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1.! Introduction and Motivation 



1.1  (Semi)-leptonic decays 

¥! Studying semileptonic decays: Mediated by W exchange in the SM  
Ð! Only V-A structure 
Ð! Lepton Universality 
Ð! Cabibbo Universality: 

 
 

¥! Indirect searches of new physics, several possible high-precision tests:  

 
 
 
 
 

 

¥! BSM effects :  
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1.1  (Semi)-leptonic decays 

¥! Studying semileptonic decays: Mediated by W exchange in the SM  
Ð! Only V-A structure 
Ð! Lepton Universality 
Ð! Cabibbo Universality: 

 
 

¥! Indirect searches of new physics, several possible high-precision tests:  

 
 
 
 

 

¥! Look for new physics by comparing different processes: helicity 
suppressed Kl2, helicity allowed Kl3 etc.. 
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2.! Lepton Universality: RK 



¥! Kl2 decays  
 
 
 
 
Only the axial current contributes in the SM 

¥! The branching ratio in the SM: see S. Descotes-GenonÕs talk 

 
 
 
 

Ð! Short distance effects (universal) 

Ð! Long distance effects  (universal) 

Ð! Structure dependent effects (process dependent) 

2.1  Kl2  decays 
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Radiative corrections for K ! e! , K ! µ! , " ! K !

[Marciano-Sirlin, Decker-Finkemeier, Cirigliano-Rosell]

B = B0" short # dist . ew corr " long # dist . ew corr " struct # dep.corr

Short. dist. expressing W exchanges in terms of GF [universal]
Long. dist. using a point-like meson [universal]
Struct. dep. probing the structure of the meson [process-dep.]
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¥! Kl2 decays  
 
 
 
 
 

¥! Define the RK ratio to reduce the theoretical uncertainties: most of the 
hadronic and radiative contributions cancel  

 
 
 
 
 

 
¥! Compatible with SM but experimental uncertainty one order of magnitude 

higher than theory         NA62 

 
 
 
 

 

2.2  RK 
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Experimental result: 

!"#$%&'(&)*"+,-.)$/0'12

  helicity suppression of RK might enhance 
  sensitivity to non-SM effects to an 
  experimentally accessible level.

RK
SM = (2.477 ±0.001)! 10Ð5

Phys. Rev. Lett. 99 (2007) 231801

!"#$%$&'()*++,"))$-./(012345

A precise measurement of the ratio of K -> l" l leptonic decays provides
an ideal test of SM and indirect search for New Physics.

Hadronic uncertainties cancel in the ratio Ke2/K µ2
SM prediction: excellent sub-permille accuracy

RK is sensitive to lepton flavour violation and its SM expectation:

1-3)-4*" '5%++"54%&'67"8'9:
3;"'$%'2<# " <"$'6=>:'#+%5",,?
@/'3"A&)4%&')&5.;3"3')&$%'12

[[ V.CiriglianoV.Cirigliano, , I.RosellI.Rosell JHEP 0710:005 (2007)] JHEP 0710:005 (2007)]

NA62-RK:
RK = (2.488 ± 0.007 stat  ± 0.007 syst) !  10 %5

RK = (2.488 ± 0.010) !  10%5
[Phys. Lett. B 719 (2013) 326]BC



2.3  Test of New Physics in RK 
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In the MSSM large tan!  scenario, the presence of LFV terms (charged Higgs
coupling) introduces extra contributions to the SM amplitude ~1% effect
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Masiero, Paradisi, PetronzioÕ06,Õ08 

¥! RK sensitive to lepton flavour violating effects, !R/R " O(1%)  
 
 

¥! 2HDM Ð tree level:         additional contribution  
due to charged Higgs, does not contribute to RK 

 
 

¥! Possibility to constrain LFV at one loop in  
MSSM 

 
 
 

¥! Update and extension by Girrbach & NiersteÕ12 

Ð!  LFV:   

Ð! Can become negative if interference with LFC effects: 
 

 
 
Ex :   

 
       

 
 
 
 

 

RK as probe of new physics effects
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¥! RK sensitive to lepton flavour violating effects, !R/R " O(1%)  
 
 

¥! If 0.05% effect on RK found at NA62 (blue constraint):  
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Figure 6: Regions with! r µ! e ! 0. 5% for ! 13
RR = 0.15 (darkblue), 0.25 (blue and darkblue), 0.5

(lightblue, blue, and darkblue). Overlaid in red: exluded by LEP H + searches; yellow dashed:
3" exclusion limit from Rµ23; green: 3" exclusion limit from B " #$ (left: using |Vub| =
(5. 04± 0. 64) á10! 3; right: using|Vub| = (3 . 41± 0. 15) á10! 3).

This kind of new physics dominantly affects the decay rate" (K " e$). A lepton-ßavour conserving
(LFC) mechanism changing" (K " e$e) may suppress or enhanceRK , while new lepton-ßavour
violating (LFV) decay modes such as" (K " e$! ) can only enhanceRK over its SM value. In this
paper we have studied! r µ! e # RK /R SM

K $ 1 in the MSSM, extending the analyses of Refs. [8,27].

The LFC contribution to! r µ! e is driven by the parameter combination! 13
LL ! 13

RR . In Ref. [12] it has
been found that upper bounds on|! 13

LL ! 13
RR | can be derived from naturalness considerations of the

electron mass and from the precise measurement of the anomalous magnetic moment of the electron.
(Coincidentally, these two quantities give very similar constraints.) In Sect. 2 we have found that
these bounds imply|! r µ! e

LFC | ! 0. 005and thereby challenge the large values for|! r µ! e
LFC | considered

in Ref. [8]. At the same time our result is fully compatible with the range for! r µ! e
LFC advocated in

Ref. [27]. The naturalness bound extends beyond the MSSM to alarger class of models, namely those
with the tree-level Higgs sector of a 2HDM of type II.

The LFV contribution to! r µ! e can be larger, because a non-zero parameter! 13
RR sufÞces to open

the decay channelK " e$! and ! 13
RR is only poorly constrained from other processes. We have

calculated! r µ! e
LFV in Sect. 3 and found that the proper inclusion of÷#L Ð÷#R mixing is essential. The

analytical expressions in Refs. [8,27] include the÷#L $ ÷#R ßip using the mass insertion approximation
instead of the exact diagonalisation of the stau mass matrix. The interesting region of parameter space
probed by NA62 corresponds to large values ofµ and a sizable stau mixing angle%! and in this region
the left (bino) diagram in Fig. 2 is dominant. The formulae derived by us are also valid beyond the
decoupling limitM SUSY " % , in which%! vanishes. In order to facilitate the combination of future
NA62 results with limits or measurements from high-pT experiments, we have expressed! r µ! e

LFV in
terms of the massm÷! l of the lightest stau eigenstate and the mixing angle%! . For example, for
tan & = 50, µ = 800 GeV, ! 13

RR = 0 . 5, a charged-Higgs mass ofM H = 500 GeV,m÷! l = 120 GeV,
a bino mass ofM 1 = 100 GeV and a right-handed selectron mass ofm÷eR = 200 GeV we Þnd a
maximal value of! r µ! e

LFV = 0 . 006corresponding to%! = 26" . In Eq. (30) we have derived an easy-

Girrbach & NiersteÕ12 



¥! RK sensitive to neutrino mixing parameters within SM extensions 
involving a fourth generation of quarks and leptons  

¥! RK sensitive to neutrino mixing parameters within SM extensions 
involving sterile neutrinos. Depends on on masses, hierarchy, and 
mixings of new neutrino states 

 

 
 

 
       

 
 
 
 

 

2.3  Test of New Physics in RK 

Emilie Passemar 11 

RK as probe of new physics effects

10

RK sensitive to lepton ßavor violating effects , �ö R/R !  O(1%)

RK sensitive to neutrino mixing parameters within SM extensions 
involving a fourth generation of quarks and leptons

RK
LFV ! RK

SM(1+ 0.013)

RK
LFV ! RK

SM(1" 0.032)

Dominant SUSY contribution: 
Charged Higgs exchange

A. Masiero, P. Paradisi, and R. Petronzio, 

Phys. Rev D 74, 011701(R) (2006)

Minimal SUSY extension of the SM (MSSM);
Parameter choice for this example:
tan �� =40, MH = 500 GeV, �ö 31

R = 5 ! 10-4 .

