
increase in the rms pp
radius.  This implies ~80
and ~350 keV excitations
of the alpha cores of
6,8He, respectively.
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There is an experimental
claim of a bound tetra-
neutron (4n).  Our Ham-
iltonian predicts at most
a (likely very broad) reson-
ance at +2 MeV.  The
figure shows attempts to
produce a 4n with nega-
tive energy by changing
the Hamiltonian.  Modi-
fication of the 1S0 poten-
tial gives a bound
dineutron and signifi-
cantly overbinds other
nuclei.  Adding a T=3/2
NNN potential doesn’t
effect 2n or 4He but
very much overbinds
heavier systems; in fact
6n becomes the most
stable A=6 system!  We
conclude that a bound
4n is very unlikely. -100 0 100 200 30010-11
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7Li(e,e′p)6He(Jπ) - Argonne v18 + Urbana IX - VMC Wave Functions

6He(0+) × 10

6He(2+)

The shape and magnitude
of (e,e′p) differential
cross sections are given
by the overlap of the
wave functions of the
target and residual
nuclear states.  This
normalization is usually
expressed as a spectro-
scopic factor.  In this
figure overlaps of 7- and
6-nucleon VMC wave
functions have been used
to directly compute the
overlap with no adjust-
ment to fit the data.
The resulting spectro-
scopic factors are 0.41
for the 0+ and 0.19 for
the 2+ states; consider-
ably smaller than conven-
tional (Cohen-Kurath)
shell-model values of
0.59 and 0.40.  This
reduction is due to the
strong short-range and
tensor correlations.
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Neutron drops are systems of
interacting nucleons bound in
an artificial external well
which may be thought of as
representing the protons of
a real nucleus.  By including
only neutrons in the calcula-
tion, the isospin degree of
freedom is suppressed and a
larger system can be studied
than for real nuclei (so far
14n which is much easier
than 12C, our biggest
nucleus).  This figure shows
results for a well chosen to
mimic the protons in oxygen.
The Nn energies are compared
with experimental N+8O
values; the Nn energies have
been shifted to match 8n to
16O. One can clearly see
the effects of nn pairing.
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6Li was produced in the
big bang by the alpha-
deuteron capture reaction
at energies of 20 to 200
keV, for which good data
does not exist.  This is
a VMC computation using
6-nucleon wave functions
of the rate, expressed as
the astrophysical S
factor.  The low-energy
Kiener data are indirect
and were extracted in a
model-dependent way
from 6Li dissociation on
208Pb; no theoretical
calculation gives a
constant S at low
energy.
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The density of 8Be(0+)
in the laboratory frame
is spherically symmetric
(left panel).  The one-
body structure of the
8Be(0+,2+,4+) states
consists of an alpha
particle and four p-shell
nucleons.  But strong
NN correlations shape the
p-shell nucleons into a
second alpha, which can
be seen in the body-fixed
frame (right panel).
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GFMC acts on a trial wave
function (ΨT) with
exp[-(H-E0)τ] where τ
is the imaginary time.
This filters excited-
state contamination out
of ΨT. The figure shows
energies from GFMC
propagation of 10B
states as functions of
τ, starting from the
VMC values at τ=0.
Solid and dashed lines
show the averages and
statistical errors used
in the main figure.  The
large and rapid change
for small τ indicates
that small admixtures of
highly excited (~1 GeV)
states are being removed.
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136.21+136.23+

138.60+

134.90+

141.20+

63.50+

59.72+

52.64+

41.41+

38.73+

30.10+

32.80+

27.60+

65.00+

61.92+

55.04+

43.01+
41.63+

35.80+35.80+

29.80+

49.80+

47.02+

41.14+

33.71+

31.03+

48.90+

45.62+

37.74+

33.42+33.31+
31.73+31.52+

46.30+

43.72+

36.24+

31.02+30.81+
29.73+29.12+

56.90+

52.82+

45.44+

40.82+

39.01+
37.23+
37.64+
36.00+

37.31+37.02+

34.03+34.02+

56.50+

53.42+

45.14+

39.62+
38.31+
37.33+36.64+36.30+36.42+
35.03+34.32+

150.80+
151.22+

152.54+

156.21+
155.03+

158.00+

159.20+

162.00+

131.60+
132.42+

135.44+
136.21+136.23+

138.60+

134.90+

141.20+

63.50+

59.72+

52.64+

41.41+

38.73+

30.10+

32.80+

27.60+

65.00+

61.92+

55.04+

43.01+
41.63+

35.80+35.80+

29.80+

49.80+

47.02+

41.14+

33.71+

31.03+

48.90+

45.62+

37.74+

33.42+33.31+
31.73+31.52+

46.30+

43.72+

36.24+

31.02+30.81+
29.73+29.12+

56.90+

52.82+

45.44+

40.82+

39.01+
37.23+
37.64+
36.00+

37.31+37.02+

34.03+34.02+

56.50+

53.42+

45.14+

39.62+
38.31+
37.33+36.64+36.30+36.42+
35.03+34.32+

0+

0+

0+

1+

0+

2+
4+
2+
1+

3+
4+

0+

2+

3+
2+

1S[4]
1D[4]
1G[4]

3P[31]
3D[31]

5D[22]
1S[22]

3P[211]

1S[4]
1D[4]

1G[4]

3P[31]
3D[31]

5D[22]
1S[22]

3P[211]

3F[31]
3F[31]

8Be

67.13+

70.11+

71.53+

74.91+

51.23+

54.51+
53.23+

55.71+

52.22+

50.04+

53.01+

51.03+
49.81+

51.42+

48.63+

51.61+

47.22+

45.04+

49.21+

47.13+
46.11+
46.62+

66.13+
64.81+

61.72+
60.04+

63.31+

59.63+

56.91+

58.62+

55.73+

64.83+64.01+

61.22+

58.74+

62.61+

60.03+59.61+58.82+

56.13+

67.13+

70.11+

71.53+

74.91+

51.23+

54.51+
53.23+

55.71+

52.22+

50.04+

53.01+

51.03+
49.81+

51.42+

48.63+

51.61+

47.22+

45.04+

49.21+

47.13+
46.11+
46.62+

66.13+
64.81+

61.72+
60.04+

63.31+

59.63+

56.91+

58.62+

55.73+

64.83+64.01+

61.22+

58.74+

62.61+

60.03+59.61+58.82+

56.13+

3+
1+

2+

4+

1+

3+
1+
2+

3+

3+: 3D[42]
1+: 3S[42]

10B

α+n α+2n
α+d

α+t

6He+2n

2α
6Li+α

What Makes
Nuclear Level Structure?

