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Lost in Translation: The languages of Gravitational Waves



PM black hole scattering
• Compute black hole scattering observables analytically at high precision (in 

the weak field post-Minkowskian expansion)

• Use computational methods from collider physics and QFT

• Model black holes as point-like particles using worldlines
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Many QFT-inspired frameworks: WQFT, PM-EFT, KMOC, HEFT, Eikonal, …



Part I: 
• Set up equations of motion for PM black hole scattering with worldlines

• Introduce QFT language and diagrammatic representations
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Part II: 

• Compute impulse and total radiation of four momentum at 3PM order

• QFT methods for simplifying integrands and evaluating integrals
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After

Interactions

<latexit sha1_base64="Vmy+4YpFf1ygs90l3Lx/WUIWcok=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1YUlEqsuCmy4r2gc0MUymk3bozCTMTAoh9E/cuFDErX/izr9x2mahrQcuHM65l3vvCRNGlXacb2ttfWNza7u0U97d2z84tI+OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG47uZ350QqWgsHnWWEJ+joaARxUgbKbDth8B98nhavfSoiHR2EdgVp+bMAVeJW5AKKNAK7C9vEOOUE6ExQ0r1XSfRfo6kppiRadlLFUkQHqMh6RsqECfKz+eXT+G5UQYwiqUpoeFc/T2RI65UxkPTyZEeqWVvJv7n9VMd3fo5FUmqicCLRVHKoI7hLAY4oJJgzTJDEJbU3ArxCEmEtQmrbEJwl19eJZ2rmluv1e+vK41mEUcJnIIzUAUuuAEN0AQt0AYYTMAzeAVvVm69WO/Wx6J1zSpmTsAfWJ8/Wy6S3w==</latexit>

Sµ
1 (�1)

Before

<latexit sha1_base64="wGDpBYTkNIj99eefQh5sVCiIhFc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoC0siUl0W3HRZwT6giWEynbRDZyZhZlIIoX/ixoUibv0Td/6N0zYLbT1w4XDOvdx7T5gwqrTjfFuljc2t7Z3ybmVv/+DwyD4+6ao4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTu7nfm9KpKKxeNRZQnyORoJGFCNtpMC2k8B98nhau/KoiHR2GdhVp+4sANeJW5AqKNAO7C9vGOOUE6ExQ0oNXCfRfo6kppiRWcVLFUkQnqARGRgqECfKzxeXz+CFUYYwiqUpoeFC/T2RI65UxkPTyZEeq1VvLv7nDVId3fk5FUmqicDLRVHKoI7hPAY4pJJgzTJDEJbU3ArxGEmEtQmrYkJwV19eJ93rutuoNx5uqs1WEUcZnIFzUAMuuAVN0AJt0AEYTMEzeAVvVm69WO/Wx7K1ZBUzp+APrM8fiNWS/A==</latexit>

pµ1 (�1)

<latexit sha1_base64="omdJffvvuQhDqQgfb2EUdPyq97Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQD5Zdkeqx4KXHCvYDukvJptk2NMkuyaxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0wEN+C6305hY3Nre6e4W9rbPzg8Kh+fdEycasraNBax7oXEMMEVawMHwXqJZkSGgnXDyf3c7z4xbXisHmGasECSkeIRpwSs5MuBV73yuYpgejkoV9yauwBeJ15OKihHa1D+8ocxTSVTQAUxpu+5CQQZ0cCpYLOSnxqWEDohI9a3VBHJTJAtbp7hC6sMcRRrWwrwQv09kRFpzFSGtlMSGJtVby7+5/VTiO6CjKskBaboclGUCgwxngeAh1wzCmJqCaGa21sxHRNNKNiYSjYEb/XlddK5rnn1Wv3hptJo5nEU0Rk6R1XkoVvUQE3UQm1EUYKe0St6c1LnxXl3PpatBSefOUV/4Hz+APL5kQQ=</latexit>

m1(�1)

<latexit sha1_base64="UBBm3H5aCxwCqGHuEOt5f8ggBOs=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREpLosuOmygn1AE8NkOmmHTiZhHkIM/RI3LhRx66e482+ctllo64ELh3Pu5d57wpRRqRzn2yptbG5t75R3K3v7B4dV++i4JxMtMOnihCViECJJGOWkq6hiZJAKguKQkX44vZ37/UciJE34vcpS4sdozGlEMVJGCuxqGrgPXqzrHuWRyi4Cu+Y0nAXgOnELUgMFOoH95Y0SrGPCFWZIyqHrpMrPkVAUMzKreFqSFOEpGpOhoRzFRPr54vAZPDfKCEaJMMUVXKi/J3IUS5nFoemMkZrIVW8u/ucNtYpu/JzyVCvC8XJRpBlUCZynAEdUEKxYZgjCgppbIZ4ggbAyWVVMCO7qy+ukd9lwm43m3VWt1S7iKINTcAbqwAXXoAXaoAO6AAMNnsEreLOerBfr3fpYtpasYuYE/IH1+QMbg5LF</latexit>

pµ1 (1)

<latexit sha1_base64="eY2hgvJ0ASYZSZZTCB9QhSjkf/w=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5KIVJcFN11WtA9oYphMJ+3QySTMQ4ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPmDIqleN8W2vrG5tb26Wd8u7e/kHFPjzqykQLTDo4YYnoh0gSRjnpKKoY6aeCoDhkpBdObmZ+75EISRN+r7KU+DEacRpRjJSRArtyF7gPXqxrHuWRys4Du+rUnTngKnELUgUF2oH95Q0TrGPCFWZIyoHrpMrPkVAUMzIte1qSFOEJGpGBoRzFRPr5/PApPDPKEEaJMMUVnKu/J3IUS5nFoemMkRrLZW8m/ucNtIqu/ZzyVCvC8WJRpBlUCZylAIdUEKxYZgjCgppbIR4jgbAyWZVNCO7yy6uke1F3G/XG7WW12SriKIETcApqwAVXoAlaoA06AAMNnsEreLOerBfr3fpYtK5Zxcwx+APr8wft6pKo</latexit>

Sµ
1 (1)