+ interference between 
SM and SUSY LFC terms

1! Ue4

2

1! Uµ 4

2
RK constrains fourth generation
of quarks and leptons

H. Lacker and A. Menzel, 
JHEP07, 006 (2010)

RK depends on masses, hierarchy, and mixings of 
new neutrino states

A. Abada, D. Das, A.M. Teixeira, A. 
Vicente, and C. Weiland, arXiv:
1211.3052v2 (2012)

RK sensitive to neutrino mixing parameters within SM extensions 
involving sterile neutrinos

Lacker & MenzelÕ10 

Abada et al.Õ12 



3.! CKM Unitarity  and Callan-Treiman relation 



¥! From kaon, pion, baryon and nuclear decays 
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�‡ From kaon, pion, baryon and nuclear decays 
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¥! From kaon, pion, baryon and nuclear decays 

 
 
 
 
 

¥! These are the golden modes to extract Vud and Vus 

! ! Only the vector current contributes 

! ! Normalization known in SU(2) [SU(3)] symmetry limit 

! ! Corrections start at 2nd order in SU(2) [SU(3)] breaking 
 
 

¥! Currently the most precise determination of Vud and Vus 
 

  Vud (0.02 %)  and Vus (0.5 %) 
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Ademollo & Gato, Berhands & Sirlin 

�‡ From kaon, pion, baryon and nuclear decays 
 
 
 
 

 
 
 
 
 

�‡ These are the golden modes to extract Vud and Vus 

�¾ Only the vector current contributes 
 

�¾ Normalization known in SU(2) [SU(3)] symmetry limit 
 

�¾ Corrections start at 2nd order in SU(2) [SU(3)] breaking 
 
 

�‡ Currently the most precise determination of Vud and Vus 
 

  Vud (0.02 %)  and Vus (0.5 %) 
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¥! From kaon, pion, baryon and nuclear decays 

 
 
 
 
 
 

¥! Kl2/# l2  
! ! Only the axial current contributes 

! ! Need to know the decay constants FK, F#  
      Lattice QCD 

! ! Probe different BSM operators than from the vector case 

 

¥! Input on FK/ F#           Vus/Vud  very precisely 
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�‡ From kaon, pion, baryon and nuclear decays 
 
 
 
 

 
 
 
 

�‡ Kl2/�Sl2  
�¾ Only the axial current contributes 

 

�¾ Need to know the decay constants FK, F�S 

      Lattice QCD 
 

�¾ Probe different BSM operators than from the vector case 
 
 

�‡ Input on FK/ F�S           Vus/Vud  very precisely 
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Vud 

 0+ �o  0+ 

�S�r �o  �S0e�Qe!
n�o  pe�Qe! �S �o  "!�Q"!  

Vus K �o  �S"�Q"! �/ �o  pe�Qe! K �o  "!�Q"!  



¥! From Kl2/# l2: 

 
 
 

 
         Inputs needed :  
     "  Experimental BRs from FlaviaNet kaon WG review Antonelli et al.Õ10 

    "  FK/ F#  Lattice calculations  

 

"  Electromagnetic and isospin breaking corrections 
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! K " µ# $%& '(( )
! ) " µ# $%& '(( )

=
m

K ±

m
) ±

1* mµ
2 m

K ±

2( )
1* mµ

2 m
) ±

2( )
f K

2

f)
2

Vus

2

Vud

2
1++EM( )
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MarcianoÕ04, Knecht et al.Õ99 
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FK

F!

= 1.192± 0.005

FLAGAû13 

Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Lattice evaluations of fK/f! !

36!

ETM 13F!
HPQCD 13A!
MILC 13A!
MILC 11!
ETM 10E!

RBC/UKQCD 12!
Laiho 11!
BMW 10!
JLQCD/TWQCD 10!
RBC/UKQCD 10A!
PACS-CS 09!
BMW 10!
JLQCD/TWQCD 09A!
MILC 09A!
MILC 09!
Aubin 08!
PACS-CS 08/A!
RBC/UKQCD 08!
HPQCD/UKQCD 07!
NPLQCD 06!
MILC 04!
!

ALPHA 13!
BGR 11!
ETM 10D!
ETM 09!
QCDSF/UKQCD 07!

1.14! 1.18! 1.22! 1.26!

Nf = 2!

Nf = 2+1+1!

Nf = 2+1!

FLAG Õ13!
1310.8555v2!

¥"More stability over time than for f+(0) !

¥"FLAG now quotes averages with 
correction for SU(2) breaking: fK±/f! ± !

Preliminary updates from Lattice Õ14:!

Nf  = !
2+1!

fK/f!  = 1.199(5)st(6)"(1)FV!

RBC/UKQCD:  DWF, m!  = 139 MeV!
Separate determinations of fK and f! !

Nf = !
2+1+1!

fK±/f! ± = 1.1956(10)st(+23
" 14)a2(10)FV(5)EM!

FNAL/MILC Õ14: HISQ, m!  = 135 MeV!
Update of MILC 13A in FLAG average!
Now in press: arXiv:1407.3772!
Note: SU(2)-breaking included in fK±/f! ±!

Nf  = 
2+1!

fK±/f! ± = 1.192(5)!
FLAG Õ13 average!

Nf = 
2+1+1!

fK±/f! ± = 1.1960(25)!
FNAL/MILC Õ14 with symmetrized error!

Use as reference values for this talk: !

SU(2) limit fK/f! !

¥! Corrections for IB taken into  
account in FLAG averages 

 
 
 
 

¥! Nf=2+1  

¥! Nf=2+1+1 

 

 
 
 

 
 

 
 
 
 

  

 
 

 

 

  

FK

F!

= 1.194± 0.005



¥! From Kl2/# l2: 
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! K " µ# $%& '(( )
! ) " µ# $%& '(( )

=
m

K ±

m
) ±

1* mµ
2 m

K ±

2( )
1* mµ

2 m
) ±

2( )
f K

2

f)
2

Vus

2

Vud

2
1++EM( )

Emilie Passemar 
Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

|Vus|(K!2) and |Vud|(0+ !  0+): Update!

37!

 Choice of fK±/f! ±! Vus/Vud ! CKM  = Vud
2[1 + (Vus/Vud)2] "  1 

Nf  = 2+1! 1.192(5)! 0.2315(10)! " 0.0001(6)! = " 0.2" !

Nf = 2+1+1! 1.1960(25)! 0.2308(6)! " 0.0004(5)  = " 0.9"  

|Vus/Vud| # fK±/f! ± = 0.2760(4) and |Vud| = 0.97417(21) !

K"2 data and lattice results for fK±/f! ± give rather better agreement 
with unitarity than K"3 data and  lattice results for f+(0) 

Question: !
Assuming |Vud|, |Vus/Vud| # fK±/f#±, and fK±/f#± all correct, is the 

problem with the K!3 data or lattice results for f+(0)?!

 What role for NA62? 

B(Kµ2)

! ±

f K /f " EM

1

B(Kµ2)

! ±

f K /f " EM

1

Moulson@CKM2014 



3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Experimental inputs from FlaviaNet review Antonelli et al.Õ10, 

 

        Update by M. Moulson at CKM2014 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 

! ! f+(0) : vector form factor at zero momentum transfer: 
Hadronic matrix element:  
 
 
 
 
 
 
 
In chiral limit               , calculation  of SU(3) breaking crucial 
 

         ChPT with resonances or lattice 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 

! ! f+(0) : vector form factor at zero momentum transfer  
       ChPT with resonances or lattice 

! ! IK : Phase space integral          need a parametrization for the normalized 
form factors to fit the experimental distributions          
Taylor expansion : 
 
 
 
 
         Dispersive parametrization 
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Dispersive representation for the form factors 

¥! Take the K! rescattering into account 

¥! Allow to determine the slope and curvature of the scalar form factor 

 
 
¥! Use the CT theorem for the scalar FF         Write a twice substracted 

dispersion relation for ln f(t) at t=0 and at the CT point for the scalar FF 
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CT point 

? 

2
0 ( )Kt m m!" #= $% &

Physical Region 

2 2
K Km m! !" #$ = %& '

Bernard, Oertel, E.P., SternÕ06, Ô09 



Dispersive representation for the form factors 

¥! Omn•s  representation:  

 

 
 
 

¥! Subtract dispersion relation to weaken the high energy contribution of the 
phase. Improve the convergence but sum rules to be satisfied.   
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!
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,
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K# scattering phase  

,0:  ( )ins s s! +"

,0 ,0( ) ( )ass s! ! " "+ += = ± ( ),0( ) 1/f s s+ !

[Brodsky&Lepage] 

&+,0 (s): phase of the form factor 

Bernard, Oertel, E.P., SternÕ06, Ô09 



Dispersive representation for the form factors 

¥! Scalar form factor: 

 
¥! Vector form factor:  
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this expression imply a large deviation from DashenÕs
limit, ( ! K 0 K + + ! ! + ! 0 )EM = ! 1.5! ! + ! 0 , which im-
plies Q = 20.7 ± 1.2 (Kastner and Neufeld, 2008). Such
a small value ofQ [compared to Q = 22.7 ± 0.8 given by
Leutwyler (1996)] was also supported by other studies
[Q = 22.0± 0.6 in Bijnens and Prades (1997) andQ " 20
in Amor«os et al. (2001)]. It should be noted, however,
that the rather large value Q = 23.2 was obtained from
an analysis of ! # 3" at two loops (Bijnens and Ghor-
bani, 2007a). On the other hand, the non-lattice deter-
minations of the second input parameter ms/ !m $ 24
have remained rather stable over the last years. Com-
bining Q = 20.7 ± 1.2 with ms/ !m = 24.7 ± 1.1, Kastner
and Neufeld (2008) found R = 33.5 ± 4.3 and Þnally
#K ± ! 0

SU(2) = 0 .058± 0.008.
It is worth stressing that the present precision of the

decay rates and of the radiative corrections permits also
an ÒexperimentalÓ determination of#K ± ! 0

SU(2) , which can be
used as a constraint on the quark mass ratioQ via the
formula (4.43). Combining recent K "3 data (Antonelli
et al., 2010b) with the expression

#K ± ! 0

SU(2) =
2" K +

! 3

" K 0
! 3

I K 0 "

I K + "

"
M K 0

M K +

# 5

! 1 !
$

#K + "
EM ! #K 0 "

EM

%
,

(4.46)
one obtains #K ± ! 0

SU(2) exp = 0 .054± 0.008, in perfect agree-
ment with the value obtained from quark mass ratios.