GFMC Calculations
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The NN force is known from NN scattering data
to be very complicated, with, e.g., strong tensor and
spin-orbit terms.  The Argonne v18 potential (AV18)
is expressed as a sum of 18 operator terms.  This
poster explores the importance of this complicated
structure to nuclear binding energies and level
structures.  The right-most bars (green) show experi-
mental energies.  The red (IL2) bars represent our
best nuclear Hamiltonian which consists of the AV18
and the Illinois-2 NNN potentials; it gives a very
good fit to experiment.  Proceeding from the right to
left, the other bars show the results of progressive
simplifications of this Hamiltonian as described in the
next column.  In each simplification the potential is
modified to reproduce as well as possible low
angular-momentum NN scattering partial waves.

It is clear that one needs a complicated interaction,
including spin, isospin, tensor, spin-orbit, and
three-body terms, to reproduce important qualitative
features of light nuclear binding and excitation
energies.

This work has been published in R. B. Wiringa and
S. C. Pieper, Evolution of Nuclear Spectra with 
Nuclear Forces, Phys. Rev. Lett. 89, 182501 (2002);
a complete tabulation of results may be found at
http://www.phy.anl.gov/theory/fewbody/avxp_results.html,
and a Fortran subroutine for the potentials at
http://www.phy.anl.gov/theory/research/av18/av18pot.f.

AV18 - The NNN force is removed.  Nuclei are increasingly
         underbound as A or N-Z increases; the Borromean
         nuclei 6,8He are unbound.  The ground state of 10B is
         predicted to be 1+ instead of 3+. Some spin-orbit
         splittings are also too small.
AV8′ - Terms quadratic in L are removed from AV18.  This
         does not result in qualitative changes.
AV6′ - The L•S force is removed.  Spin-orbit pairs are almost
         degenerate.  6,7Li are, at best, marginally bound.
AV4′ - The tensor force is removed, leaving just central, σ•σ,
         τ•τ, and σ•σ τ•τ forces. The deuteron has no D-wave.
         8Be is bound, thus removing the A=8 mass gap.  S, L,
         and symmetry-state ([n]) all are good eigenvalues.  States
         of the same S, L, [n] but different J are degenerate.
AVX′ - The same 4 operators as AV4′ but expressed as only
         central and space-exchange operators.  A number of pop-
         ular simplified NN forces have this structure.  The
         results are qualitatively similar to those for AV4′.
AV2′ - Only central and σ•σ terms.  This allows S=0
         and S=1 interactions to be different, but does not
         differentiate between even and odd L.  Thus the repul-
         sion of P waves is lost and binding energies do not
         saturate.  There is no A=5 mass gap.  Nuclear spectra
         are reversed with the lowest symmetry states becoming
         most bound.  Thus there are often degenerate ground
         states with different J.
AV1′ - A purely central potential that still retains a repul-
         sive core.  The Coulomb potential makes AHe the most
         stable A-body nucleus for A up to 10!
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α+n