<latexit sha1_base64="4W8vR0Ki/8o2wdEt3eGdOC92re8=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEqseClx4r2A9IQ9lsN+3S3U3YnQgh9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9djY2t7Z3dkt75f2Dw6Pjyslp18SppqxDYxHrfkgME1yxDnAQrJ9oRmQoWC+c3s/93hPThsfqEbKEBZKMFY84JWAlXw692oCrCLKrYaXq1t0F8DrxClJFBdrDytdgFNNUMgVUEGN8z00gyIkGTgWblQepYQmhUzJmvqWKSGaCfHHyDF9aZYSjWNtSgBfq74mcSGMyGdpOSWBiVr25+J/npxDdBTlXSQpM0eWiKBUYYjz/H4+4ZhREZgmhmttbMZ0QTSjYlMo2BG/15XXSva57jXrj4ababBVxlNA5ukA15KFb1EQt1EYdRFGMntErenPAeXHenY9l64ZTzJyhP3A+fwCHbZDN</latexit>

m1(1)

<latexit sha1_base64="P/HqIF/5cZLuLSnCr0l9y9JoXdI=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpeyKVI8FLz1WsB/QXUs2zbahye6aTIql9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YSq4Btf9dtbWNza3tnM7+d29/YPDwtFxUydGUdagiUhUOySaCR6zBnAQrJ0qRmQoWCsc3s781ogpzZP4HsYpCyTpxzzilICVgqcHX5quV/KBmItuoeiW3TnwKvEyUkQZ6t3Cl99LqJEsBiqI1h3PTSGYEAWcCjbN+0azlNAh6bOOpTGRTAeT+dFTfG6VHo4SZSsGPFd/T0yI1HosQ9spCQz0sjcT//M6BqKbYMLj1ACL6WJRZASGBM8SwD2uGAUxtoRQxe2tmA6IIhRsTnkbgrf88ippXpa9Srlyd1Ws1rI4cugUnaES8tA1qqIaqqMGougRPaNX9OaMnBfn3flYtK452cwJ+gPn8wcJqZGo</latexit>

xµ
1 (⌧)

<latexit sha1_base64="KLBzx8cyDEkl7P4/Nqw35jVJeNw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw0mML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHssHM03Qj+hI8pAzaqzUDAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDOz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20rytetVJt3pRr9TyOApzDBVyBB7dQgzo0oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AykGM9w==</latexit>

b

+ radiation
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<latexit sha1_base64="7Ddc8a0mJsiLXn0wG8/UVrWoSLA=">AAACLnicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1QEKHLCvYBTQyT6aQdOnkwMynW0C9y46/oQlARt36GkyYL23rgwplz7+HOPW7EqJCG8a4tLa+srq0XNoqbW9s7u/refkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eF12m+PCBc0DO7kOCK2j/oB9ShGUkmOfgPhg0PvLT8uWxLFJ0UIr1S5mabYqapR9oLpRC49zpgcvWRUjCngIjFzUgI5Go7+avVCHPskkJghIbqmEUk7QVxSzMikaMWCRAgPUZ90FQ2QT4SdTM+dwGOl9KAXclWBhFP1ryNBvhBj31WTPpIDMd9Lxf963Vh6l3ZCgyiWJMDZIi9mUIYwzQ72KCdYsrEiCHOq/grxAHGEpUo4DcGcP3mRtM4qZrVSvT0v1ep5HAVwCI5AGZjgAtRAHTRAE2DwBF7AB/jUnrU37Uv7zkaXtNxzAGag/fwC9sujFQ==</latexit>

xµ
i (⌧) = bµi + vµi ⌧ + zµi (⌧)

<latexit sha1_base64="DuNk6ONXwr7U5fHKDkHIVsxR/3o=">AAACLnicbVBNSwMxEM36WetX1aOXYBEUpeyKVC9CQcQeK9gqdJclm6ZtaDa7JrNiWfqLvPhX9CCoiFd/htm2iFUfDLx5M49kXhALrsG2X6yp6ZnZufncQn5xaXlltbC23tBRoiir00hE6jogmgkuWR04CHYdK0bCQLCroHeaza9umdI8kpfQj5kXko7kbU4JGMkvnGHc8VM3TFyZDHbudvMYn5hyGZBv2fR7maZvFKTnA3ffNN0Jk18o2iV7CPyXOGNSRGPU/MKT24poEjIJVBCtm44dg5cSBZwKNsi7iWYxoT3SYU1DJQmZ9tLhuQO8bZQWbkfKlAQ8VH86UhJq3Q8DsxkS6Orfs0z8b9ZMoH3spVzGCTBJRw+1E4Ehwll2uMUVoyD6hhCquPkrpl2iCAWTcBaC8/vkv6RxUHLKpfLFYbFSHceRQ5toC+0gBx2hCqqiGqojiu7RI3pFb9aD9Wy9Wx+j1Slr7NlAE7A+vwAGC6Ty</latexit>

gµ⌫(x) = ⌘µ⌫ +
p
Ghµ⌫(x)

<latexit sha1_base64="Vmy+4YpFf1ygs90l3Lx/WUIWcok=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1YUlEqsuCmy4r2gc0MUymk3bozCTMTAoh9E/cuFDErX/izr9x2mahrQcuHM65l3vvCRNGlXacb2ttfWNza7u0U97d2z84tI+OOypOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG47uZ350QqWgsHnWWEJ+joaARxUgbKbDth8B98nhavfSoiHR2EdgVp+bMAVeJW5AKKNAK7C9vEOOUE6ExQ0r1XSfRfo6kppiRadlLFUkQHqMh6RsqECfKz+eXT+G5UQYwiqUpoeFc/T2RI65UxkPTyZEeqWVvJv7n9VMd3fo5FUmqicCLRVHKoI7hLAY4oJJgzTJDEJbU3ArxCEmEtQmrbEJwl19eJZ2rmluv1e+vK41mEUcJnIIzUAUuuAEN0AQt0AYYTMAzeAVvVm69WO/Wx6J1zSpmTsAfWJ8/Wy6S3w==</latexit>

Sµ
1 (�1)

<latexit sha1_base64="wGDpBYTkNIj99eefQh5sVCiIhFc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoC0siUl0W3HRZwT6giWEynbRDZyZhZlIIoX/ixoUibv0Td/6N0zYLbT1w4XDOvdx7T5gwqrTjfFuljc2t7Z3ybmVv/+DwyD4+6ao4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTu7nfm9KpKKxeNRZQnyORoJGFCNtpMC2k8B98nhau/KoiHR2GdhVp+4sANeJW5AqKNAO7C9vGOOUE6ExQ0oNXCfRfo6kppiRWcVLFUkQnqARGRgqECfKzxeXz+CFUYYwiqUpoeFC/T2RI65UxkPTyZEeq1VvLv7nDVId3fk5FUmqicDLRVHKoI7hPAY4pJJgzTJDEJbU3ArxGEmEtQmrYkJwV19eJ93rutuoNx5uqs1WEUcZnIFzUAMuuAVN0AJt0AEYTMEzeAVvVm69WO/Wx7K1ZBUzp+APrM8fiNWS/A==</latexit>

pµ1 (�1)