Alternatively, one may use the Nf = 2 + 1 lattice av-
erage (Colangeloet al., 2011) ms/ !m = 27.4 ± 0.4 being
considerably larger than the values obtained with non-
lattice methods. Combined with Q = 22.8 ± 1.2 from
the same data compilation, Eq. (4.43) yields#K ± ! 0

SU(2) =
0.048± 0.006, still consistent with the experimentally de-
termined result.

3. Form factors and phase space integrals

Calculation of the phase space integralsI K " requires
knowing the momentum dependence of the form factors.
The vector form factor f K !

+ (t) deÞned in Eq. (4.38) re-
presents the p-wave projection of the crossed-channel ma-
trix element %0|øs$µ u|K " &whereas the s-wave projection
is described by the scalar form factor

f 0(t) = f + (t) +
t

M 2
K ! M 2

!
f ! (t). (4.47)

It is convenient to normalize all the form factors to
f K 0 ! !

+ (0) (denoted f + (0) in the following). In terms
of the normalized form factors øf i (t) ' f i (t)/f + (0), the
phase space integrals read

I K " =
2
3

& t 0

m 2
!

dt
M 8

K

ø%3/ 2
"

1 +
m2

"

2t

# "
1 !

m2
"

2t

# 2

(
"

øf 2
+ (t) +

3m2
" ! 2

K !

(2t + m2
" )ø%

øf 2
0 (t)

#
, (4.48)

with ø%= ( t ! (M K + M ! )2)( t ! (M K ! M ! )2).
Traditionally, a polynomial parametrization has been

used for the form factors,

øf + ,0(t) = 1 + %"
+ ,0

t
M 2

! +

+
1
2

%""
+ ,0

"
t

M 2
! +

# 2

+ . . . , (4.49)

where %"
+ ,0 and %""

+ ,0 are the slope and curvature, re-
spectively. Fits to the experimental distributions of K "3
decays allow to extract the parameters%"

+ , %""
+ , and %"

0.
The resulting uncertainty on the phase space integrals is
at the level of 0.12% forI Ke and 0.30% forI Kµ (Antonelli
et al., 2010b). This a#ects the extraction of Vus at the
level of 0.06% (K e3) and 0.15% (K µ3).

Other form factor parametrizations have been pro-
posed, in which, by using physical inputs, speciÞc rela-
tions between the slope, the curvature and all the higher-
order terms of the Taylor expansion (4.49) are imposed.
This allows to reduce the correlations between the Þt-
ted slope parameters: only one parameter is Þtted for
each form factor. Explicit examples used to analyze data
include the pole parametrization, dispersive parametriza-
tions (Abouzaid et al., 2010; Bernardet al., 2006, 2009),
and the so-calledz-parametrization (Hill, 2006).

4. The K ! 3 scalar form factor

SM predictions for the slope parameter%"
0 of the scalar

form factor of K "3 decays were obtained by using di#er-
ent approaches. In the isospin limit, the combination
of a two-loop result in chiral perturbation theory (Bij-
nens and Talavera, 2003) with an updated estimate of
the relevant p6 low-energy couplings based on Cirigliano
et al. (2005) and Cirigliano et al. (2003b) gave the result
%"

0 = (13 .9+1 .3
! 0.4 ± 0.4)( 10! 3 (Kastner and Neufeld, 2008).

Dispersive methods were employed by several authors.4

Typical numbers for the resulting scalar slope parameter
are: %"

0 = (14 .7 ± 0.4) ( 10! 3, (Jamin et al., 2006), and
%"

0 = 13.71( 10! 3 (Bernard et al., 2011).
The low-energy theorem of Callan and Treiman

(Callan and Treiman, 1966; Dashen and Weinstein, 1969)
predicts the size of the scalarK "3 form factor at the (un-
physical) momentum transfer t = ! K ! ,

f 0(! K ! ) = FK /F ! + ! CT , (4.50)

with a correction term of O(mu , md, e2). In the isospin
limit ( mu = md, e = 0), and at Þrst non-leading order,
the tiny value ! CT = ! 3.5 ( 10! 3 was computed by
Gasser and Leutwyler (1985b). A discussion of higher-
order e#ects on this quantity can be found in Bijnens and

4 See for instance Jamin et al. (2002), Jamin et al. (2004), Jamin
et al. (2006), Bernard et al. (2006), Bernard and Passemar
(2008), Bernard et al. (2009), Bernard et al. (2011), Abbas et al.
(2010).



Dispersive representation for the form factors 
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Dispersive parameters for K!3 form-factors!

25!

! + !  103
 = 25.61 ±  0.41!

ln C = 0.2004(91)!

" (! +, ln C) = " 0.328!

#2/ndf! = 5.6/5 (34%)!

! + !  103!

ln
 C

 

KTeV! KLOE! ISTRA+! NA48!Ke3 + Kµ3 averages from!

For NA48, only Ke3 data included in 2010 Þt!

Integrals !

Mode! Quad-lin! Disp!

K0
e3 0.15457(20)! 0.15476(18)!

K+
e3 0.15894(21)! 0.15922(18)!

K0
µ3 0.10266(20)! 0.10253(16)!

K+
µ3 0.10564(20)! 0.10559(17)!

Maximum change 0.2% if same 
data used as for quad-lin Þts!

2010 Review!

2010 Þt!

1!  contours !

Moulson@CKM2014 



Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Dispersive parameters for K!3 form-factors!

27!

! + !  103
 = 25.75 ±  0.36!

ln C = 0.1985(70)!

" (! +, ln C) = " 0.202!

#2/ndf! = 5.9/7 (55%)!

! + !  103!

ln
 C

 

KTeV! KLOE! ISTRA+! NA48/2 Õ12 prel!

 For NA48, only Ke3 data included in Þts!

Integrals !

Mode! Update! 2010!

K0
e3 0.15481(14)! 0.15476(18)!

K+
e3 0.15927(14)! 0.15922(18)!

K0
µ3 0.10253(13)! 0.10253(16)!

K+
µ3 0.10558(14)! 0.10559(17)!

Only tiny changes in central values!

2010 Þt! Update !

Preliminary !
2014 update !

K!3 avgs from!

NB: NA48/2 does not provide ! + and ln C!!
Estimates from NA48/2 quad- lin  data plotted !

1!  contours !

Dispersive representation for the form factors 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 

! ! f+(0) : vector form factor at zero momentum transfer  
       ChPT with resonances or lattice 

! ! IK : Phase space integral         Dispersive parametrization for the FFs 

! !        : Long-distance electromagnetic corrections 
                                            "  ChPT to O(p2e2) 

 

                                                                                                   "  Fully inclusive prescription 
                                   for real photons 

          

                                                                                               "  Uncertainties: LECs (100%) 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 

! ! f+(0) : vector form factor at zero momentum transfer  
       ChPT with resonances or lattice 

! ! IK : Phase space integral         Dispersive parametrization for the FFs 

! !        : Long-distance electromagnetic corrections 
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3.2  Vus from Kl3 

¥! Master formula for K $  ! l%l: 

 
 
 
 

¥! Theoretical inputs : 
! ! Sew : Short distance electroweak correction 

! ! f+(0) : vector form factor at zero momentum transfer  
       ChPT with resonances or lattice 

! ! IK : Phase space integral         Dispersive parametrization for the FFs 

! !        : Long-distance electromagnetic correctionsI 

! !         :isospin breaking corrections   
 
 
    

    + IB in one loop graphs + CT 
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¥!                                 In ChPT at O(p4) : 

¥!  Or equivalently using R 

 
 
 
 
 

 
 
 
 

 
 

Isospin breaking corrections 
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This term can be related to the ! 0-" mixing [61, 49] At
leading order (O(p2)) [44]

#K + ! 0

SU(2) =
3
4

1
R

, with R =
ms ! öm
md ! mu

, (21)

while at NLO in the chiral expansion (O(p4)) [62]

#K + ! 0

SU(2) =
3
4

1
R

!
1 + $p4 + %M + O(m2

q)
"

, (22)

where $p4 " 0.219 is an O(p4) correction calculable in
ChPT [44]. %M is a correction (starting at O(mq)) to the
ratio m2

K /m 2
! :

m2
K

m2
!

=
1
2

#
1 +

ms

öm

$
(1 + %M ) =

Q2

R
(1 + %M ) , (23)

where Q2 = ( m2
s ! öm2)/ (m2

d ! m2
u ). Using Eq. (23),

Eq. (22) can be rewritten

#K + ! 0

SU(2) =
3
4

1
Q2

%
m2

K

m2
!