α+2n

α+d
6He+n

α+t

6He+2n

7Li+n

2α

8Li+n

2α+n

8He+2n

9Be+n
6Li+α

3α

AV18

UIX IL7
Exp

2.21+ 2.21+ 2.21+ 2.21+2.21+ 2.21+ 2.21+ 2.21+ 1+

2H
7.61/2+

8.51/2+ 8.51/2+ 8.51/2+

7.61/2+

8.51/2+ 8.51/2+ 8.51/2+ 1/2+

3H

24.10+

28.40+ 28.40+ 28.30+

24.10+

28.40+ 28.40+ 28.30+ 0+

4He

22.53/2−
21.91/2−

26.93/2−

25.81/2−

27.53/2−

26.21/2−

22.53/2−
21.91/2−

26.93/2−

25.81/2−

27.53/2−

26.21/2−

3/2−
1/2−

5He

23.80+

21.92+

20.42+

19.61+
19.00+

28.00+

26.12+

23.91+

29.20+

26.92+

29.30+

27.52+

23.72+ 23.70+23.80+

21.92+

20.42+

19.61+
19.00+

28.00+

26.12+

23.91+

29.20+

26.92+

29.30+

27.52+

23.72+ 23.70+

1+

0+
2+

2+
0+

6He

26.91+

24.13+

22.82+

22.01+

18.81+

31.31+

28.53+

27.32+

26.21+

31.81+

29.53+

27.62+

26.41+

32.01+

29.83+

27.72+

26.31+

26.91+

24.13+

22.82+

22.01+

18.81+

31.31+

28.53+

27.32+

26.21+

31.81+

29.53+

27.62+

26.41+

32.01+

29.83+

27.72+

26.31+

1+

1+

3+
2+
1+

6Li

21.93/2−

20.71/2−

19.45/2−

26.33/2−

25.21/2−

23.95/2−

28.63/2−

26.71/2−

25.35/2−

28.83/2−

25.95/2− 25.9(5/2)−

21.93/2−

20.71/2−

19.45/2−

26.33/2−

25.21/2−

23.95/2−

28.63/2−

26.71/2−

25.35/2−

28.83/2−

25.95/2− 25.9(5/2)−

1/2−
3/2−

5/2−
(5/2)−

7He
32.03/2− 32.21/2−

26.87/2−
26.45/2−

24.55/2−

23.07/2−

24.43/2−
23.81/2−

37.53/2− 37.61/2−

32.27/2−

31.15/2−

29.75/2−

28.17/2−

29.13/2−

27.05/2−

24.45/2−

39.13/2− 39.01/2−

34.97/2−

32.55/2−

31.35/2−

29.07/2−

39.23/2−
38.81/2−

34.67/2−

32.65/2−

31.85/2−

29.77/2−

30.53/2−
30.11/2−

32.03/2− 32.21/2−

26.87/2−
26.45/2−

24.55/2−

23.07/2−

24.43/2−
23.81/2−

37.53/2− 37.61/2−

32.27/2−

31.15/2−

29.75/2−

28.17/2−

29.13/2−

27.05/2−

24.45/2−

39.13/2− 39.01/2−

34.97/2−

32.55/2−

31.35/2−

29.07/2−

39.23/2−
38.81/2−

34.67/2−

32.65/2−

31.85/2−

29.77/2−

30.53/2−
30.11/2−

5/2−
5/2−

3/2−
1/2−

7/2−
5/2−
5/2−

7/2−

3/2−
1/2−

7Li

23.00+

20.42+

18.81+

27.70+

25.02+

23.31+

31.10+

26.42+

31.40+

28.32+

23.00+

20.42+

18.81+

27.70+

25.02+

23.31+

31.10+

26.42+

31.40+

28.32+

1+

0+

2+

8He
32.72+
32.11+
31.50+

30.13+
29.72+

31.01+

27.14+

26.33+

29.11+
28.72+

38.82+

37.81+

36.90+

35.43+ 35.21+

32.34+

41.22+

40.51+

38.10+
38.23+

36.92+

37.81+

34.84+

35.92+

41.32+

40.31+

35.90+

39.03+

38.11+

34.84+

35.23+

35.91+

32.72+
32.11+
31.50+

30.13+
29.72+

31.01+

27.14+

26.33+

29.11+
28.72+

38.82+

37.81+

36.90+

35.43+ 35.21+

32.34+

41.22+

40.51+

38.10+
38.23+

36.92+

37.81+

34.84+

35.92+

41.32+

40.31+

35.90+

39.03+

38.11+

34.84+

35.23+

35.91+ 2+
2+

2+
1+

0+

3+
1+

4+

3+

1+

8Li 46.30+

43.72+

36.24+

31.02+ 30.81+

29.73+
29.12+

55.20+

52.12+

44.24+

36.42+

37.01+

35.23+

56.50+

53.52+

45.34+

39.92+

38.51+

36.83+

35.94+
35.40+

36.61+

56.50+

53.42+

45.14+

39.62+

38.31+

37.33+

36.64+
36.30+ 36.42+

46.30+

43.72+

36.24+

31.02+ 30.81+

29.73+
29.12+

55.20+

52.12+

44.24+

36.42+

37.01+

35.23+

56.50+

53.52+

45.34+

39.92+

38.51+

36.83+

35.94+
35.40+

36.61+

56.50+

53.42+

45.14+

39.62+

38.31+

37.33+

36.64+
36.30+ 36.42+

1+

0+

2+

4+

2+
1+
3+
4+

0+

2+

8Be

33.73/2−
34.01/2−

32.15/2−

29.77/2−

40.93/2−

39.41/2−

37.95/2−

35.27/2−

37.33/2−

45.53/2−

43.41/2−

40.15/2−

45.33/2−

42.71/2−

41.05/2−

38.97/2−

33.73/2−
34.01/2−

32.15/2−

29.77/2−

40.93/2−

39.41/2−

37.95/2−

35.27/2−

37.33/2−

45.53/2−

43.41/2−

40.15/2−

45.33/2−

42.71/2−

41.05/2−

38.97/2−

3/2−

3/2−

1/2−
5/2−
7/2−

9Li
45.73/2−

44.71/2+

45.55/2−
45.01/2−

42.85/2+

40.37/2−

36.79/2−

55.13/2−

51.35/2−
50.91/2−

57.43/2−

55.91/2+

55.15/2−
55.41/2−

54.45/2+

53.23/2+

51.07/2−

53.43/2−

46.57/2−

41.25/2+

39.37/2+

58.23/2−

56.51/2+

55.75/2−
55.41/2−
55.15/2+

53.53/2+

51.87/2−

52.63/2−

46.97/2−

41.55/2+

40.77/2+

45.73/2−

44.71/2+

45.55/2−
45.01/2−

42.85/2+

40.37/2−

36.79/2−

55.13/2−

51.35/2−
50.91/2−

57.43/2−

55.91/2+

55.15/2−
55.41/2−

54.45/2+

53.23/2+

51.07/2−

53.43/2−

46.57/2−

41.25/2+

39.37/2+

58.23/2−

56.51/2+

55.75/2−
55.41/2−
55.15/2+

53.53/2+

51.87/2−

52.63/2−

46.97/2−

41.55/2+

40.77/2+

9/2−

3/2−
1/2+
5/2−
1/2−
5/2+
3/2+

7/2−
3/2−

7/2−

5/2+
7/2+

9Be

19.80+

26.60+

30.30+

19.80+

26.60+

30.30+ 0+

10He

50.00+

47.22+

45.01−

47.02+

43.03+

59.50+

56.02+ 55.82+

64.30+

60.52+

58.82+

57.31+

65.00+

61.62+

59.01− 59.02+ 58.80+

57.43,2+

50.00+

47.22+

45.01−

47.02+

43.03+

59.50+

56.02+ 55.82+

64.30+

60.52+

58.82+

57.31+

65.00+

61.62+

59.01− 59.02+ 58.80+

57.43,2+

3+

1+

0+
2+
1−
2+
0+

3,2+

10Be

48.63+

51.61+

47.22+

43.52−

45.04+

49.21+

47.13+

46.11+

46.62+

59.03+

60.31+

64.73+

63.41+

61.32+

58.34+

62.31+

58.53+

59.22+

55.63+

64.83+

64.01+

61.22+

59.62−

58.74+

62.61+

60.03+
59.61+

58.82+

56.13+

48.63+

51.61+

47.22+

43.52−

45.04+

49.21+

47.13+

46.11+

46.62+

59.03+

60.31+

64.73+

63.41+

61.32+

58.34+

62.31+

58.53+

59.22+

55.63+

64.83+

64.01+

61.22+

59.62−

58.74+

62.61+

60.03+
59.61+

58.82+

56.13+

3+
1+

2+

2−

4+

1+

3+

1+
2+

3+

10B

48.63+

51.61+

47.22+

43.52−

45.04+

49.21+

47.13+

46.11+

46.62+

59.03+

60.31+

64.73+

63.41+

61.32+

58.34+

62.31+

58.53+

59.22+

55.63+

64.83+

64.01+

61.22+

59.62−

58.74+

62.61+

60.03+
59.61+

58.82+

56.13+

48.63+

51.61+

47.22+

43.52−

45.04+

49.21+

47.13+

46.11+

46.62+

59.03+

60.31+

64.73+

63.41+

61.32+

58.34+

62.31+

