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The overall premise of this talk

Gravitational wave models involve the relativistic two-body
problem

Let’s assume GR 1is the
correct theory of gravity
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perturbation
theory &

self-force

Don’t have exact solutions scattering

Different methods are
valid 1in different scenarios =

asymmetric
Need black hole
perturbation theory
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for asymmetric mass-ratios
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Challenges of asymmetric mass-ratios

There are scale disparities that worsen with mass-ratio

BHPT avoids length disparities
via zero-size limit of small body

BHPT avoids resolving each cycle
in time via the frequency domain
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Interesting topic unrelated to this talk:
using BHPT for quasi-normal modes

Not
covered
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M. Favata/SXS/K. Thorne



Quick GR review

Fields: [EaE Guv dztdx”

Einsteiln field equation:



Black Hole Perturbation Theory (BHPT)
gggtal _ g(IJ{(Err n (_)

Simplify notation: € for mass-ratio

2 Kerr



How to use the small body as a source?

If small body 1s a neutron star vs. Y |
black hole, is the method different? mS\

Recall that, although BBH T, =

€ < 1 scale disparities prohibit
numerically resolving the

=M
structure of the small body Ly
We need to extract the zero-size limit of the small body

For h((xﬁ), the field equation 1s linear and we can use a
point source



First-order metric perturbations

Simplifying ingredients:

i) =14~ o, [ 7 — V.

Einstein tensor perturbation

_ | € o P _
GHV (gcxﬁ + € h((;:/;)f + 0(62)) — _§ (gaﬁvavﬁhﬁzlb? + QRQ,.uﬁV hc(rzl/; + g}u.vvaza - Qv(pzu)) + 0(62)
10 coupled linear PDEs

How to handle motion of source? Eélﬁ) affects the motion, but we

need to know the motion for T, before we can solve for i_lgllﬁ)



Perturbative expansion of worldline

How to handle motion of source?

Eélﬁ) affects the motion, but we need to
know the motion for T,, before we can

-
-
)

solve for ]TLS'[; ™

Answer: expand small body
worldline 1n powers of mass-ratio

& = —|—ex?‘1)—|—...

D geodesic

Use x& to calculate h'Y

seodesic «p> then worry about x(1) afterwards

Gw/ (gaﬁ T € hc(yl,g’ + 0(62)) — SWTMV (mcgleodesic



Metric perturbations 1n Lorenz gauge

. - Y € oy 5 (1 o .
Cruv (905 + b + O()) = =5 (gaﬁvawh}},} + 2R 8 B 4 g, Va 2z — zv(ﬂzy)) + O(?)

T puov

Using gauge freedom we can simplify the equations

Impose Lorenz gauge condition: /A Vaf_z(l)o‘ﬁ =0

Lorenz gauge field equations:

9PV, Vh(l) + 2R P R} = —167T ()

03 [z

10 coupled hyperbolic PDEs with point source



Example method for simple case:
Schwarzschild perturbations

() + 2R 2 b)) = —167T(Y)

137 Qn v 8%

gaﬁvaV5h

Schwarzschild 1s highly symmetric: separation of variables

The Schwarzschild operator has tensor spherical harmonic
eigenfunctions (Im mode method):

h(l) _ Z Zh]lmw lem 0 ¢) oWt

Imw 7=1

For a given [,m,w, each radial
function satisfies ODEs (simpler)



More complicated case: Kerr perturbations

6"V, Vsh() + 2R 8 1) = —167T(Y

Kerr only has 2 killing vectors: partial separation of variables

h
Ce e tt
Each m mode 1s infinite at source
Each mode satisfies PDEs (tougher), - v
. "0‘ %, *
but big advantages for second-order ST 4
'/

hig '

For first-order, would be nice to have (Nils Vu,
full separation of variables for Kerr... GR24 talk)



The path to separability: Newman Penrose

The Newman-Penrose approach to GR 1s based on a null tetrad

Gab — _Eanb — nagb + MMy + MMy

Formulation also based on “spin coefficients” (omitted here)

Weyl scalars have important info about gravitational waves

U, = Cypogn®mPnm?®

¥, vanishes for Kerr, so L11(1) 1s the leading order equation:
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Even with only two symmetries, the field equation for lljil)
1S fully separable 1n Kerr: (see talk by Zachary Nasipak later)

1
(l)(f r, 9 (ﬁ)) (T_Z— ( ng ) 2S£m,w(9)) i(mp—wt)

acos f)*

fmw

Huge advantage: R satisfies an ODE for each mode

Imw

Disadvantage: LIJi ) is missing information for hfj,)



Metric reconstruction

. 1 . t(mo—wt
m Z (Rénl,u (r) —2837?1.w (9)) e (m¢ t)

T Pmw

v (t,r,0,6) =

Extra step: extract as much info about hl(;,) from LPF) as we can

. 1 r~, -
—4, _ L [545IRG _ 19179, ¢IRC
pa =3 {5 v 12M0,v ] Rerakim & il

\Pil) sources a 4t order diff eq producing the “Hertz potential”
YIRG "which is used to construct an incomplete hﬁ) (CCK metho

hag ={—Lals (6 +28B) (8 +48) — mamgs (D — o) (D + 30)

—((ams) [D (8 +48) + (6 +48) (D 4 3p)]} ¢ L c.c.