+
$p4

2

#
1 +

ms

öm

$&
, (24)

which shows how#K + ! 0

SU(2) is essentially determined by the
double ratio Q2 (the dependence onms/ öm is suppressed
by the smallness of$p4 ). One can extract Q2 from the
analysis of the decay" # 3! or from the kaon mass split-
ting. A recent analysis using the latter method gives [49]

Q = 20.7 ± 1.2, (25)

and thus (using ms/ öm = 24.7 ± 1.1 and including
O(e2p2, p2) corrections [61] to Eq. (24))

#K + ! 0

SU(2) = 0 .029± 0.004. (26)

This is based on an evaluation of the low-energy electro-
magnetic couplings [59] leading to a large deviation of
DashenÕs limit [63]. Note that previous analyses of" # 3!
decays [64] give higher results forQ, and hence central val-
ues for#K + ! 0

SU(2) below the lower edge of the range of values
quoted in Eq. (26). New analyses of this decay based on
recent data [65] are in progress [66, 67] and should shed
light on this issue.

As a Þnal note, the precision reached in the measure-
ment of the K "3 decay rates and in the determination of
the corrections#K "

EM allow #K + ! 0

SU(2) to be determined directly
from data, as discussed in Sect. 4.2. By means of Eqs. (22)
and (24), the empirical determination of #K + ! 0

SU(2) can then
be used to derive interesting constraints on the quark mass
ratios.

2.2.4 Parameterization of the form factors

The last ingredient for the determination of |Vus | from
Eq. (9) is the calculation of the phase space integrals,I K "

I K " =
' t max

m 2
!

dt
1

m8
K

&3/ 2
(

1 +
m2

"

2t

) (
1 !

m2
"

2t

) 2

$
(

øf 2
+ (t) +

3m2
" %2

K !

(2t + m2
" )&

øf 2
0 (t)

)
,

(27)

with %K ! = m2
K ! m2

! , & = [ t ! (mK + m! )2][t ! (mK !
m! )2], and tmax = ( mK ! m! )2. In order to calculate the
integrals, knowledge is required of the normalized vector
and scalar form factors deÞned in Eq. (12). The form fac-
tors can be determined from Þts to the measured distri-
butions of the K "3 decays int or some equivalent variable
using a given parameterization for the form factors.

Among the di! erent parameterizations proposed in the
literature, one can distinguish two classes [68]. Parameteri-
zations based on a systematic mathematical expansion are
to date the most widely used. In this class (Class II by the
nomenclature of Ref. 68), one Þnds the Taylor expansion

øf Taylor
+ ,0 (t) = 1 + &!

+ ,0
t

m2
! ±

+
1
2

&!!
+ ,0

(
t

m2
! ±

) 2

+
1
6

&!!!
+ ,0

(
t

m2
! ±

) 3

+ á á á,

(28)

where &!
+ ,0 and &!!

+ ,0 are the slope and the curvature of
the form factors, respectively. Another Class-II parame-
terization is the so-calledz-parameterization of Ref. 69.

In Class-II parameterizations, the parameters describ-
ing the higher order terms of the form factor expansion
are free to be determined from data. In practice, this addi-
tional freedom greatly complicates the use of such param-
eterizations. As noted in Ref. 70, if a quadratic parameter-
ization is used for both the vector and scalar terms, Þts to
experimental data will provide no sensitivity to &!!

0 because
of the strong parameter correlations, especially between
&!

0 and &!!
0 . For this reason, existing power-series Þts use a

parameterization in &!
+ , &!!

+ , and &0 (see Eq. (28)). It has
been shown in Ref. 71 that in order to describe the form
factor shapes accurately in the physical region, one has to
go at least up to the second order in the Taylor expansion.
This is quantiÞed in Ref. 70: if the sameK µ3 spectrum is
Þtted using both the linear (&0) and quadratic (&!

0, &!!
0 )

parameterizations, one typically Þnds&0 " &!
0 + 3 &!!

0 . Ig-
noring the quadratic term increases the phase space inte-
gral by about 0.15%. In addition, as discussed below and
in Sect. 3.5.3, for tests of low-energy dynamics involving
the Callan-Treiman theorem, øf 0(t) must be extrapolated
to t = %K ! % m2

K ! m2
! , which is well above the endpoint

of the physical region int for K µ3 decays. A parameteriza-
tion that accounts for even higher-order terms is therefore
desirable.

The parameterizations belonging to Class I circumvent
these problems by incorporating additional physical con-
straints to reduce the number of independent parameters.
A typical example is the pole parameterization

øf pole
+ ,0 (t) =

M 2
V,S

M 2
V,S ! t

, (29)

where the dominance of a single resonance is assumed, and
the corresponding pole massM V,S is the only free param-
eter. While for the vector form factor, a pole parameter-
ization with the dominance of the K " (892) (M V & 892
MeV) is in good agreement with the data, for the scalar
form factor, there is no such obvious dominance.

  
R !

ms " öm

md " mu



 
¥!                                 In ChPT at O(p4) :"

 
 
 
 
 

 
 
 
 

 
 

Isospin breaking corrections 

32 Emilie Passemar 

Gasser & LeutwylerÕ85 
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! SU(2)

K" = (2.36± 0.22)%

Q on the higher side 

Inputs from H. LeutwylerÕ96 
                     M. Walker 

Q on the lower side 

  
! SU(2)

K" = (2.9± 0.4)%

Inputs from DashenÕs corrections 
Anantharayan&MoussalamÕ04 
                     

Knecht et al.Õ99, Kastner&NeufeldÕ08 
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Example 1: Q

20 21 22 23 24

Q

! PT O(p4) (Gasser,Leutwyler)

" ! 3#

! PT O(p6) (Bijnens,Ghorbani)

dispersive (Anisovich et al.)

dispersive (Kambor et al.)

dispersive (Kampf et al.)

dispersive (Colangelo et al.prel.)

JPAC

Weinberg Õ77

kaon mass splitting

Kastner,Neufeld

lattice (FLAG 2015)

1



Q and LeutwylerÕs Ellipse 
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 H. Leutwyler 



¥! Other way round: use the difference between K+ and K0           Q 

"
¥!            driven by the value of Q 
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Vus from K!  " l#  decays 

¥ Predict  $ SU(2) from quark mass ratios 

¥ Extract $ SU(2) from data + EM corr: constraint on quark masses

(2.7  ±  0.4) %

 ~ 0.15% from TH 

$ SU(2)   =  (2.36 ±  0.22) %      !        (2.9  ±  0.4) %

A. Kastner, H. Neufeld, 2008
used in Flavianet fit  

Based on input from 
H. Leutwyler  1996

  
! SU(2)

K"



"
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Example 1: Q

20 21 22 23 24

Q

! PT O(p4) (Gasser,Leutwyler)

" ! 3#

! PT O(p6) (Bijnens,Ghorbani)

dispersive (Anisovich et al.)

dispersive (Kambor et al.)

dispersive (Kampf et al.)

dispersive (Colangelo et al.prel.)

JPAC

Weinberg Õ77

kaon mass splitting

Kastner,Neufeld

Flavianet kaon WG

K l3

lattice (FLAG 2015)

1



¥! Other way round: use the difference between K+ and K0           Q 

"
¥!            driven by the value of Q 

¥! At the moment the uncertainties are large          need improvement 

Ð! On the theory side: we use only one loop ChPT in FlaviaNet Kaon WGÕ10 
          need to assess chiral higher order corrections, see talk by J. Bijnens 

 
 

Ð! On the experimental side: reduce the uncertainties          NA62 
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Vus from K!  " l#  decays 

¥ Predict  $ SU(2) from quark mass ratios 

¥ Extract $ SU(2) from data + EM corr: constraint on quark masses

(2.7  ±  0.4) %

 ~ 0.15% from TH 

$ SU(2)   =  (2.36 ±  0.22) %      !        (2.9  ±  0.4) %

A. Kastner, H. Neufeld, 2008
used in Flavianet fit  

Based on input from 
H. Leutwyler  1996

  
! SU(2)

K"

Bijnens&GhorbaniÕ07 
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|Vus| f+(0) from world data: 2010!

30!

Average: |Vus| f+(0) = 0.2163(5)      ! 2/ndf  = 0.77/4 (94%)!

% err ! BR! " !  Int !

KLe3! 0.2163(6)! 0.26! 0.09! 0.20! 0.11! 0.06!

KLµ3 0.2166(6)! 0.29! 0.15! 0.18! 0.11! 0.08!

KSe3 0.2155(13)! 0.61! 0.60! 0.03! 0.11! 0.06!

K± e3! 0.2160(11)! 0.52! 0.31! 0.09! 0.40! 0.06!

K± µ3! 0.2158(14)! 0.63! 0.47! 0.08! 0.39! 0.08!

Approx. contrib. to % err from:!|Vus| f+(0) 

Moulson@CKM2014 
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38 Emilie Passemar Experimental determination of Vus from kaon decays – M. Moulson (Frascati) – CKM 2014, Vienna, 8 September 2014!

|Vus| f+(0) from world data: Update!