58.53+

59.22+

55.63+

64.83+

64.01+

61.22+

59.62−

58.74+

62.61+

60.03+
59.61+

58.82+

56.13+

3+

1+

2+

2−
4+

1+

3+

1+

2+

72.80+

93.30+

82.90+

92.20+

84.50+

72.80+

93.30+

82.90+

92.20+

84.50+

0+

0+

12C

α+n

α+2n

α+d
6He+n

α+t

6He+2n

7Li+n

2α

8Li+n

2α+n

8He+2n

9Be+n
6Li+α

3α
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The main figure compares computed and
experimental energies of nuclear states.
The computations were made using just
the Argonne v18 (AV18) NN potential
and AV18 plus the Urbana-IX or the
Illinois-2 NNN potentials.
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Surfaces of density = 0.24 fm-3 in polarized deuteron states.  The distinctive
structures are induced by the strong tensor potentials which result from the
pion-exchange component of the nucleon-nucleon interaction.
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States that are above
particle emission thres-
hold should really be
computed as scattering
states.  This figure shows
the first few partial
waves for n+4He scatter-
ing; i.e. the low-lying
resonant states of the
unbound nucleus 5He.
The results are shown as
partial-wave cross sections.
The solid black curves
represent the experimental
data.  The J = 3/2-

resonance is well reproduced,
both in location and width.

0 0.5 1 1.5 2 2.5 30.000

0.005

0.010

0.015

0.020

r12 (fm)

ρ p
p(

r 12
)  

 (f
m

-3
)

4,6,8He - AV18 + IL2 -  GFMC proton-proton distributions

4He
6He
8He

The proton-proton
two-body density in
4,6,8He is an indica-
tor of the size of the
alpha core of these
nuclei.  Many calcula-
tions assume this core is
not modified by the
additional neutrons.  Our
A-nucleon calculations
show a small, but signi-
ficant, suppression of
the peak density and
increase in the rms pp
radius.  This implies ~80
and ~350 keV excitations
of the alpha cores of
6,8He, respectively.
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There is an experimental
claim of a bound tetra-
neutron (4n).  Our Ham-
iltonian predicts at most
a (likely very broad) reson-
ance at +2 MeV.  The
figure shows attempts to
produce a 4n with nega-
tive energy by changing
the Hamiltonian.  Modi-
fication of the 1S0 poten-
tial gives a bound
dineutron and signifi-
cantly overbinds other
nuclei.  Adding a T=3/2
NNN potential doesn’t
effect 2n or 4He but
very much overbinds
heavier systems; in fact
6n becomes the most
stable A=6 system!  We
conclude that a bound
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7Li(e,e′p)6He(Jπ) - Argonne v18 + Urbana IX - VMC Wave Functions

6He(0+) × 10

6He(2+)

The shape and magnitude
of (e,e′p) differential
cross sections are given
by the overlap of the
wave functions of the
target and residual
nuclear states.  This
normalization is usually
expressed as a spectro-
scopic factor.  In this
figure overlaps of 7- and
6-nucleon VMC wave
functions have been used
to directly compute the
overlap with no adjust-
ment to fit the data.
The resulting spectro-
scopic factors are 0.41
for the 0+ and 0.19 for
the 2+ states; consider-
ably smaller than conven-
tional (Cohen-Kurath)
shell-model values of
0.59 and 0.40.  This
reduction is due to the
strong short-range and
tensor correlations.
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with
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Neutron drops are systems of
interacting nucleons bound in
an artificial external well
which may be thought of as
representing the protons of
a real nucleus.  By including
only neutrons in the calcula-
tion, the isospin degree of
freedom is suppressed and a
larger system can be studied
than for real nuclei (so far
14n which is much easier
than 12C, our biggest
nucleus).  This figure shows
results for a well chosen to
mimic the protons in oxygen.
The Nn energies are compared
with experimental N+8O
values; the Nn energies have
been shifted to match 8n to
16O. One can clearly see
the effects of nn pairing.
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6Li was produced in the
big bang by the alpha-
deuteron capture reaction
at energies of 20 to 200
keV, for which good data
does not exist.  This is
a VMC computation using
6-nucleon wave functions
of the rate, expressed as
the astrophysical S
factor.  The low-energy
Kiener data are indirect
and were extracted in a
model-dependent way
from 6Li dissociation on
208Pb; no theoretical
calculation gives a
constant S at low
energy.
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The density of 8Be(0+)
in the laboratory frame
is spherically symmetric
(left panel).  The one-
body structure of the
8Be(0+,2+,4+) states
consists of an alpha
particle and four p-shell
nucleons.  But strong
NN correlations shape the
p-shell nucleons into a
second alpha, which can
be seen in the body-fixed
frame (right panel).
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GFMC acts on a trial wave
function (ΨT) with
exp[-(H-E0)τ] where τ
is the imaginary time.
This filters excited-
state contamination out
of ΨT. The figure shows
energies from GFMC
propagation of 10B
states as functions of
τ, starting from the
VMC values at τ=0.
Solid and dashed lines
show the averages and
statistical errors used
in the main figure.  The
large and rapid change
for small τ indicates
that small admixtures of
highly excited (~1 GeV)
states are being removed.
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What Makes
Nuclear Level Structure?