<latexit sha1_base64="omdJffvvuQhDqQgfb2EUdPyq97Q=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQD5Zdkeqx4KXHCvYDukvJptk2NMkuyaxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0wEN+C6305hY3Nre6e4W9rbPzg8Kh+fdEycasraNBax7oXEMMEVawMHwXqJZkSGgnXDyf3c7z4xbXisHmGasECSkeIRpwSs5MuBV73yuYpgejkoV9yauwBeJ15OKihHa1D+8ocxTSVTQAUxpu+5CQQZ0cCpYLOSnxqWEDohI9a3VBHJTJAtbp7hC6sMcRRrWwrwQv09kRFpzFSGtlMSGJtVby7+5/VTiO6CjKskBaboclGUCgwxngeAh1wzCmJqCaGa21sxHRNNKNiYSjYEb/XlddK5rnn1Wv3hptJo5nEU0Rk6R1XkoVvUQE3UQm1EUYKe0St6c1LnxXl3PpatBSefOUV/4Hz+APL5kQQ=</latexit>

m1(�1)

Black holes:

Gravitational field:

<latexit sha1_base64="3K/cN60gGsrJ6IzO6tq4PliKIw0="></latexit>

Si = �mi

Z
d⌧

q
gµ⌫ ẋ

µ
i ẋ

⌫
i + . . .

<latexit sha1_base64="6Tnj3QrepmQo6YsnxqvQ6JDMTuc="></latexit>

SEH = � 1

16⇡G

Z
d4x

p
�gRGeneral relativity:

Effective field theory:

(+ spin)

<latexit sha1_base64="lUfGkFX6+n3fV8/GkEWY6WIpzrQ=">AAACEnicbVC7TsMwFHXKq4RXgJHFokKCpUoQKoyVGOhYJPqQmihyHKe16jxkO4gqzTew8CssDCDEysTG3+C0GaDlSJaPzrlX997jJYwKaZrfWmVldW19o7qpb23v7O4Z+wddEacckw6OWcz7HhKE0Yh0JJWM9BNOUOgx0vPG14Xfuydc0Di6k5OEOCEaRjSgGEklucYZhHbAEc5uYOjSPJvaXsx8MQnVlz3kLp3mNmPQ0nXXqJl1cwa4TKyS1ECJtmt82X6M05BEEjMkxMAyE+lkiEuKGcl1OxUkQXiMhmSgaIRCIpxsdlIOT5TiwyDm6kUSztTfHRkKRbGlqgyRHIlFrxD/8wapDK6cjEZJKkmE54OClEEZwyIf6FNOsGQTRRDmVO0K8QiphKRKsQjBWjx5mXTP61aj3ri9qDVbZRxVcASOwSmwwCVoghZogw7A4BE8g1fwpj1pL9q79jEvrWhlzyH4A+3zB5vTnXY=</latexit>

Gmi

|xi|
⌧ 1

<latexit sha1_base64="yRwSo0/Uy+mtAaoUPYwemYeeSYA=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjtpiRFqsuCC7usYh+QxDCZTtqhM0mYmYgldOvGX3HjQhG3/oE7/8akzUJbD1w4nHMv997jx4xKZZrf2srq2vrGZmlL397Z3ds3Dg67MkoEJh0csUj0fSQJoyHpKKoY6ceCIO4z0vPHl7nfuydC0ii8VZOYuBwNQxpQjFQmeQaEsHIFuUerd3V4Yz94tOIolFRd6DAGLV33jLJZM2eAy8QqSBkUaHvGlzOIcMJJqDBDUtqWGSs3RUJRzMhUdxJJYoTHaEjsjIaIE+mms0+m8DRTBjCIRFahgjP190SKuJQT7medHKmRXPRy8T/PTlRw4aY0jBNFQjxfFCQMqgjmscABFQQrNskIwoJmt0I8QgJhlYWXh2AtvrxMuvWa1ag1rs/KzVYRRwkcgxNQARY4B03QAm3QARg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wBGxuW0w==</latexit>

(Gmi)
2R[xi(⌧)] ⌧ 1

<latexit sha1_base64="TUwMFC9Ef/kXum/aj2fPU/KrFH8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI8BLzlGMA/IrmF2MpsMmdld5xEMId/hxYMiXv0Yb/6Nk2QPmljQUFR1090Vppwp7brfztr6xubWdm4nv7u3f3BYODpuqsRIQhsk4Ylsh1hRzmLa0Exz2k4lxSLktBUOb2d+a0SlYkl8r8cpDQTuxyxiBGsrBU9d9uALU/I1NhfdQtEtu3OgVeJlpAgZ6t3Cl99LiBE01oRjpTqem+pggqVmhNNp3jeKppgMcZ92LI2xoCqYzI+eonOr9FCUSFuxRnP198QEC6XGIrSdAuuBWvZm4n9ex+joJpiwODWaxmSxKDIc6QTNEkA9JinRfGwJJpLZWxEZYImJtjnlbQje8surpHlZ9irlyt1VsVrL4sjBKZxBCTy4hirUoA4NIPAIz/AKb87IeXHenY9F65qTzZzAHzifP1/BkeA=</latexit>

xµ
i (⌧)
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<latexit sha1_base64="hzZ2eBzgzbI5HeyHuC8lXdSQPEQ="></latexit>

d2xµ
i (⌧)

d⌧2
+ �µ

↵� [x
µ
i (⌧)]

dx↵
i (⌧)

d⌧

dx�
i (⌧)

d⌧
= 0

<latexit sha1_base64="9ZhbF3mYXMYdkD8n9hsFMkmg+cw="></latexit>

Rµ⌫ � 1

2
Rgµ⌫ = 8⇡G

�
Tµ⌫
1 + Tµ⌫

2

�

<latexit sha1_base64="J5SCEaJpIDic5uIfQ7GFtpeQ3nY="></latexit>

Tµ⌫
i (x) =

mip
�g

Z 1

�1
d⌧ �d

�
x� xi(⌧)

�
ẋµ
i (⌧)ẋ

⌫
i (⌧)

Geodesic equation:

Einstein field equations:

Point-particle energy-momentum:

Black holes as point particles is inconsistent without regulator!

Regulators are fundamental ingredients of EFT.

Dimensional regularization: mysteriously simple

Why do point particles 
describe black holes?

What happens to self-
interactions and self-force?