31!

% err! BR! !  !  Int!

KLe3! 0.2163(6)! 0.26! 0.09! 0.20! 0.11! 0.05!

KLµ3 0.2166(6)! 0.28! 0.15! 0.18! 0.11! 0.06!

KSe3 0.2155(13)! 0.61! 0.60! 0.02! 0.11! 0.05!

K± e3! 0.2172(8)! 0.36! 0.27! 0.06! 0.23! 0.05!

K± µ3! 0.2170(11)! 0.51! 0.45! 0.06! 0.23! 0.06!

Approx. contrib. to % err from:!|Vus| f+(0) 

Average: |Vus| f+(0) = 0.2165(4)      " 2/ndf = 1.61/4 (81%)!

Moulson@CKM2014 
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Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Evaluations of f+(0) 

32!

¥"ChPT evaluations generally higher than  
lattice  evaluations!

¥"As lattice calculations improve  (Nf > 2, 
smaller pion masses, better systematics) 
results for f+(0) seem to increase !

ChPT, etc. !

Nf = 2!

Nf = 2+1+1!

RBC/UKQCD 13!
FNAL/MILC 12!

JLQCD 12!
JLQCD 11!

RBC/UKQCD 10!
RBC/UKQCD 07!

ETM 10D!
ETM 09A!

QCDSF 07!
RBC 06!

JLQCD 05!
JLQCD 05!

0.94! 0.96! 0.98! 1.00!

Kastner 08!
Cirigliano 05!
Jamin 04!
Bijnens 03!
L&R 84!

Nf = 2+1!

FNAL/MILC 13!FLAG Õ13!
1310.8555v2!

Preliminary updates from Lattice Õ14:!

Nf  = 2+1! f+(0) = 0.9727(25)st, 0.9701(22)st !
RBC/UKQCD:  DWF, m!  = 139 MeV,!
2 different lattice sizes!

Nf = 2+1+1 ! f+(0) = 0.9683(50)st(42)!  
ETMC: TwMF, m!  = 210 MeV!

Nf  = 2+1! f+(0) = 0.9661(32)!
FLAG uncorrelated average of:!
RBC/UKQCD Õ13: DWF, m!  = 170 MeV!
FNAL/MILC Õ12: HISQ, m!  ~ 300 MeV!

Nf = 2+1+1! f+(0) = 0.9704(32)!
FNAL/MILC Õ13: HISQ, m!  = 135 MeV!
Now published: PRL 112!

Use as reference values for this talk: !

Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

|Vus|(K!3) and |Vud|(0+ !  0+): Update!

34!

Hardy & Towner Õ14 preliminary !
|Vud| = 0.97417(21)!

¥"24 new measurements!

¥"Critical review of IB correction 
schemes as per PRC 82 (2010)!

¥"Rejection of results with IB corrections 
giving results in conßict with CVC!

Vud vs analysis year !
Courtesy of J. Hardy!

0.975!

0.974!

0.973!

1990! 2000! 2010!

 Choice of f+(0)! Vus ! CKM  = Vud
2 + Vus

2 "  1 

Nf  = 2+1! 0.9661(32)! 0.2241(9)! " 0.0008(6)! = #1.4" !

Nf = 2+1+1! 0.9704(32)! 0.2232(9)! " 0.0012(6)  = #2.1"  

|Vus| f+(0) = 0.2165(4) and |Vud| = 0.97417(21) !

Previously excellent consistency with unitarity no longer observed !

Moulson@CKM2014 
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Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Vus and CKM unitarity: All data!

39!

Nf = 2+1: Fit to results for |Vud|, |Vus|, |Vus|/|Vud|!
 f+(0) = 0.9661(32),  fK/f!  = 1.192(5) !

Fit results, no constraint!

Vud = 0.97416(21)!
Vus = 0.2248(7)!

! 2/ndf = 1.16/1 (28.1%)!

! CKM  = −0.0005(5)!
" 1.0" !

Fit results, unitarity constraint!

Vud = 0.97432(12)!
Vus = 0.2251(5)!

" 2/ndf = 2.06/2 (36%)!

Vus!

Þt!
Þt with 
unitarity!

unitarity!

Vud 

Vus 

Vud 

|Vud| = 0.97417(21)!
|Vus| = 0.2241(9)!

|Vus|/|Vud| = 0.2315(10)!
1# contours!

Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Vus and CKM unitarity: All data!

39!

Nf = 2+1: Fit to results for |Vud|, |Vus|, |Vus|/|Vud|!
 f+(0) = 0.9661(32),  fK/f!  = 1.192(5) !

Fit results, no constraint !

Vud = 0.97416(21)!

Vus = 0.2248(7)!
! 2/ndf = 1.16/1 (28.1%)!

! CKM  = " 0.0005(5)!

" 1.0" !

Fit results, unitarity constraint!

Vud = 0.97432(12)!

Vus = 0.2251(5)!
"2/ndf  = 2.06/2 (36%)!

Vus!

Þt!
Þt with 
unitarity!

unitarity!

Vud 

Vus 

Vud 

|Vud| = 0.97417(21)!
|Vus| = 0.2241(9)!

|Vus|/|Vud| = 0.2315(10)!
1# contours !

Moulson@CKM2014 

See also talk by  
S. Descotes-Genon  
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L = L SM +

C (5)

!
O(5) +

Ci
(6)

! 2 Oi

(6)

i
" + ...

¥! Effective Theory approach:  

¥! ! CKM a constraining quantity:           S. JaegerÕs talk 

 

 see talk by J. Camelich 
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¥! ! CKM a constraining quantity:           S. JaegerÕs talk  

Operator O
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K
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!
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"

ø"
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!
!

0
"

ø"
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L

!
!
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#+

#!
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!
#+

#!

K
+

!
#+

"

P
T
(K

+
!

!
0
µ

+
")

!
C

K
M

$" /
$

$ K in MSSM?
O(1)

lq ( øDL %µSL )( øLL %µLL ) ! ! ! hs " " " " " !

O(3)
lq ( øDL %µ&i SL )( øLL %µ&i LL ) ! ! ! hs hs ! ! " " !

Oqe ( øDL %µSL )(ølR%µlR) " " ! hs " " " " " small

Old ( ødR%µsR)( øLL %µLL ) ! ! ! hs " " " " " small

Oed ( ødR%µsR)(ølR%µlR) " " ! hs " " " " " small

O†
lq (øuRSL ) á(ølRLL ) " " " " ! ! ! " " tiny (?) (PQ ?)

(Ot
lq)† (øuR&µ! SL ) á(ølR&µ! LL ) " " " " " ? ? " " tiny (?)

Oqde ( ødRSL )( øLL lR) " " ! ! " " " " " tiny (?) (PQ ?)

O†
qde ( øDL sR)(ølRLL ) " " ! ! ! ! ! " " yes? large tan' ?

O(1)
" q ( øDL %µSL )(H †DµH ) ! ! ! hs " " " ! (! ) !

O(3)
" q ( øDL %µ&i SL )(H †Dµ&i H ) ! ! ! hs hs ! ! ! (! ) !

O" d ( ødR%µsR)(H †DµH ) ! ! ! hs " " " ! (! ) large tan' (non-MFV)

2

Other rare modes and their correlations
from: SJ, talk at
NA62 Handbook workshop
2009

Monday, 18 January 16



Very precisely known  
from Br(Kl2/Sl2), *(Ke3) and      

�¾ Callan-Treiman (CT) theorem : 
 

 
 

 
 
 
 
 
 

– In the Standard Model : 
 

– In presence of new physics, new couplings : 
 

 

!"!###$%&'#()#*%+#,-.&/0&#1#2344356$7%/835#'-%(7%8#

6 

0

V 1( ) V  
(0) V (0) V

us
K udK

K CT CTud us

FFC f
F f F

r
fS

S S� �

 '  � '  � '

udV

2 2
Km mS�

1r  � �ln 0.2141(73)SMC  

1r z

Bernard, Oertel, E.P., Stern’06 
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¥! Callan-Treiman theorem:  

 
 
 
 

¥! In the Standard Model :  
 
 

¥! In presence of new physics, new couplings :  

 

Experiment  Ke3+K!3 ln C 

NA48Õ07 (K!3  alone )  0.144(14) 

KLOEÕ08 0.204(25) 

KTeVÕ10 0.192(12) 

NA48 (preliminary ) ? 

Bernard, Oertel, E.P., SternÕ06, Ô08 

  
Bexp = 1.2446(41)

1r = ( )ln 0.2141(73)SMC =

1r !

3( 3.5 8).10CT
!" = ! ±

NLO value + large  
error bars in  
agreement with  

Bijnens&GhorbaniÕ07 
Kastner & NeufeldÕ08 
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¥! Ex: Constraints on the aligned 2-Higgs-doublet model:  

 
 

 

 

Constraints on the aligned 2-Higgs-doublet model:
(95% CL, Jung-Pich-Tuz«on)

L Y = !
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Kaon Physics A. Pich Ð Prague, HQL 2012 11

Constraints on the aligned 2-Higgs-doublet model:
(95% CL, Jung-Pich-Tuz«on)
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f i t t e r

package
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Kaon Physics A. Pich Ð Prague, HQL 2012 11

Jung, Pich, TuzonÕ10 

Pich@HQLÕ12 

Update: Courtesy of M. Jung Experimental determination of Vus from kaon decays Ð M. Moulson (Frascati) Ð CKM 2014, Vienna, 8 September 2014!