GFMC Calculations
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The NN force is known from NN scattering data
to be very complicated, with, e.g., strong tensor and
spin-orbit terms.  The Argonne v18 potential (AV18)
is expressed as a sum of 18 operator terms.  This
poster explores the importance of this complicated
structure to nuclear binding energies and level
structures.  The right-most bars (green) show experi-
mental energies.  The red (IL2) bars represent our
best nuclear Hamiltonian which consists of the AV18
and the Illinois-2 NNN potentials; it gives a very
good fit to experiment.  Proceeding from the right to
left, the other bars show the results of progressive
simplifications of this Hamiltonian as described in the
next column.  In each simplification the potential is
modified to reproduce as well as possible low
angular-momentum NN scattering partial waves.

It is clear that one needs a complicated interaction,
including spin, isospin, tensor, spin-orbit, and
three-body terms, to reproduce important qualitative
features of light nuclear binding and excitation
energies.

This work has been published in R. B. Wiringa and
S. C. Pieper, Evolution of Nuclear Spectra with 
Nuclear Forces, Phys. Rev. Lett. 89, 182501 (2002);
a complete tabulation of results may be found at
http://www.phy.anl.gov/theory/fewbody/avxp_results.html,
and a Fortran subroutine for the potentials at
http://www.phy.anl.gov/theory/research/av18/av18pot.f.

AV18 - The NNN force is removed.  Nuclei are increasingly
         underbound as A or N-Z increases; the Borromean
         nuclei 6,8He are unbound.  The ground state of 10B is
         predicted to be 1+ instead of 3+. Some spin-orbit
         splittings are also too small.
AV8′ - Terms quadratic in L are removed from AV18.  This
         does not result in qualitative changes.
AV6′ - The L•S force is removed.  Spin-orbit pairs are almost
         degenerate.  6,7Li are, at best, marginally bound.
AV4′ - The tensor force is removed, leaving just central, σ•σ,
         τ•τ, and σ•σ τ•τ forces. The deuteron has no D-wave.
         8Be is bound, thus removing the A=8 mass gap.  S, L,
         and symmetry-state ([n]) all are good eigenvalues.  States
         of the same S, L, [n] but different J are degenerate.
AVX′ - The same 4 operators as AV4′ but expressed as only
         central and space-exchange operators.  A number of pop-
         ular simplified NN forces have this structure.  The
         results are qualitatively similar to those for AV4′.
AV2′ - Only central and σ•σ terms.  This allows S=0
         and S=1 interactions to be different, but does not
         differentiate between even and odd L.  Thus the repul-
         sion of P waves is lost and binding energies do not
         saturate.  There is no A=5 mass gap.  Nuclear spectra
         are reversed with the lowest symmetry states becoming
         most bound.  Thus there are often degenerate ground
         states with different J.
AV1′ - A purely central potential that still retains a repul-
         sive core.  The Coulomb potential makes AHe the most
         stable A-body nucleus for A up to 10!

QUANTUM MONTE CARLO
FOR LIGHT NUCLEI

K. M. Nollett, Steven C. Pieper and R. B. Wiringa
Physics Division, Argonne National Laboratory

Work done with

J. Carlson
Los Alamos National Laboratory

V. R. Pandharipande & B. S. Pudliner
University of Illinois at Urbana-Champaign

R. Schiavilla
Jefferson Laboratory & Old Dominion University

K. Varga
Argonne National Laboratory & Oak Ridge National Laboratory

Backup: terrestrial experiments
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PNM
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P. Maris, J. P. Vary, S. Gandolfi, J. Carlson, S. C. Pieper, Phys. Rev. C 87, 054318 (2013)

3BF NNN

light nuclei: not enough to 
constraint the interaction

Backup: terrestrial experiments
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TOV

J. Haidenbauer et al.,  
Nucl. Phys. A 915  

(2013) 24–58

lack of experimental data !!

⇠ 2M�

obs:

< 2.0M�

binding energies: scattering data: 

NN : ⇠ 4300nuc : ⇠ 3340

⇤ hyp : ⇠ 41

⇤⇤ hyp : ⇠ 5

⌃ hyp : ⇠ (1)

HN : ⇠ 52

Proceedings of 

The IX International Conference on 
Hypernuclear and Strange 

Particle Physics 

HYP 2006 

October 10-14, 2006 
Mainz, Germany 

edited by 

J. Pochodzalla and Th. Walcher 

NZ

|S|

1968

1968
1972

Present Status of  
Λ Hypernuclear Spectroscopy

Updated from: O. Hashimoto and H. Tamura, Prog. Part. Nucl. Phys. 57 (2006) 564.

52
ΛV

S. N. Nakamura, Hypernuclear workshop, JLab, May 2014  
updated from: O. Hashimoto, H. Tamura, Prog. Part. Nucl. Phys. 57, 564 (2006)

?

?

?

new experimental 
proposals

Backup: terrestrial experiments
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✓ Charge conserving reactions

✓ Single charge exchange reactions (SCX)

✓ Double charge exchange reactions (DCX)
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H. Hotchi et al., Phys. Rev. C 64, 044302 (2001)

4. Acceptance of the SKS spectrometer

The effective solid angle of SKS (d!) was calculated
with a Monte Carlo simulation code GEANT "25#. The effects
of energy loss and multiple scattering through a trajectory
were included in this calculation. The effective solid angle
was averaged on the distribution of the beam profile obtained
from the experimental data. It was calculated as a function of
scattering angle $%& and momentum $p& as follows:

d!$% ,p &!!
%"$1/2&'%

%#$1/2&'%
d cos %!