7

<latexit sha1_base64="7Ddc8a0mJsiLXn0wG8/UVrWoSLA=">AAACLnicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1QEKHLCvYBTQyT6aQdOnkwMynW0C9y46/oQlARt36GkyYL23rgwplz7+HOPW7EqJCG8a4tLa+srq0XNoqbW9s7u/refkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eF12m+PCBc0DO7kOCK2j/oB9ShGUkmOfgPhg0PvLT8uWxLFJ0UIr1S5mabYqapR9oLpRC49zpgcvWRUjCngIjFzUgI5Go7+avVCHPskkJghIbqmEUk7QVxSzMikaMWCRAgPUZ90FQ2QT4SdTM+dwGOl9KAXclWBhFP1ryNBvhBj31WTPpIDMd9Lxf963Vh6l3ZCgyiWJMDZIi9mUIYwzQ72KCdYsrEiCHOq/grxAHGEpUo4DcGcP3mRtM4qZrVSvT0v1ep5HAVwCI5AGZjgAtRAHTRAE2DwBF7AB/jUnrU37Uv7zkaXtNxzAGag/fwC9sujFQ==</latexit>

xµ
i (⌧) = bµi + vµi ⌧ + zµi (⌧)

<latexit sha1_base64="DuNk6ONXwr7U5fHKDkHIVsxR/3o=">AAACLnicbVBNSwMxEM36WetX1aOXYBEUpeyKVC9CQcQeK9gqdJclm6ZtaDa7JrNiWfqLvPhX9CCoiFd/htm2iFUfDLx5M49kXhALrsG2X6yp6ZnZufncQn5xaXlltbC23tBRoiir00hE6jogmgkuWR04CHYdK0bCQLCroHeaza9umdI8kpfQj5kXko7kbU4JGMkvnGHc8VM3TFyZDHbudvMYn5hyGZBv2fR7maZvFKTnA3ffNN0Jk18o2iV7CPyXOGNSRGPU/MKT24poEjIJVBCtm44dg5cSBZwKNsi7iWYxoT3SYU1DJQmZ9tLhuQO8bZQWbkfKlAQ8VH86UhJq3Q8DsxkS6Orfs0z8b9ZMoH3spVzGCTBJRw+1E4Ehwll2uMUVoyD6hhCquPkrpl2iCAWTcBaC8/vkv6RxUHLKpfLFYbFSHceRQ5toC+0gBx2hCqqiGqojiu7RI3pFb9aD9Wy9Wx+j1Slr7NlAE7A+vwAGC6Ty</latexit>

gµ⌫(x) = ⌘µ⌫ +
p
Ghµ⌫(x) Interaction vertices
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Post-Minkowskian expansion:

Equations of motion:
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(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

Figure 3.1: Diagrams relevant to the probe limit of the worldline observables at the third
post-Minkowskian order. Every solid line represents either a Grassmann or worldline fluc-
tuation and wiggly lines gravitons. Only the graphs (1) - (6) are relevant in the spinless
theory. This figure is reproduced with minor changes from Ref. [4].

With the arrow notation of the propagators this implies that every vertex must have one
arrow pointing away from it and the rest pointing into it. In other words, every vertex is
sourced by any number of arrows flowing into it and acts as a new source with one arrow
flowing out of it. The one-graviton vertices act as simple backgrounds with a single outgoing
(causality) arrow. These one-graviton vertices act as the basic sources of all one-point
correlation functions.

In general we may draw any (multipoint) Feynman diagram and assign a consistent
causality flow to it. In this way we generate in-in diagrams. The vertex rules of the in-in
theory are insensitive to the causality flow. That is, their expressions do not depend on
the (+) or (�) nature of the fields. They are thus exactly equivalent to the vertex rules of
the in-out theory. Symmetry factors of one-point in-in diagrams are also equivalent to the
corresponding in-out diagrams.

In Fig. 3.1 we show some examples of WQFT diagrams with one external worldline leg.
We generally draw gravitons with a wiggly line and worldline fluctuations with a solid line.
The worldline background is then indicated with a dotted line which, however, does not
indicate any fluctuations. We usually draw diagrams such that graviton bulk interactions
occur in the middle between the two worldlines with interactions on the first worldline
above and interactions on the second worldline below. In the examples in Fig. 3.1 worldline
fluctuations only occur on the first worldline (the first body). While these diagrams are
tree-level the dotted background lines make them resemble loop diagrams.

3.2.3 Equations of Motion and O↵-Shell Recursion

The classical equations of motion satisfied by the one-point correlation functions can be used
as an e�cient tool for generating all Feynman diagrams relevant to those one-point functions.
This leads to an o↵-shell recursion relation between the one-point functions where higher
orders in perturbation theory are given in terms of lower orders. This method is analogous
to Berends-Giele o↵-shell recursion [206]. In this section we discuss how all Feynman dia-
grams contributing to the one-point functions are systematically generated from this o↵-shell
recursion. In addition, we discuss the explicit form of the classical equations of motion in
momentum space in terms of the Feynman vertices.

The one-point functions relevant to the example Sspin,i Eq. (3.35) are hhµ⌫(k)i, hz�(!)i
and h �(!)i. Let us first, however, focus on the simpler example of the non-spinning
Polyakov action. The system under consideration, then, is the gauge fixed Einstein-Hilbert
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Figure 3.2: Diagrams relevant to the comparable mass sector of the worldline observables
at the third post-Minkowskian order. Every solid line represents either a Grassmann or
worldline fluctuation and wiggly lines gravitons. For the spinless case only graphs (1)-(12)
and (23)-(25) are relevant. The graphs (23)-(32) are often referred to as “mushrooms” and
are zero in the conservative case. This figure is reproduced with minor changes from Ref. [6].

into a Grassmann field they no longer pick up a sign as long as the order of fields is respected.
Thus, in that case, the order of the fields in Eq. (3.67) is significant. We have:

Vspin[..., s � 
�1(!1), ..., s � 

�2(!2), ...] = Vspin[..., s � 
�2(!2), ..., s � 

�1(!1), ...] . (3.75)

In this case the order of the Grassmann fields does not matter. With these two rules the
signs due to the Grassmann variables in the interaction terms are taken care of.

As a final application of the graph generation discussed in this section, we consider the
graphs relevant to the worldline observables at the third post-Minkowskian order which are
the topic of Chs. 4 and 6. As we will see below in Sec. 3.3 the worldline observables
are derived from the on-shell worldline one-point functions. We thus require all graphs
contributing to the worldline one-point functions at the 3PM order. For that purpose the
recursive relations must be solved to one order higher than Eqs. (3.73) and spin must be
included. With this approach all relevant graphs are generated and the result is shown in
Figs. 3.1 and 3.2. They are drawn with a condensed notation where every solid line could
be either a worldline or Grassmann fluctuation. The full set of graphs is generated by the
replacement rule:

!
�z(!)