Vus, CKM unitarity, gauge universality !

2!

Standard-model coupling of quarks and leptons to W:!

Single gauge 
coupling!

Unitary 
matrix!

+! !!!!

s,d !  

" u 

W+ 

s,d !  

" u 

H+ 

s,d !  

" u 

W+ 

Z# 

Physics beyond the Standard Model can break gauge universality: !

Universality: Is GF from µ decay equal to GF from ! , K, nuclear "  decay? !

Most precise test of CKM unitarity!
"  2#10$5!

?!
=!



4.! T violation in semileptonic kaon decays 



¥! Study of direct CP violation  
possibly due to non-standard  
mechanisms, with the help of  
T-odd correlation variables  

¥! Violates T in the absence of FSI  
 
 

¥! Case of KL$  ! + #- %l : FSI large 
 
 
 
 

¥! Case of K+$  ! 0#+%l : FSI does not exceed 10'5 

 

                      good probe of T violating effect 

       

 
 

 
 
¥! In the Standard Model   

¥! In presence of new physics, new couplings :  

 

4.1  T-odd polarization asymmetry in Kmu3 decays 

46 

T-odd polarization asymmetry in K +
µ3  decay

6

! µ

µ+

K +

! 0

PT

K+ decay in its rest frame

Most stringent upper bound set 
by KEK-E246 collaboration:

|PT| < 0.0050 at 90% C.L.

M. Abe et al., Phys. Rev. Lett. 83, 4253 (1999); M. Abe et al., Phys. Rev. Lett. 93, 131601 (2004); M. Abe et al., Phys. Rev. D 73, 072005 (2006)

! + " #0µ+$µ

 

PT =
!
! µ "(

!
p# $

!
pµ )

!
p# $

!
pµ

study of direct CP violation, 
possibly due to non-standard 

mechanisms, with the help of 
T-odd correlation variables

T-odd polarization asymmetry in K +
µ3  decay

6

! µ

µ+

K +

! 0

PT

K+ decay in its rest frame

Most stringent upper bound set 
by KEK-E246 collaboration:

|PT| < 0.0050 at 90% C.L.

M. Abe et al., Phys. Rev. Lett. 83, 4253 (1999); M. Abe et al., Phys. Rev. Lett. 93, 131601 (2004); M. Abe et al., Phys. Rev. D 73, 072005 (2006)

! + " #0µ+$µ

 

PT =

! µ "(


p# $


pµ )


p# $


pµ

study of direct CP violation, 
possibly due to non-standard 

mechanisms, with the help of 
T-odd correlation variables

Strauch@Kaon2013 

DÕAmbrosio & IsidoriÕ98 

16

7. T violation in K µ 3 decays

The transverse muon polarization in K µ3 decays

PT =
~sµ · (~p! ⇥ ~pµ )

|~p! ⇥ ~pµ | (4.60)

violates T in the absence of Þnal-state interactions (FSI)
(DÕAmbrosio and Isidori, 1998). In the case ofK L !
⇡�µ+⌫, with two charged particles in the Þnal state, the
electromagnetic interaction generateshPT iFSI ⇠ 10�3

(Okun and Khriplovich, 1968). In K ±

µ3 decays, this e↵ect
does not exceed 10�5 (Efrosinin et al., 2000; Zhitnitsky,
1980) and T-violating e↵ects could be important.

The SM CP-violating contribution to PT is very small
⇠ 10�7 (Bigi and Sanda, 2000; Cheng, 1983). Therefore,
the measurement of the transverse polarization of muons
in K ±

µ3 is regarded as a sensitive probe for physics beyond
the SM (Kohl, 2010; Paton et al., 2006).

The present experimental value (Abeet al., 2006)

PT = �0.0017± 0.0023stat ± 0.0011syst (4.61)

is consistent with no T violation and corresponds to the
limit |PT | < 0.0050 (90%C.L.). The sensitivity of TREK
(Kohl, 2010; Paton et al., 2006) will be able to improve
this current upper limit by at least a factor 20.

D. K `3�

The radiative K "3# decays (̀ = e, µ)

K +(p) ! ⇡0(p0)`+(p" )⌫" (p$)�(q),

K 0(p) ! ⇡�(p0)`+(p" )⌫" (p$)�(q) (4.62)

allow us to perform quantitative tests of CHPT, thanks to
theoretical developments over the past couple of decades
as well as recent and ongoing high-statistics experimental
studies. The decay amplitude can be written as [we focus
for deÞniteness onK 0

e3# , the generalization is straightfor-
ward and can be found in Bijnenset al. (1993)]:

T(K 0
e3# ) =

GFp
2

eV⇤

us ✏µ (q)⇤ (4.63)

⇥
h

(Vµ$ � Aµ$) øu(p$)�$ (1 � �5)v(pe)

+
F$

2pe · q
øu(p$)�$ (1 � �5)

⇣
me � /pe

� /q
⌘
�µ v(pe)

i
,

where the Þrst and second terms correspond to diagrams
a) and b), respectively, in Fig. 4. The hadronic matrix
elements are deÞned by (J = V, A)

Jµ$ = i
Z

dx eiqx h⇡�(p0)|T(V em
µ (x)Jw

$ (0)) |K 0(p)i,
Fµ = h⇡�(p0)|Vw

µ (x)|K 0(p)i, (4.64)

with the weak and electromagnetic currents deÞned in
Eq. (4.23). The Ward identities qµ Vµ$ = F$ and
qµ Aµ$ = 0 guarantee the gauge invariance of the total
amplitude.

K0

⇡�

�

W
e+

⌫e

a) b)

FIG. 4 Diagrams describing the K 0
`3� amplitude.

The total amplitude can be decomposed into an Òinner-
bremsstrahlungÓ (IB) and a Òstructure-dependentÓ (SD)
part, both gauge invariant. IB captures the infrared sin-
gularities according to the Low (1958) theorem and the
SD part contains terms of O(q) and higher. In Gasser
et al. (2005) this decomposition was performed in such a
way as to guarantee that the SD amplitude is regular in
the Mandelstam plane, except for the branch points re-
quired by unitarity. In this treatment the tensor Vµ$ has
an IB component calculable in terms ofK "3 form factors
f
±

and a purely SD component, while the tensorAµ$ is
purely SD. The SD amplitudes can be parametrized in
terms of eight structure functions Vi , Ai (i = 1 , . . . , 4).
DeÞning W = p� p0 � q, one has (Gasseret al., 2005):

ASD
µ$ = i ✏µ$%&(A1 p0%q& + A2 q%W &)

+ i ✏µ '%& p0' q%W & (A3 W$ + A4 p0$ ) , (4.65)

V SD
µ$ = V1

�
p0µ q$ � gµ$p0 · q

�
+ V2 (Wµ q$ � gµ$W · q)

+ V3

�
q · W p0µ W$ � p0 · qWµ W$

�

+ V4

�
q · W p0µ p0$ � p0 · qWµ p0$

�
. (4.66)

Early theoretical calculations of K "3# were based on
LowÕs theorem and current algebra (Fearinget al., 1970).
Modern calculations (Bijnens et al., 1993; Gasseret al.,
2005; Holstein, 1990; Kubiset al., 2007) have been per-
formed within CHPT, which provides a natural frame-
work to systematically expand the hadronic amplitudes
Fµ , Aµ$ , and Vµ$ . The chiral expansion forVµ$ contains
both IB and SD terms and starts at O(p2). Aµ$ starts
at O(p4), with the leading contribution generated by the
WZW functional (Wess and Zumino, 1971; Witten, 1983)
accounting for the chiral anomaly.

The Þrst complete analysis toO(p4) was performed by
Bijnens et al. (1993) who calculated the branching ratios
for all K "3# modes for given cuts in the photon energy
and in the photon-electron opening angle in the kaon rest
frame: E ⇤

# > E cut
# , ✓⇤e# > ✓cute# . Recently, the CHPT anal-

ysis was revisited and extended toO(p6) for K 0
e3# (Gasser

et al., 2005) andK ±

e3# decays (Kubiset al., 2007), which
represent the theoretical state of the art. To O(p4) the
axial form factors Ai are constant, while the vector form

−µ

γ

ν

K

+π

0

Figure 1: Final-state electromagnetic interaction producing P em
T in the decay K0 → π+µ! ν̄.

Crosses mark on-mass-shell particles.