0

2(
d)

$
number of events accepted
number of events generated , $3.5&

where events were generated uniformly from %" 1
2 '% to %

# 1
2 '% in the polar angle, from 0 to 2( in the azimuthal

angle, and from p" 1
2 'p to p# 1

2 'p in the momentum.

5. Total systematic errors

The error on the beam normalization and the experimental
efficiency factors was obtained to be %7% by adding in
quadrature assuming no correlations among the factors. As
for the effective solid angle of SKS, the possible change
caused by the long-term fluctuation of the beam profile was
taken into account as a systematic error, which was estimated
to be %1%. The error on the target thickness is shown in
Table I. The total systematic error on the cross section for
each target was obtained combining these errors; %9% for
*
89Y and *

12C, and %10% for *
51V.

The consistency among the cross sections obtained in the
different experimental cycles was examined by using the
12C((#,K#) data. As shown in Table III, the cross sections
of the *

12C ground-state peak, calculated separately for each
experimental cycle, agreed quite well within the statistical
errors.

F. Background level

The background levels for all the spectra were examined
by looking at the events in the region where the binding
energy is larger than that for the ground state of a produced
* hypernucleus. The backgrounds were almost uniform and
found to be less than 0.03 +b/srMeV for all the spectra.
The target-empty ((#,K#) data were analyzed using the

same analysis program as that for the normal ((#,K#) data.
The background was almost uniform and estimated to be less
than 0.04 +b/srMeV.
On the basis of the analyses, we assumed the backgrounds

around the bound regions of the obtained spectra were neg-
ligible and uniform.

IV. EXPERIMENTAL RESULTS

The hypernuclear mass spectra of *
89Y, *

51V, and *
12C $thin

target& are shown in Figs. 5, 6, and 7. The vertical scale is
shown in the average cross section obtained in the scattering
angles from 2 to 14 ° in the laboratory frame, which is de-
fined as follows:

,̄2° –14°-!
%!2°

%!14°" d,

d! # d! $ !
%!2°

%!14°
d! . $4.1&

The horizontal scale is shown in the binding energy calcu-
lated by Eq. $3.2&. For convenience, they are shown in the
tabular form in Tables IV, V, and VI.
Qualities of the spectra discussed in the last section are

summarized in Table VII.

A. !
89Y

The *
89Y spectrum showed characteristic bump structures

which reflect the major shell structure of the * orbits
coupled to the 0g9/2

"1 neutron-hole state. The widths for the p,
d, and f orbits were significantly wider than expected from
the energy resolution of 1.65 MeV $FWHM& and became
wider for the * orbits with higher angular momenta; the
widths were obtained to be 2.4%0.2, 3.0%0.2, and 4.6
%0.5MeV for the p, d, and f orbits by fitting each major
bump with a single Gaussian. In particular, the widest bump
of the f orbit appears to split into two peaks. In the present
experiment, the energy resolution can be accurately esti-

FIG. 5. Hypernuclear mass spectra of *
89Y without $up& and with

$down& fitting curves described in the text. The quoted errors are
statistical.

SPECTROSCOPY OF MEDIUM-HEAVY * HYPERNUCLEI . . . PHYSICAL REVIEW C 64 044302

044302-7
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SKS spectrometer 

KEK 12-GeV Proton Synchrotron 
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33Backup: hyperon-nucleon interaction

hyperon-nucleon 
interaction ?

✓   -EFT  (NLO)�

J. Haidenbauer, S. Petschauer, N. Kaiser,  
U. -G. Meißner, A. Nogga, W. Weise, 

Nucl. Phys. A 915 (2013) 24–58

✓ one boson exchange model 
Nijmegen & Jülich
Th. A. Rijken, M. M. Nagels, Y. Yamamoto, 
Few-Body Syst. (2013) 54, 801

J. Haidenbauer, Ulf-G. Meißner, 
Phys. Rev. C 72, 044005 (2005)

✓ effective - mean field models

E. Hiyama,Y. Yamamoto, 
Prog. Theor. Phys. (2012) 128 (1) 105

H.-J. Schulze, E. Hiyama 
Phys. Rev. C 90, 047301 (2014) 

‣ cluster approach

‣ Skyrme-Hartree-Fock

A. A. Usmani, F. C. Khanna, J. Phys. G: Nucl. 
Part. Phys. 35 (2008) 025105

✓ phenom. pion exchange model 
Argonne-Urbana like

good for QMC
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✓ 2-body interaction: AV18 & Usmani
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Backup: hyperon-nucleon interaction
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✓ 3-body interaction: Urbana IX & Usmani

VMC calc.
no unique fit
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Backup: hyperon-nucleon interaction
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vCSB
�i = C⌧ T

2
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z
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v�ij = v2⇡,P�ij + v2⇡,S�ij + vD�ij

v�i = v0(r�i) +
1

4
v�T

2
⇡ (r�i)�� · �i

✓ 2-body interaction

✓ 3-body interaction

charge symmetric

charge symmetry breaking
(spin independent)

A. R. Bodmer, Q. N. Usmani, Phys.Rev.C 31, 1400 (1985)

use QMC to fit on 
hyp. exp. data
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Backup: hyperon-nucleon interaction
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v0(r) = vc(r)� v̄ T 2
⇡ (r)

vc(r) = Wc
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1 + e

r�r̄
a

⌘�1

v̄ = (vs + 3vt)/4 v� = vs � vt
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e�µ⇡r
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Z⇡(r) =
µ⇡r

3

h
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X�i = Y⇡(r�i)�� · �i + T⇡(r�i)S�i

