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[LISA WF Whitepaper: arXiv: 2311.01300]

https://arxiv.org/abs/2311.01300
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Motivation

• Need to model long eccentric MBHB signals for LISA
• Quasicircular dynamics are fast w/ "Post-Adiabatic expansion”
• [Nagar & Rettengo 18],[Rettengo +19] [Reimenschneider+21], [Mihaylov+21]

• Eccentric dynamics are slow 
• Borrow techniques from EMRI modelling:
• Speed up the inspiral section
• Osculating Orbital Elements (OOEs)
• Near Identity Averaging Transformations (NITs)

• Proof of concept: 
• ℎ!! for non-spinning eccentric binaries
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EOB Inspiral Dynamics
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• Potentials: SEOBNRv5

• RR. Forces: 3PN Eccentric

• WF Modes: 3PN Eccentric



• 𝑚" = 𝑚! = 30	𝑀⊙@	10𝐻𝑧

• 𝜈, 𝑝$, 𝑒$𝜉$ = (0.25, 34.94,0.75,0)

• Using RK4 adaptive time stepper

• Steps taken: 86,567

• Dynamics time: 3.34s
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(𝑟 𝑡 , 𝜙 𝑡 , 𝑝% 𝑡 , 𝑝&(𝑡))

ℎ!!(𝑡)

ℎ!!(𝑁	Δ𝑡)

!ℎ!!(𝑓)

Δ𝑡 ≤ 	 "
!	$!"#

 



• WF sampled Δ𝑡 = 0.5	𝑀

• WF Generation time: ~	2.68s

• Time to beat: 6.02s
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• Semilatus Rectum: 𝑝 = !%!"#%!$%
%!"#&%!$%

• Eccentricity: 𝑒 = %!"#'	%!$%
%!"#&%!$%

• Relativistic anomaly: 𝜉 = 𝜒	 − 𝜒(

• 𝑟 = )
"&*	 +,- .

• 𝐻*$$ 𝑝, 𝑒 , 𝑝/ 𝑝, 𝑒 , 𝑝%(𝑝, 𝑒, 𝜉)

• [Hinderer & Babak 17]

Quasi-Keplerian Parametrization

𝑟!"# 𝑟!$%
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Osculating Orbital elements

Philip Lynch 10

• Constants of motion 𝑝 & 𝑒 initial phase 𝜒&

•  Orbital Elements: 𝐼' = 𝑝, 𝑒, 𝜒&  → 𝐼(𝑡)'

• Osculating Conditions: 

1. 𝑥! 𝑡 = 𝑥"#$%! 𝐼& 𝑡 , 𝑡

2. 	𝑢! 𝑡 = 𝑢"#$%! 𝐼& 𝑡 , 𝑡 • Bookkeeping parameter: ϵ
• Functions are interpolants of (𝜈, 𝑝, 𝑒)



• 𝜈, 𝑝$, 𝑒$𝜉$ = (0.25, 34.94,0.75,0)

• Dynamics time: 218.9s

• Steps taken: 3,202

• WF Generation time: ~	1.13s

• Mismatch: 8.01	×10()
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Near-Identity (Averaging) Transformations
Transform to new variables in 

series exp. in 𝜖
To obtain equations of 
motion independent of 𝜉
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0PA

1PA

2PA
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• Steps taken: 75

• Dynamics time: ~	0.058s

• 2 orders of magnitude of speed up

• NIT breaks down close to LSO

• Stop NIT when Q = 2!

2̇ < 100

• Use EOB for Transition to Plunge



Generating Waveforms with NIT dynamics

• Steps: 66
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( D𝑝 𝜒 , 𝑒̃ 𝜒 , D𝜒 𝜒 , G𝜙(𝜒))

ℎ!!(𝑡̃ 𝜒 − 𝑍4
$ − 𝜖𝑍4

" )

ℎ!!(𝑁	Δ𝑡)

!ℎ!!(𝑓)

Δ𝑡 ≤ 	 "
!	$!"#

 

Δ𝜒 ≤ 	
2𝜋

2	×𝑛"#$
	



WF Evaluations 
• NIT: 6,406
• EOB: 86,567

Total time (Dynamics + WF) 
• NIT 2.2s
•  EOB: 6.02s 
• Speed-up: ~×2.74

Mismatch
•  2. 48	×10%&
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What order PA Order do we Need?
Transform to new variables in 

series exp. in 𝜖
To obtain equations of 
motion independent of 𝜉
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0PA

1PA

2PA



What order PA Order do we Need?
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0PA 1PA 2PA

M = 60 @ 10 Hz



Speedup?
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Dynamics Dynamics + Waveform 
Generation

• 2PA Waveforms 60M @ 10 Hz
• Dynamics: 4- 540 times speedup
• Walltime: 1.2 – 5 times speedup



Future Work
Near term

• Add higher modes
• Small 𝒆 needs 

different orbital 
elements
•More rigorous 

testing

Medium-term
• Adding alligned spins
• Need fast 

multidimensional 
interpolation method

• Copy tech. from 
FastEMRIWaveforms 
Package

Long-term
• Combine NIT with 
𝜈 expansion

• Hybrid EOB-GSF 
1PA model for 
EMRIs

• Calibrate EOB 
fluxes to ecc. 0PA 
fluxes
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Summary

• Using OOEs and NITs speeds up the inspiral dynamics by a factor of q

• WF generation sped up by ~1.2 − 5	

• 0PA and 1PA give not accurate enough, but 2PA  gives ℳ	~10%'

• Opens up new synergies between EOB and EMRI WF modelling
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