Here GF is the Fermi constant; Vus is the element of the Cabibbo-Kobayashi-Maskawa matrix;
f+(t) and f! (t) are form factors, pK , pπ, pµ, and pν are the momenta of the kaon, pion, muon,
and antineutrino, respectively; t = (pK − pπ)2 is the momentum transfer squared to the lepton
pair. Our convention for γ5 is

γ5 =

(

0 −I
−I 0

)

. (2)

Expression (1) can be conveniently rewritten as

M = −
GF√

2
Vus

√
2 f+(t)ū(pµ)(p̂K + χp̂µ)(1 + γ5)v(pν), (3)

where

χ =
1

2
(ξ − 1), ξ =

f!

f+
= −0.35 ± 0.15 [7]. (4)

The standard parameterization is

f+(t) = f+(0)

(

1 + λ
t

m2
π

)

, λ = 0.0286 ± 0.0022 [7]. (5)

Experimental data are compatible with a constant, i.e., t-independent, f! .
The covariant, 4-dimensional form of the transverse polarization vector is

PTα = −2Im χmµεαβγδpµβpνγpkδ/! , (6)

ε0123 = 1, ! = 2(pµpK)(pνpK) − m2
K(pµpν) + 2χm2

µ(pνpK) + |χ|2m2
µ(pµpν).
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T-odd polarization asymmetry in K +
µ3  decay
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#!

K
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!
#+

"

P
T
(K

+
!

!
0
µ

+
")

!
C

K
M

$" /
$

$ K in MSSM?
O(1)

lq ( øDL %µSL )( øLL %µLL ) ! ! ! hs " " " " " !

O(3)
lq ( øDL %µ&i SL )( øLL %µ&i LL ) ! ! ! hs hs ! ! " " !

Oqe ( øDL %µSL )(ølR%µlR) " " ! hs " " " " " small

Old ( ødR%µsR)( øLL %µLL ) ! ! ! hs " " " " " small

Oed ( ødR%µsR)(ølR%µlR) " " ! hs " " " " " small

O†
lq (øuRSL ) á(ølRLL ) " " " " ! ! ! " " tiny (?) (PQ ?)

(Ot
lq)† (øuR&µ! SL ) á(ølR&µ! LL ) " " " " " ? ? " " tiny (?)

Oqde ( ødRSL )( øLL lR) " " ! ! " " " " " tiny (?) (PQ ?)

O†
qde ( øDL sR)(ølRLL ) " " ! ! ! ! ! " " yes? large tan' ?

O(1)
" q ( øDL %µSL )(H †DµH ) ! ! ! hs " " " ! (! ) !

O(3)
" q ( øDL %µ&i SL )(H †Dµ&i H ) ! ! ! hs hs ! ! ! (! ) !

O" d ( ødR%µsR)(H †DµH ) ! ! ! hs " " " ! (! ) large tan' (non-MFV)
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The unpolarized di! erential decay rate ofK ! 4 decays can generally be written as

d" = G2
F |Vus|2N (s" , sl ) J5(s" , sl , ! " , ! l , " )ds" dsld(cos! " )d(cos! l )d" , (13)

where the Þve independent kinematical variables are deÞnedas in [8] and all the dynamical
information is encoded inJ5. Furthermore, from the experimental point of view it is
convenient to decomposeJ5 as [14]

J5 = 2(1 ! zl )[I 1 + I 2 cos 2! l + I 3 sin2 ! l cos 2" + I 4 sin 2! l cos" + I 5 sin! l cos" +

+ I 6 cos! l + I 7 sin! l sin" + I 8 sin 2! l sin" + I 9 sin2 ! l sin 2" ] , (14)

showing the explicit dependence on the leptonic variables! l and " . The T-odd correlations
(11) and (12) contribute to I 7 and, neglecting the suppressed contribution proportional
to CT

! , the CP-violating combination [I 7(K +
! 4) + I 7(K !

! 4)] is given by

I 7(K +
! 4) + I 7(K !

! 4) =
m!

mK

#
1
2 (m2

K , s" , s! )
(1 ! zl )

$
"

s!

!
s" ! 4m2

" sin! "

# Re(HS" ) |CV
+ |2 Im

"
CS

!

CV
+

#

(15)

[$ = (1 ! #(m2
K , s" , s! )/ (m2

K ! s! + s" )2)! 1
2 ]. As expected, this observable is suppressed by

the lepton mass and in practice can be studied only in the muoncase. In these channels,
I 7 would reach 20% of the dominant form factor (I 1) for Im( CS

! /C V
+ ) $ 1. Thus in high-

statistics experiments the possible bounds on|Im CS
! | could become competitive with the

O(10! 3) bounds on |Im CS
! |, derived from PT

µ (K +
µ3). Moreover, we recall that the two

bounds are in principle independent, since we cannot exclude a priori a scenario where
|Im CS

! | % |Im CS
+ |.

IV. In this letter we have presented a general analysis of T-odd correlations accessible
in K ! 4 decays, without the measurement of lepton polarization. Aswe have shown, in
general these are not clean CP-violating observables, due to the large FSI phases a! ecting
K ! 4 amplitudes. However, combining information fromK + and K ! modes it is possible
to construct a clean CP-violating observable, sensitive tonon-standard# S = 1 charged-
current interactions. Future high-statistics experiments on K ! 4 decays could use this
observable to put new constraints on exotic non-standard scenarios, such as R-parity
violating supersymmetry, complementary to those obtainedfrom K ! 3 decays [4].
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Concerning the matrix element of non-standard contributions, not determined by ex-
periments, we shall restrict our attention to those not vanishing at lowest order in the
chiral expansion (expected to be dominant):

! ! + (p+ )! ! (p! )|s" 5u|K + (pK )" = iS ,

! ! + (p+ )! ! (p! )|s#µ! " 5u|K + (pK )" =
T

m2
K

[pµ
! (p!

+ + p!
K ) # p!

! (pµ
+ + pµ

K )] . (8)

The lowest-order results forS (see e.g. Ref. [8]) andT (see Ref. [11]) are given by

S =

$
2mK

3F"
BS , T =

mK$
2F"

BT , (9)

but of course also these form factors acquire a non-trivial phase beyond lowest order.
The matrix element is then given by

M =
$

2GF V "
us

!"

# CV
+ H $µ!#$ L ! P#Q$

m3
K

# iC V
!

Pµ

mK

#

F + 3
ml

mK

CT
!

CV
!

T

$

# iC V
!

Qµ

mK

#

G +
ml

mK

CT
!

CV
!

T

$

# iC V
!

Lµ

mK

#

R + 2
ml

mK

CT
!

CV
!

T

$%

øuL (p! )" µvL (pl )

+ i

"

CS
! S # 2CT

! T
(pl # p! )(p+ + pK )

m2
K

%

øuL (p! )vR(pl )

# 4CT
! T

pµ
+ p!

K

m2
K

øuL (p! )#µ! vR(pl )

&

. (10)

The interference between vector and scalar terms leads to the following T-odd term in
the matrix element squared, summed over lepton polarizations:

'

pol

M 2(K + )
(
(
(
T ! odd

= # 16G2
F |Vus|2

ml

m2
K

Im
)
CV

+ H (CS
! S)"

%

"

1 # 2
(CT

! T)"

(CS
! S)"

(pl # p! )(p+ + pK )
m2

K

%&

(%p+ %%p! ) á%pl+ . (11)

As can be noted, if the form factorsS, T and H were all relatively real, this term would
vanish in the absence of CP violation. In the CP-conjugate process,K ! & ! + ! ! &! ' , the
analogous interference term is given by

'

pol

M 2(K ! )
(
(
(
T ! odd

= +16 G2
F |Vus|2

ml

m2
K

Im
)
(CV

+ )" HC S
! (S)"

%

"

1 # 2
CT

! (T)"

CS
! (S)"

(pl # p! )(p! + pK )
m2

K

%&

(%p+ %%p! ) á%pl! . (12)

Thus if we neglect the highly suppressed tensor term quadratic in (%p+ # %p! ), the sum of
these two T-odd correlations becomes a clear CP-violating observable.

4

chiral expansion (see e.g. Ref. [8]). Concerning scalar andvector form factors, the lowest
order expressions, which already provide a reasonable approximation for our purposes,
are given by1

f + = 1 , f ! = 0 , BS =
mK

ms + mu
! 4 . (4)

The tensor form factor, which cannot be directly related to observable quantities or fun-
damental parameters (such asms), has recently been measured on the lattice obtaining
BT = 1.23 ± 0.09 (with a negligible q2 dependence) [10], in good agreement with the
estimate BT ! 1 made in [11]. As the scalar and the tensor operators have non-null
anomalous dimensions,BS and BT scale according to the renormalization group equa-
tions. The values given above refer to a renormalization scale around 2 GeV. With these
notations the transverse muon polarization inK +

µ3 is given by

PT
µ =

1
2

mµ

mK

!
!p! " !pµ

E! Eµ
Im "

"

, (5)

where

" =

#$

1 #
f !

f +

%

+
mK

mµ

CS
+ BS

CV
+ f +

+
2pK (p! # pµ)

mµmK

CT
+ BT

CV
+ f +

&

"

#

1 #
mµ

mK

CT
+ BT

CV
+ f +

&! 1

(6)

and Ci
± = Ci

R ± Ci
L . Neglecting the kinematical dependence of Im" , the experimental

information on PT
µ implies Im" = # 0.013± 0.016 or|Im " | < 0.033 (90% C.L.) [6]. Because

of the chiral enhancement of the scalar matrix element, the most stringent constraints are
obtained on the CP-violating phases ofCS

L,R : |Im CS
L,R | <

" 10! 3 (assumingCV
+ to be real).