S�i = 3 (�� · r̂�i) (�i · r̂�i)� �� · �i

Constant Value Unit

Wc 2137 MeV

r̄ 0.5 fm

a 0.2 fm

vs 6.33, 6.28 MeV

vt 6.09, 6.04 MeV

v̄ 6.15(5) MeV

v� 0.24 MeV

c 2.0 fm

�2

C⌧ -0.050(5) MeV

CP 0.5÷ 2.5 MeV

CS ' 1.5 MeV

WD 0.002÷ 0.058 MeV

Backup: hyperon-nucleon interaction



38Backup: strangeness in QMC calculations

ground 
state

⌧ ! 1

E =
h |H| i
h | i

⌧ ! 1
E0

projection

⌧ = it/~ imaginary time

✓ diffusion Monte Carlo

| (0)i = | T i =
1X

n=0

cn|'ni| (⌧)i = e�(H�E0)⌧ | (0)i

� @

@⌧
| (⌧)i = (H � E0)| (⌧)i
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1X
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✓ diffusion Monte Carlo

�
r, s

 
w

initial 
walkers

⌧ = Md⌧ d⌧ ⌧ 1imaginary time evolution:

propagatorfinal 
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diffusion in coordinate space

branching of configurations

✓ diffusion Monte Carlo

�
r0, s0

 
w

�
r, s

 
w

initial 
walkers

⌧ = Md⌧ d⌧ ⌧ 1imaginary time evolution:

propagatorfinal 
walkers

hSR| (⌧ + d⌧)i =
Z
dR0dS0hSR|e�(H�E0)d⌧ |R0S0ihS0R0| (⌧)i

propagator: H = T

+ V (r)

+ V (s) problem !!

1 ⌧ 1 M
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✓ auxiliary field

GFMC: A  12componentsmany 
body |Si : 2A
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✓ auxiliary field diffusion Monte Carlo
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✓ auxiliary field diffusion Monte Carlo 

‣ imaginary time projection 

‣ stochastic method error estimate:

exact ground state 

� ⇠ 1/
p
N

✓ extended wavefunction: nucleons + hyperons 

✓ new propagation: 
‣ hyperon diffusion 
‣ nucleon & hyperon spinor rotations
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fit on exp. valuesB⇤ = E
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✓ auxiliary field diffusion Monte Carlo 

‣ imaginary time projection 

‣ stochastic method error estimate:
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s.p. orbitals plane waves
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computing time

‣ 5000 configurations, 3 time steps: nucleus & hypernucleus 

‣ 10 nodes @ Edison (NERSC) 

‣ 2 socket 12-core Intel "Ivy Bridge" processor @ 2.4 GHz
240 processors
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/t
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16 MPI ranks per node

AFDMC scaling @ Mira (ANL)
32,768 configurations, 25 steps, 28 nucleons in a periodic box, ρ=0.16 fm

-3

~128000 
processors

S. Gandolfi, unpublished

system CPU time B⇤ error

41
⇤Ca -

40
Ca ⇠ 30 k hrs ⇠ 0.75 MeV

49
⇤Ca -

48
Ca ⇠ 55 k hrs ⇠ 0.75 MeV
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⇤Zr -

90
Zr ⇠ 350 k hrs ⇠ 0.75 MeV

209
⇤Pb -

208
Pb ⇠ 4.2M hrs ⇠ 0.75 MeV

AFDMC ⇠ A3 � ⇠ 1/
p
N

calculation accessible
B⇤ in all waves, A± 1
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Backup: strangeness in nuclei
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D. L., A. Lovato, S. Gandolfi, F. Pederiva, arXiv:1508.04722 (2015)
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D. L., S. Gandolfi, F. Pederiva, Phys. Rev. C 87, 041303(R) (2013)

B⇤=E(A�1Z)�E(A⇤Z)

RAPID COMMUNICATIONS

EFFECTS OF THE TWO-BODY AND THREE-BODY . . . PHYSICAL REVIEW C 87, 041303(R) (2013)

we label as v2π
"ij = vP

"ij + vS
"ij , and that corresponds to the

p-wave and s-wave two-pion exchange diagrams (respectively,
Figs. 1(c) and 1(d)), and a dispersive term that includes short-
range contributions, labeled as vD

"ij . They can be expressed as

vD
"ij = WDT 2

π (mπ r"i)T 2
π (mπ r"j )

[
1 + 1

6
σ" · (σ i + σ j )

]
,

vP
"ij = −

(
CP

6

)
(τ i · τ j ){Xi" , X"j } , (4)

vS
"ij = CSZ(mπ r"i)Z(mπ r"j )(σ i · r̂ i" σ j · r̂j")τ i · τ j .

The definition of the functions Xi" and Z(x) as well as the
range of parameters for the three-body force can be found
in [24] and references therein.

The ground-state energy of the many-body nuclear and
hypernuclear Hamiltonians is computed by means of the
AFDMC method. The algorithm was originally introduced by
Schmidt and Fantoni [35] in order to deal in an efficient way
with spin-dependent Hamiltonians. A trial wave function #T

is propagated in imaginary time τ by sampling configurations
of the system in coordinate-spin-isospin space. Expectation
values are computed averaging over the sampled configura-
tions. In the τ → ∞ limit, the evolved state approaches the
ground state of H and thus the ground-state properties of the
system can be obtained.

For a system with A nucleons, the quadratic operator
structure O2

n of the nuclear Hamiltonians leads to a number
of spin-isospin states in the propagated wave function which
grows exponentially with A. This number quickly becomes
intractable as A gets large. Standard Green’s function Monte
Carlo (GFMC) calculations are in fact limited to up to
12 nucleons [36] or 16 neutrons [17]. By applying the
Hubbard-Stratonovich transformation the computational cost
of the calculation becomes proportional to A3 and systems with
a larger number of particles can be studied [16]. The AFDMC
algorithm can be applied to nuclear systems interacting via the
Argonne V6-type potentials, for which the two-body force can
be separated into a spin-independent and a spin-dependent
part. The latter can be written as a sum of real matrices
which contain proper combinations of the components of
V6. By means of the diagonalization of such matrices it
is possible to write the imaginary-time propagator in the
Hubbard-Stratonovich form (see Refs. [16,37,38] for a detailed
discussion). However, a realistic three-body force cannot be
included in the propagator.