+
� (!)

. (3.76)

Also, the graphs are assumed to be on-shell so that the external energy is zero, which means
some graphs were thrown away that would be non-zero o↵-shell.
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Figure 3.2: Diagrams relevant to the comparable mass sector of the worldline observables
at the third post-Minkowskian order. Every solid line represents either a Grassmann or
worldline fluctuation and wiggly lines gravitons. For the spinless case only graphs (1)-(12)
and (23)-(25) are relevant. The graphs (23)-(32) are often referred to as “mushrooms” and
are zero in the conservative case. This figure is reproduced with minor changes from Ref. [6].

into a Grassmann field they no longer pick up a sign as long as the order of fields is respected.
Thus, in that case, the order of the fields in Eq. (3.67) is significant. We have:

Vspin[..., s � 
�1(!1), ..., s � 

�2(!2), ...] = Vspin[..., s � 
�2(!2), ..., s � 

�1(!1), ...] . (3.75)

In this case the order of the Grassmann fields does not matter. With these two rules the
signs due to the Grassmann variables in the interaction terms are taken care of.

As a final application of the graph generation discussed in this section, we consider the
graphs relevant to the worldline observables at the third post-Minkowskian order which are
the topic of Chs. 4 and 6. As we will see below in Sec. 3.3 the worldline observables
are derived from the on-shell worldline one-point functions. We thus require all graphs
contributing to the worldline one-point functions at the 3PM order. For that purpose the
recursive relations must be solved to one order higher than Eqs. (3.73) and spin must be
included. With this approach all relevant graphs are generated and the result is shown in
Figs. 3.1 and 3.2. They are drawn with a condensed notation where every solid line could
be either a worldline or Grassmann fluctuation. The full set of graphs is generated by the
replacement rule:

!
�z(!)

+
� (!)

. (3.76)

Also, the graphs are assumed to be on-shell so that the external energy is zero, which means
some graphs were thrown away that would be non-zero o↵-shell.
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Figure 3.2: Diagrams relevant to the comparable mass sector of the worldline observables
at the third post-Minkowskian order. Every solid line represents either a Grassmann or
worldline fluctuation and wiggly lines gravitons. For the spinless case only graphs (1)-(12)
and (23)-(25) are relevant. The graphs (23)-(32) are often referred to as “mushrooms” and
are zero in the conservative case. This figure is reproduced with minor changes from Ref. [6].

into a Grassmann field they no longer pick up a sign as long as the order of fields is respected.
Thus, in that case, the order of the fields in Eq. (3.67) is significant. We have:

Vspin[..., s � 
�1(!1), ..., s � 

�2(!2), ...] = Vspin[..., s � 
�2(!2), ..., s � 

�1(!1), ...] . (3.75)

In this case the order of the Grassmann fields does not matter. With these two rules the
signs due to the Grassmann variables in the interaction terms are taken care of.

As a final application of the graph generation discussed in this section, we consider the
graphs relevant to the worldline observables at the third post-Minkowskian order which are
the topic of Chs. 4 and 6. As we will see below in Sec. 3.3 the worldline observables
are derived from the on-shell worldline one-point functions. We thus require all graphs
contributing to the worldline one-point functions at the 3PM order. For that purpose the
recursive relations must be solved to one order higher than Eqs. (3.73) and spin must be
included. With this approach all relevant graphs are generated and the result is shown in
Figs. 3.1 and 3.2. They are drawn with a condensed notation where every solid line could
be either a worldline or Grassmann fluctuation. The full set of graphs is generated by the
replacement rule:

!
�z(!)

+
� (!)

. (3.76)

Also, the graphs are assumed to be on-shell so that the external energy is zero, which means
some graphs were thrown away that would be non-zero o↵-shell.
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<latexit sha1_base64="q5UTyR91yW/GkvdRLUeAXtQLQZ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLzlGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyN/c7T1QbpuSDnSY0FHgkWcwItk5q95WgIzwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFtmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSvqoGtWrt/rpSb+RxFOEMzuESAriBOjSgCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHlZGPLA==</latexit>!
<latexit sha1_base64="KM5IqeuetrNHnODo4NNjiYllbQE=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQbkqiUl0W3HRZwT6giWEynbRDZyZhZiLU0IUbf8WNC0Xc+hHu/BuTNgttPXDhcM693HuPHzGqtGV9G4W19Y3NreJ2aWd3b//APDzqqjCWmHRwyELZ95EijArS0VQz0o8kQdxnpOdPrjO/d0+koqG41dOIuByNBA0oRjqVPLMMoUMFfLhLquc1h8czz646IScjVCt5ZsWqW3PAVWLnpAJytD3zyxmGOOZEaMyQUgPbirSbIKkpZmRWcmJFIoQnaEQGKRWIE+Um8ydm8DRVhjAIZVpCw7n6eyJBXKkp99NOjvRYLXuZ+J83iHVw5SZURLEmAi8WBTGDOoRZInBIJcGaTVOCsKTprRCPkURYp7llIdjLL6+S7lndbtQbNxeVZiuPowjK4ARUgQ0uQRO0QBt0AAaP4Bm8gjfjyXgx3o2PRWvByGeOwR8Ynz+v35Y/</latexit>

2 z(3)µ1 (!)

<latexit sha1_base64="qB4cJBQuGmNUhymW4bQW55pBFmg=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQbkpSpLosuOmygn1AE8NkOmmHzkzCzESooQs3/oobF4q49SPc+TcmbRbaeuDC4Zx7ufceP2JUacv6Ngobm1vbO8Xd0t7+weGReXzSU2EsMenikIVy4CNFGBWkq6lmZBBJgrjPSN+fXmd+/55IRUNxq2cRcTkaCxpQjHQqeWYZQocK+HCXVBs1h8dzz646ISdjVCt5ZsWqWwvAdWLnpAJydDzzyxmFOOZEaMyQUkPbirSbIKkpZmRecmJFIoSnaEyGKRWIE+Umiyfm8DxVRjAIZVpCw4X6eyJBXKkZ99NOjvRErXqZ+J83jHVw5SZURLEmAi8XBTGDOoRZInBEJcGazVKCsKTprRBPkERYp7llIdirL6+TXqNuN+vNm4tKq53HUQRlcAaqwAaXoAXaoAO6AINH8AxewZvxZLwY78bHsrVg5DOn4A+Mzx+uS5Y+</latexit>

2 z(2)µ1 (!)