Completion adds the missing info: hﬁfn‘)p‘)le + hfbi,}mle + hE}/G

Alternate new path: reconstruct hfj,) directly in Lorenz gauge

(Dolan et al., see talk by Kevin Cunningham later)



First-order self-force (1SF) calculation

Assume you have calculated 'Y in Lorenz gauge with a point

Uv
. eodesic
source following xff ©)

How does hl(j,) affect the motion of the small body?

Does the geodesic motion principle apply to g,, + € hp(j,) 707

No, this expanded geodesic equation can’t be right because
hfﬁ,) (x“ — x{j‘) ~o  (~1/distance, ike Coulomb potential)

Any validity of the above would require careful regularization




Electromagnetic self-force analogy

The EM self-force has same Coulomb regularization problem!

How does EM handle 1it? Minkowski EM equations of motion:

Dirac’s approach: split 4” into singular and regular pieces

z(u) |

advanced




Regularizing the gravitational self-force

Similar approach for hﬁ)? Tricky:

More complicated than (ret-adv) /2

Start from singular field hp(&,)s, what has

. 0 Z(u)
correct divergence with zero force?

\ ¥

Then: B(I)R _ B(l) o B(l)S retarded advanced
v UV v .
E. Poisson

Detweller et al.

Features:
. . . . (DR
-Motion 1s geodesic in g, + € h;,

1)S . . .
-hp(w) 1s an inhomogeneous solution

. ; ;
accessible from a local expansion Yu)

(1R - : ! Y
-h,,~ 1s a homogeneous solution

singular regular



: 1. (1R 7 (1 .(1)S
Implementing 1SF Bkl rhals

Issue: Both hl%,) and hg,)s are infinite at source position

Solution: each /m mode 1s finite—» Mode-sum regularization

Another solution: effective source

method



1SF Features R)E = h() — RS

1SF has both dissipative and conservative pieces

The biggest effect 1s the Dispate
dissipative self-force (causes inital Configuration

the constants of motion to
drift over time)

The conservative self-force
perturbs the shape of the
orbit

~_~" Conservative

——
self-force

N. Warburton



1SF Trajectories R = B — h()®

Osculating geodesics method:
Parameterize inspiral with evolving
orbital parameters that describe the

geodesic tangent to the worldline at
that time

-Issue: tangent geodesic
parameters oscillate rapidly

eccentricity (e or &)

Near-identity transform method
(see talk by Phillip Lynch later): Time-
average the oscillating in the
geodesic parameters in a way that
1s approximately invertible

755 760 765 770 775  7.80
semi-latus rectum (p or p)



1SF Waveforms e = =3 Higy(trer) —2Yim (0, 0)

cCart et al.

t t
D, (1) :m/ Q¢dt+n/ Q, dt
0 0

Re[H75™]/u

Example: Constructing waveforms

1In the time domain (see later talk by
Zachary Nasipak)

It 1s also possible to construct
waveforms in directly 1in the
frequency domain, see Hughes et al. »

(thlS plus NIT successfully avolds 729.88 729.90 729.92 729.94 729.96 729.98 730.00
the separation of timescales) tr/c (days)
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Towards 2SF

Let’s define the residual error from truncating at 1SF as 6%G,,

GMV (ga,B T € h(()zlﬂ)) — SWTHV (xgeodesic) + 52GHJ/ + 0(63)

6°G,,, will help us approach the second-order field equation

1 2 Qo 0!
G (gap + ehaﬁ) + EQhElﬁ) + O(e)) = 87T}, (Tgeodesic T €}y + O(e?)) + O(e’)

Do difference between equations



2SF obstacles

G (Gap + zh( ) + O(e %)) =8 (TW (s, +exgn) — Ty (azgeo)) — G + O(€°)

(see next talk by Adam Pound)

We have an extended source that isn’t nice: 626G ~ (VAV)(VA(1)
Near small body, 6%G ~ 1/distance? !

hi2) — (2)
PDE solution, h(? ~ 1/distance? ! M) = 2 Zhﬂmw

Imw 7=1

Y]lm 9 ¢> e—iwt

Each Im mode 1s better, but still infinite
Also, using Xg,, for h( ) emits waves throughout infinite past

This causes more bad behavior of §%G to mitigate

Also, a 2SF Teukolsy Im approach is tougher, and for Kerr is
much messier without analytic eigenfunctions

Perhaps better to abandon full separation of variables (m-modes



Thanks for having me!

Questions?
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