A straightforward variant of AFDMC can be applied to
"-hypernuclear systems, including the two-body [Eq. (3)]
and three-body [Eq. (4)] hyperon-nucleon interactions. It is
indeed possible to recast the "N and "NN interactions so
that they contain at most two-body operators. These terms can
directly be included in the AFDMC propagator. The rest of the
algorithm closely follows the nucleon-only version [16].

We assume that the wave function of a single " hy-
pernucleus is a nuclear Slater determinant (the same as in
Ref. [38]), multiplied by a single-particle wave function for the
" hyperon. For nucleon single-particle states we use the radial
solutions of the Hartree-Fock problem with the Skyrme force
and we consider a 1s1/2 single-particle state for the " particle.

TABLE I. "-separation energies (in MeV) for 5
"He and 17

" O
obtained using different nucleon potentials (AV4’, AV6’, Minnesota)
and different hyperon-nucleon interactions (two-body alone and
two-body plus three-body). In the last line the experimental B" for
5
"He is from Ref. [39]. Since no experimental data for 17

" O exist, the
reference separation energy is the semiempirical value reported in
Ref. [22].

NN potential 5
"He 17

" O

V"N V"N + V"NN V"N V"N + V"NN

Argonne V4’ 7.1(1) 5.1(1) 43(1) 19(1)
Argonne V6’ 6.3(1) 5.2(1) 34(1) 21(1)
Minnesota 7.4(1) 5.2(1) 50(1) 17(2)
Expt. 3.12(2) 13.0(4)

With the wave function defined we consider nucleons and
the hyperon as distinct particles. In this way, we do not include
the "N exchange term of the "N potential directly in the
AFDMC propagator, because it mixes hyperon and nucleon
states. A perturbative treatment of this factor is, however,
possible.

A direct comparison of energy calculations with experi-
mental results is given for the "-separation energy, defined as

B" = Bnuc − Bhyp, (5)

where Bnuc and Bhyp are, respectively, the total binding
energies of a nucleus with A nucleons and the corresponding
hypernucleus with A nucleons plus one ". The most
significant outcome of the calculation is the fact that the
inclusion of the three-body "NN interaction qualitatively
changes the saturation properties of the "-separation energy.
However, this result might depend on the particular choice
of the NN interaction used to describe both the nucleus and
the hypernucleus. In particular, one might expect a strong
influence from the different nucleon density generated by
disparate models. To discuss this possible dependence, we
performed calculations with different NN interactions having
very different saturation properties. The nuclear Hamiltonians
considered here are semirealistic and can be easily
implemented within the AFDMC scheme. We should point
out that in neither case did we use a three-nucleon interaction.

In Table I we show the results of the AFDMC simulations
for the "-separation energy in 5

"He and 17
" O. For each

hypernucleus, the two columns correspond to calculations
using the "N interaction only or both the "N + "NN force
of Ref. [24] with different NN interactions. As it can be seen,
for 5

"He the extrapolated values of B" with the two-body
"N interaction alone are about 10% off and well outside
statistical errors. In contrast the inclusion of the three-body
"NN force gives a similar " binding energy independently
of the choice of the NN force. On the grounds of this
observation, we feel confident that the use of AV4’, which
makes AFDMC calculations less expensive and more stable,
will in any case return realistic estimates of B" for larger
masses when including the "NN interaction. We checked
this assumption performing simulations in 17

" O, where the
discrepancy between the "-separation energy computed using
the different NN interactions and the full "N + "NN force

041303-3

nuclear effects cancel at mostIdea: ✓ 
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double      hypernuclei⇤

D. L., F. Pederiva, S. Gandolfi, Phys. Rev. C 89, 014314 (2014)

v�µ =
3X

k=1

⇣
v(k)0 + v(k)� �� · �µ

⌘
e�µ(k)r2�µ

E. Hiyama, et al., Phys. Rev. C 66, 024007 (2002)

System E B⇤(⇤) �B⇤⇤

4He -32.67(8) — —

5
⇤He -35.89(12) 3.22(14) —

6
⇤⇤He -40.6(3) 7.9(3) 1.5(4)

6
⇤⇤He Expt. 7.25± 0.19+0.18

�0.11 1.01± 0.20+0.18
�0.11
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4He

S. Gandolfi, A. Lovato, J. Carlson, K. E. Schmidt, Phys. Rev. C 90, 061306(R) (2014) 
F. Pederiva, F. Catalano, D. L., A. Lovato, S. Gandolfi, arXiv:1506.04042 (2015)

AV40 AV40+UIXc AV60 AV70 exp

4He -32.83(5) -26.63(3) -27.09(3) -25.7(2) -28.295
16O -180.1(4) -119.9(2) -115.6(3) -90.6(4) -127.619
40Ca -597(3) -382.9(6) -322(2) -209(1) -342.051
48Ca -645(3) -414.2(6) – – -416.001

Hamiltonian AFDMC GFMC

AV40 -32.83(5) -32.88(6)

AV40+UIXc -26.63(3) -26.82(8)

AV60 -27.09(3) -26.85(2)

AV70 -25.7(2) -26.2(1)

N2LO (R0 = 1.0 fm) -24.41(3) -24.56(1)

N2LO (R0 = 1.2 fm) -25.77(2) -25.75(1)
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A. A. Usmani, S. C. Pieper, Q. N. Usmani,  
Phys. Rev. C 51, 2347-2355 (1995)
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EHNM(⇢b, x⇤) =
h
EPNM((1� x⇤)⇢b) +mn

i
(1� x⇤)

+
h
E

F
⇤ (x⇤⇢b) +m⇤

i
x⇤ + f(⇢b, x⇤)

neutrons  
+  

lambdas

(
⇢n = (1� x⇤)⇢b

⇢⇤ = x⇤⇢b

8
<
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Problem2: finite size effects

Problem3: fitting procedure
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v�ij = v2⇡,P�ij + v2⇡,S�ij + vD�ij

✓ 3-body interaction

�3PT=0 + CT PT=1
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