<latexit sha1_base64="WoJn7t7Ngyi60MazQ9Git45NX5c=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovQbkoiUl0W3HRZwT6giWEynbZDJ5MwMxFKyMKNv+LGhSJu/Qh3/o2TNgttPXDhcM693HtPEDMqlW1/G6WNza3tnfKuubd/cHhkHZ/0ZJQITLo4YpEYBEgSRjnpKqoYGcSCoDBgpB/MbnK//0CEpBG/U/OYeCGacDqmGCkt+VYFQpdyOL1Pa04981M3TFyeZLVZ3TR9q2o37AXgOnEKUgUFOr715Y4inISEK8yQlEPHjpWXIqEoZiQz3USSGOEZmpChphyFRHrp4okMnmtlBMeR0MUVXKi/J1IUSjkPA90ZIjWVq14u/ucNEzW+9lLK40QRjpeLxgmDKoJ5InBEBcGKzTVBWFB9K8RTJBBWOrc8BGf15XXSu2g4zUbz9rLaahdxlEEFnIEacMAVaIE26IAuwOARPINX8GY8GS/Gu/GxbC0Zxcwp+APj8we1X5ZB</latexit>

2 h(1)
µ⌫ (k)

Interaction vertex
<latexit sha1_base64="QKHEmcMjG5BK0c0lXyAyLPRv7j8="></latexit>

�3S

�z2�h

����
0

⇠
�2�µ

↵�

�z�h

����
0
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<latexit sha1_base64="q5UTyR91yW/GkvdRLUeAXtQLQZ8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLzlGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyN/c7T1QbpuSDnSY0FHgkWcwItk5q95WgIzwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFtmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSvqoGtWrt/rpSb+RxFOEMzuESAriBOjSgCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHlZGPLA==</latexit>!
<latexit sha1_base64="KM5IqeuetrNHnODo4NNjiYllbQE=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQbkqiUl0W3HRZwT6giWEynbRDZyZhZiLU0IUbf8WNC0Xc+hHu/BuTNgttPXDhcM693HuPHzGqtGV9G4W19Y3NreJ2aWd3b//APDzqqjCWmHRwyELZ95EijArS0VQz0o8kQdxnpOdPrjO/d0+koqG41dOIuByNBA0oRjqVPLMMoUMFfLhLquc1h8czz646IScjVCt5ZsWqW3PAVWLnpAJytD3zyxmGOOZEaMyQUgPbirSbIKkpZmRWcmJFIoQnaEQGKRWIE+Um8ydm8DRVhjAIZVpCw7n6eyJBXKkp99NOjvRYLXuZ+J83iHVw5SZURLEmAi8WBTGDOoRZInBIJcGaTVOCsKTprRCPkURYp7llIdjLL6+S7lndbtQbNxeVZiuPowjK4ARUgQ0uQRO0QBt0AAaP4Bm8gjfjyXgx3o2PRWvByGeOwR8Ynz+v35Y/</latexit>

2 z(3)µ1 (!)

Propagators
Integration, i.e. momenta in denominator

Interaction vertices
Differentiation, i.e. momenta in numerator

Static straight-line motion
Non-dynamical
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Draw all diagrams and insert Feynman rules
Use tensor manipulation software, e.g. FORM, FeynCalc, xAct

Simplify numerators (interaction vertices)

Tensor reduction: For example any IBP program
IBP reduction: KIRA, LiteRed, FIRE

Reduce to a minimal basis of required integrals (master integrals)

IBP reduction: KIRA, LiteRed, FIRE

Constructing and simplifying
<latexit sha1_base64="VbDt31YgiePvhlcvIORYdRW+Zl0="></latexit>

�m lim
!!0

!2z(3)µi (!) = �pi
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Integration-by-parts (IBP) reduction
• Technique from collider physics

• Linear identities between loop integrals (stemming from integration by 
parts identities)

• Reduces an (in principle) infinite family of integrals to a finite basis of 
master integrals

• Leads to a significantly simpler integrand

• Implemented in public packages: KIRA, LiteRed, FIRE
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Master integrals

Rational coefficients

<latexit sha1_base64="WgXuBFuDV3ZnygiSNqwpDMCrlF8=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHZLqV6EgpceK9gPaJeSzU7b0GyyJtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XY2Nre2d3Zze/n9g8Oj48LJaUvLRFFoUsml6gREA2cCmoYZDp1YAYkCDu1gfD/32xNQmknxaKYx+BEZCjZglBgr+eFd5brcg1gzLkW/UHRL7gJ4nXgZKaIMjX7hqxdKmkQgDOVE667nxsZPiTKMcpjle4mGmNAxGULXUkEi0H66OHqGL60S4oFUtoTBC/X3REoiradRYDsjYkZ61ZuL/3ndxAxu/ZSJODEg6HLRIOHYSDxPAIdMATV8agmhitlbMR0RRaixOeVtCN7qy+ukVS551VL1oVKs1bM4cugcXaAr5KEbVEN11EBNRNETekav6M2ZOC/Ou/OxbN1wspkz9AfO5w/qaZGX</latexit>

d = 4� 2✏

<latexit sha1_base64="vgG6OpLfAl9D0NIdUOdJVzOc82A="></latexit>

Relative Lorentz factor: � = v1 · v2
Scale (impact parameter): b

Regulator: ✏

<latexit sha1_base64="cilQ6tzasLHdayIdSBe77mxL4O4="></latexit>

�p(3)µi = G3m2
1m

2
2 lim

✏!0

11X

i=1

cµi (v
µ
i , b

µ, ✏)Ii(�, b, ✏) + [0SF]

Dimensional regularization
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<latexit sha1_base64="cilQ6tzasLHdayIdSBe77mxL4O4="></latexit>

�p(3)µi = G3m2
1m

2
2 lim

✏!0

11X

i=1

cµi (v
µ
i , b

µ, ✏)Ii(�, b, ✏) + [0SF]

<latexit sha1_base64="cilQ6tzasLHdayIdSBe77mxL4O4="></latexit>

�p(3)µi = G3m2
1m

2
2 lim

✏!0

11X

i=1

cµi (v
µ
i , b

µ, ✏)Ii(�, b, ✏) + [0SF]