This holds in the absence of cancellations between left-handed and right-handed terms.
However, since the parity-violating combination ImCS

! is not accessible inK µ3, in principle
larger values of ImCS

L and ImCS
R, such that |Im CS

! | $ |Im CS
+ |, cannot be excluded yet.

III. The hadronic matrix elements appearing inK "4 decays, within the SM, can be
parametrized as [8]

%#+ (p+ )#! (p! )|s$µu|K + (pK )& = #
H

m3
K

%µ!#$ L ! P#Q$ ,

%#+ (p+ )#! (p! )|s$µ$5u|K + (pK )& =
# i
mK

[PµF + QµG + LµR] , (7)

where Pµ = ( p+ + p! )µ , Qµ = ( p+ # p! )µ , Lµ = ( p" + p! )µ and the O(1) form factors
H , F , G, R are complex functions of three independent kinematical variables. A precise
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information is encoded inJ5. Furthermore, from the experimental point of view it is
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showing the explicit dependence on the leptonic variables! l and " . The T-odd correlations
(11) and (12) contribute to I 7 and, neglecting the suppressed contribution proportional
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+
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2 ]. As expected, this observable is suppressed by

the lepton mass and in practice can be studied only in the muoncase. In these channels,
I 7 would reach 20% of the dominant form factor (I 1) for Im( CS
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+ ) $ 1. Thus in high-

statistics experiments the possible bounds on|Im CS
! | could become competitive with the

O(10! 3) bounds on |Im CS
! |, derived from PT

µ (K +
µ3). Moreover, we recall that the two

bounds are in principle independent, since we cannot exclude a priori a scenario where
|Im CS
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IV. In this letter we have presented a general analysis of T-odd correlations accessible
in K ! 4 decays, without the measurement of lepton polarization. Aswe have shown, in
general these are not clean CP-violating observables, due to the large FSI phases a! ecting
K ! 4 amplitudes. However, combining information fromK + and K ! modes it is possible
to construct a clean CP-violating observable, sensitive tonon-standard# S = 1 charged-
current interactions. Future high-statistics experiments on K ! 4 decays could use this
observable to put new constraints on exotic non-standard scenarios, such as R-parity
violating supersymmetry, complementary to those obtainedfrom K ! 3 decays [4].
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¥! The Kl4 decay rate:  

¥! Measuring K+ and K-  : 

 
 

¥! Suppressed by lepton mass         only possible to study in muon case  

¥! New form factors should be determined from Lattice 

 
 
¥! Current experimental bound: 

 
 
 
 

¥! Aim of TREK experiment: improvement by a factor of 20 
NA62?  

4.2  T-odd asymmetry using Kl4 
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5.! Conclusion and Outlook 



Conclusion and Outlook 

Emilie Passemar 

¥! Kl2, Kl3 and Kl4 decays offer excellent probes of the SM and its extensions 

Ð! On the theory side: the progress in Chiral EFT & Lattice QCD have 
allowed to reach a very good precision for the SM prediction: 
 

         EM and isospin breaking are included 

Ð! On the experimental side: a lot of new measurements in the years 
2000 by ISTRA (K+), KLOE, KTeV and NA48 (KL) 

¥! Tests of lepton and Cabibbo universality at a level that competes with / 
complements collider physics  

¥! NA62 could allow: 
Ð! Push measurement of Ke2 to 0.1%          improve RK  
Ð! Improve the K±

l3 measurements,       our knowledge of isospin breaking 
Ð! Give a better constrain on T-violating new physics 
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5.! Back-up 



¥! RK sensitive to lepton flavour violating effects, !R/R " O(1%)  
 
 

¥! 2HDM Ð tree level:         additional contribution  
due to charged Higgs, does not contribute to RK 

 
 

¥! Possibility to constrain LFV at one loop in  
MSSM 

 
 
 

¥! Update and extension by Girrbach & NiersteÕ12           consider other constraints 

 
 
 
 

 

2.3  Test of New Physics in RK 
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In the MSSM large tan!  scenario, the presence of LFV terms (charged Higgs
coupling) introduces extra contributions to the SM amplitude ~1% effect
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Figure 6: Regions with! r µ! e ! 0. 5% for ! 13
RR = 0.15 (darkblue), 0.25 (blue and darkblue), 0.5

(lightblue, blue, and darkblue). Overlaid in red: exluded by LEP H + searches; yellow dashed:
3" exclusion limit from Rµ23; green: 3" exclusion limit from B " #$ (left: using |Vub| =
(5. 04± 0. 64) á10! 3; right: using|Vub| = (3 . 41± 0. 15) á10! 3).

This kind of new physics dominantly affects the decay rate" (K " e$). A lepton-ßavour conserving
(LFC) mechanism changing" (K " e$e) may suppress or enhanceRK , while new lepton-ßavour
violating (LFV) decay modes such as" (K " e$! ) can only enhanceRK over its SM value. In this
paper we have studied! r µ! e # RK /R SM

K $ 1 in the MSSM, extending the analyses of Refs. [8,27].

The LFC contribution to! r µ! e is driven by the parameter combination! 13
LL ! 13

RR . In Ref. [12] it has
been found that upper bounds on|! 13

LL ! 13
RR | can be derived from naturalness considerations of the

electron mass and from the precise measurement of the anomalous magnetic moment of the electron.
(Coincidentally, these two quantities give very similar constraints.) In Sect. 2 we have found that
these bounds imply|! r µ! e

LFC | ! 0. 005and thereby challenge the large values for|! r µ! e
LFC | considered

in Ref. [8]. At the same time our result is fully compatible with the range for! r µ! e
LFC advocated in

Ref. [27]. The naturalness bound extends beyond the MSSM to alarger class of models, namely those
with the tree-level Higgs sector of a 2HDM of type II.

The LFV contribution to! r µ! e can be larger, because a non-zero parameter! 13
RR sufÞces to open

the decay channelK " e$! and ! 13
RR is only poorly constrained from other processes. We have

calculated! r µ! e
LFV in Sect. 3 and found that the proper inclusion of÷#L Ð÷#R mixing is essential. The

analytical expressions in Refs. [8,27] include the÷#L $ ÷#R ßip using the mass insertion approximation
instead of the exact diagonalisation of the stau mass matrix. The interesting region of parameter space
probed by NA62 corresponds to large values ofµ and a sizable stau mixing angle%! and in this region
the left (bino) diagram in Fig. 2 is dominant. The formulae derived by us are also valid beyond the
decoupling limitM SUSY " % , in which%! vanishes. In order to facilitate the combination of future
NA62 results with limits or measurements from high-pT experiments, we have expressed! r µ! e

LFV in
terms of the massm÷! l of the lightest stau eigenstate and the mixing angle%! . For example, for
tan & = 50, µ = 800 GeV, ! 13

RR = 0 . 5, a charged-Higgs mass ofM H = 500 GeV,m÷! l = 120 GeV,
a bino mass ofM 1 = 100 GeV and a right-handed selectron mass ofm÷eR = 200 GeV we Þnd a
maximal value of! r µ! e

LFV = 0 . 006corresponding to%! = 26" . In Eq. (30) we have derived an easy-



3.3   Different recent analyses 

1.! Schneider, Kubis, Ditsche 2011: 2-loop NREFT approach 
- ! allows investigation of isospin-violating corrections 
- ! relations between charged and neutral Dalitz plots 
 
 

2.! Kampf, Knecht, Novotny, Zdrahal 2011: Analytic dispersive approach 
- ! Amplitudes involve 6 parameters (subtraction constants) 
- ! Fit to Dalitz plot distribution (KLOE 2008: )  $ #+#'#0) 
- ! Predict Dalitz plot parameter * ( neutral decay mode) 
- ! Match to absorptive part of NNLO chiral amplitude where di$ erences 

between NLO and NNLO are small           R (Q)  

    Problem: do not reproduce the AdlerÕs zero 
 
 

 
      

 
 



3.3   Different recent analyses 

3.! Guo et al. 2015:  JPAC analysis, Khuri Treiman equations solved 
numerically using Pasquier inversion techniques 

- ! Madrid/Cracow ## phase shifts, 3 subtraction constants 
- ! Fit experimental Dalitz plot (WASA/COSY 2014: )  $ # +# ' # 0)  

         predict Dalitz plot parameter * 
- ! Match to NLO ChPT near Adler zero          Q 

4.! Colangelo, Lanz, Leutwyler, E.P. in progress: dispersive approach following 
Anisovich, Leutwyler 

- ! Electromagnetic e$ ects to NLO fully taken into account (Ditsche, Kubis, 
Mei§nerÕ09) 

- ! Dispersive amplitudes: Bern ## phase shifts, 6 subtraction constants 
- ! Fit similtanously Charged (WASA, KLOE) and Neutral Dalitz plots 

(MAMI) 
- ! Matching to one loop ChPT : Taylor expand the partial wave around s=0 

 

 
      

 
 