<latexit sha1_base64="bzcG89pMvcpbScCO/WoPqoOxJQE=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WPBS48V7Ae0a8mm2TY0ycYkK5SlP8KLB0W8+nu8+W9M2z1o64OBx3szzMyLFGfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bJkk1oU2S8ER3ImwoZ5I2LbOcdpSmWESctqPx7cxvP1FtWCLv7UTRUOChZDEj2Dqp/dgPHnoi7ZfKfsWfA62SICdlyNHol756g4SkgkpLODamG/jKhhnWlhFOp8VeaqjCZIyHtOuoxIKaMJufO0XnThmgONGupEVz9fdEhoUxExG5ToHtyCx7M/E/r5va+CbMmFSppZIsFsUpRzZBs9/RgGlKLJ84golm7lZERlhjYl1CRRdCsPzyKmldVoJqpXp3Va7V8zgKcApncAEBXEMN6tCAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QMQ8o9u</latexit>

qµ1
<latexit sha1_base64="8mHNkzp/mb/G1FC7DRfHT4KUZFM=">AAAB7nicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSgx5JvHDExAUSWEm3dKGh7a5t14Rs+BFePGiMV3+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZ37nSeqNIvlvZkmNBB4JFnECDZW6jwOag99kQ7KFbfqLoDWiZeTCuRoDcpf/WFMUkGlIRxr3fPcxAQZVoYRTmelfqppgskEj2jPUokF1UG2OHeGLqwyRFGsbEmDFurviQwLracitJ0Cm7Fe9ebif14vNdFNkDGZpIZKslwUpRyZGM1/R0OmKDF8agkmitlbERljhYmxCZVsCN7qy+ukXat69Wr97qrSaOZxFOEMzuESPLiGBjShBT4QmMAzvMKbkzgvzrvzsWwtOPnMKfyB8/kDEnqPbw==</latexit>

qµ2
<latexit sha1_base64="932ak8YDdOqL/CrFzwSNY8WmSaE=">AAAB7nicbVBNSwMxEJ2tX7V+rXr0EiyCp7KrUj0WvPRYwX5Au5Zsmm1Dk+yaZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vp357SeqNIvlvZkkNBB4KFnECDZWaj/2Lx96Iu27Za/izYFWiZ+TMuRo9N2v3iAmqaDSEI617vpeYoIMK8MIp9NSL9U0wWSMh7RrqcSC6iCbnztFZ1YZoChWtqRBc/X3RIaF1hMR2k6BzUgvezPxP6+bmugmyJhMUkMlWSyKUo5MjGa/owFTlBg+sQQTxeytiIywwsTYhEo2BH/55VXSuqj41Ur17qpcq+dxFOEETuEcfLiGGtShAU0gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHFAKPcA==</latexit>

qµ3

<latexit sha1_base64="U+g6mxWKm/CuvB+eD12KUOUCNDU=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BLzlGMA9IljA76U2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyQc7TSAUZCRZzCixTur2lYARGQSDcsWv+gvgdRLkpIJyNAflr/5Q0VSAtJQTY3qBn9gwI9oyymFW6qcGEkInZAQ9RyURYMJsce8MXzhliGOlXUmLF+rviYwIY6Yicp2C2LFZ9ebif14vtfFtmDGZpBYkXS6KU46twvPn8ZBpoJZPHSFUM3crpmOiCbUuopILIVh9eZ20r6pBrVq7v67UG3kcRXSGztElCtANqqMGaqIWooijZ/SK3rxH78V79z6WrQUvnzlFf+B9/gC+54/Q</latexit>!1

<latexit sha1_base64="1ZdkX18VmNn+0cKNSBDdCYf/sms=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPAS44RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/b29jc2t7ZLewV9w8Oj45LJ6dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5m/udJ6oNU/LBThMaCjySLGYEWyd1+0rQER5UB6WyX/EXQOskyEkZcjQHpa/+UJFUUGkJx8b0Aj+xYYa1ZYTTWbGfGppgMsEj2nNUYkFNmC3unaFLpwxRrLQradFC/T2RYWHMVESuU2A7NqveXPzP66U2vg0zJpPUUkmWi+KUI6vQ/Hk0ZJoSy6eOYKKZuxWRMdaYWBdR0YUQrL68TtrVSlCr1O6vy/VGHkcBzuECriCAG6hDA5rQAgIcnuEV3rxH78V79z6WrRtePnMGf+B9/gDAa4/R</latexit>!2

<latexit sha1_base64="At2UisTnzNMxX+Intdx9NTD+9B8="></latexit>Z
ddq1d

dq2d
dq3d!1d!2e

�ibµ(�q1+q2+q3)µ

<latexit sha1_base64="S9ZEtbSr1MT6v8kt3S7XxnXY5dQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUimWmSHUjFNx0WcE+oJ0ZMmnahmYm0yQjlKEf4cZfceNCEbcu3Pk3ZtpZaOuFkMM553LvPV7IqFSm+W1k1tY3Nrey27md3b39g/zhUUvySGDSxJxx0fGQJIwGpKmoYqQTCoJ8j5G2N75N9PYDEZLy4F5NQ2L7aBjQAcVIacrNlyCcuNSp3BQnjunSEjWd0rlTueh5nPXl1NdfPJkljl zOzRfMsjkvuAqsFBRAWg03/9Xrcxz5JFCYISm7lhkqO0ZCUczILNeLJAkRHqMh6WoYIJ9IO54fNYNnmunDARf6BQrO2d8dMfJlsqB2+kiN5LKWkP9p3UgNru2YBmGkSIAXgwYRg4rDJCHYp4JgxaYaICyo3hXiERIIK51jEoK1fPIqaFXKVrVcvbss1OppHFlwAk5BEVjgCtRAHTRAE2DwCJ7BK3gznowX4934WFgzRtpzDP6U8fkDzRScOg==</latexit>

q2i = (q0i + i0+)2 � q2
i

<latexit sha1_base64="3xtSH4zzadewzrgGnU4cVhUfPJo="></latexit>

⇥�(q1 · v1)�(q1 · v2 � !1)�(!1 � q2 · v2)�(q2 · v1 � !2)�(!2 + q3 · v1)�(q3 · v2)
q21q

2
2q

2
3(!1 + i0+)2(!2 + i0+)2

<latexit sha1_base64="PS9OpQzFiOgdamL1qYn+REts+FA=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAhBDuRKKNELCJXQTzAbkQ5jabZMnu3rG7J4Qjv8DGv2JjoYittZ3/xrskhSY+GHi8N8PMPD/kTBvH+bYya+sbm1vZ7dzO7t7+gX141NRBpAhtkIAHqu2DppxJ2jDMcNoOFQXhc9ryxzep33qgSrNA3ptJSLsChpINGAGTSD27gLEnwIwI8Ph22nOL3hCEgJJf8mioGQ/k2XUu17PzTtmZAa8Sd0HyaIF6z/7y+gGJBJWGcNC64zqh6cagDCOcTnNepGkIZAxD2kmoBEF1N569M8WFROnjQaCSkgbP1N8TMQitJ8JPOtPT9bKXiv95ncgMrroxk2FkqCTzRYOIYxPgNBvcZ4oSwycJAaJYcismI1BATJJgGoK7/PIqaZ6X3Uq5cneRr9YWcWTRCTpFReSiS1RFNVRHDUTQI3pGr+jNerJerHfrY96asRYzx+gPrM8fgo2ahg==</latexit>

I1(�, b, ✏) =

<latexit sha1_base64="PS9OpQzFiOgdamL1qYn+REts+FA=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAhBDuRKKNELCJXQTzAbkQ5jabZMnu3rG7J4Qjv8DGv2JjoYittZ3/xrskhSY+GHi8N8PMPD/kTBvH+bYya+sbm1vZ7dzO7t7+gX141NRBpAhtkIAHqu2DppxJ2jDMcNoOFQXhc9ryxzep33qgSrNA3ptJSLsChpINGAGTSD27gLEnwIwI8Ph22nOL3hCEgJJf8mioGQ/k2XUu17PzTt mZAa8Sd0HyaIF6z/7y+gGJBJWGcNC64zqh6cagDCOcTnNepGkIZAxD2kmoBEF1N569M8WFROnjQaCSkgbP1N8TMQitJ8JPOtPT9bKXiv95ncgMrroxk2FkqCTzRYOIYxPgNBvcZ4oSwycJAaJYcismI1BATJJgGoK7/PIqaZ6X3Uq5cneRr9YWcWTRCTpFReSiS1RFNVRHDUTQI3pGr+jNerJerHfrY96asRYzx+gPrM8fgo2ahg==</latexit>

I1(�, b, ✏) =
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<latexit sha1_base64="At2UisTnzNMxX+Intdx9NTD+9B8="></latexit>Z
ddq1d

dq2d
dq3d!1d!2e

�ibµ(�q1+q2+q3)µ

<latexit sha1_base64="3xtSH4zzadewzrgGnU4cVhUfPJo="></latexit>

⇥�(q1 · v1)�(q1 · v2 � !1)�(!1 � q2 · v2)�(q2 · v1 � !2)�(!2 + q3 · v1)�(q3 · v2)
q21q

2
2q

2
3(!1 + i0+)2(!2 + i0+)2

<latexit sha1_base64="PS9OpQzFiOgdamL1qYn+REts+FA=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAhBDuRKKNELCJXQTzAbkQ5jabZMnu3rG7J4Qjv8DGv2JjoYittZ3/xrskhSY+GHi8N8PMPD/kTBvH+bYya+sbm1vZ7dzO7t7+gX141NRBpAhtkIAHqu2DppxJ2jDMcNoOFQXhc9ryxzep33qgSrNA3ptJSLsChpINGAGTSD27gLEnwIwI8Ph22nOL3hCEgJJf8mioGQ/k2XUu17PzTt mZAa8Sd0HyaIF6z/7y+gGJBJWGcNC64zqh6cagDCOcTnNepGkIZAxD2kmoBEF1N569M8WFROnjQaCSkgbP1N8TMQitJ8JPOtPT9bKXiv95ncgMrroxk2FkqCTzRYOIYxPgNBvcZ4oSwycJAaJYcismI1BATJJgGoK7/PIqaZ6X3Uq5cneRr9YWcWTRCTpFReSiS1RFNVRHDUTQI3pGr+jNerJerHfrY96asRYzx+gPrM8fgo2ahg==</latexit>

I1(�, b, ✏) =

<latexit sha1_base64="Wi1cxN8CarmLTALHAhh/fysjC7Y=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix46bGC/cAmls120i7d3YTdjVBK/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXpZxp43nfztr6xubWdmGnuLu3f3BYOjpu6SRTFJs04YnqREQjZxKbhhmOnVQhERHHdjS6nfntJ1SaJfLejFMMBRlIFjNKjJUeAuS85z8GIuuVyl7Fm8NdJX5OypCj0St9Bf2EZgKloZxo3fW91IQTogyjHKfFINOYEjoiA+xaKolAHU7mF0/dc6v03ThRtqRx5+rviQkRWo9FZDsFMUO97M3E/7xuZuKbcMJkmhmUdLEozrhrEnf2vttnCqnhY0sIVcze6tIhUYQaG1LRhuAvv7xKWpcVv1qp3l2Va/U8jgKcwhlcgA/XUIM6NKAJFCQ8wyu8Odp5cd6dj0XrmpPPnMAfOJ8/ScCQtA==</latexit>

`µ1
<latexit sha1_base64="2y4saST7L9oFc0bxDGxjlfHh2iM=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgqewWqR4LXnqsYD+wu5ZsOtuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRaFNYx6rXkg0cCahbZjh0EsUEBFy6IaT27nffQKlWSzvzTSBQJCRZBGjxFjpwQfOB7VHX6SDcsWtugvgdeLlpIJytAblL38Y01SANJQTrfuem5ggI8owymFW8lMNCaETMoK+pZII0EG2uHiGL6wyxFGsbEmDF+rviYwIracitJ2CmLFe9ebif14/NdFNkDGZpAYkXS6KUo5NjOfv4yFTQA2fWkKoYvZWTMdEEWpsSCUbgrf68jrp1KpevVq/u6o0mnkcRXSGztEl8tA1aqAmaqE2okiiZ/SK3hztvDjvzseyteDkM6foD5zPH0tIkLU=</latexit>

`µ2
<latexit sha1_base64="wLEcDxCuuAeK6w18WZ4FGk5NYiU=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx5JvHDExAUSWEm3dKGh7S5t14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpv77SeqNIvlg5kmNBB4KFnECDZW8iePPZH2yxW36i6A1omXkwrkaPbLX71BTFJBpSEca9313MQEGVaGEU5npV6qaYLJGA9p11KJBdVBtjh2hi6sMkBRrGxJgxbq74kMC62nIrSdApuRXvXm4n9eNzXRbZAxmaSGSrJcFKUcmRjNP0cDpigxfGoJJorZWxEZYYWJsfmUbAje6svrpHVV9WrV2v11pd7I4yjCGZzDJXhwA3VoQBN8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+AOk5jso=</latexit>

qµ
<latexit sha1_base64="QJKerCu3BFdpUnHgnTSZle44n5A=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4Crsi0WPAi8cI5gHJEmcnvcmQ2dllpjcSlvyJFw+KePVPvPk3Th4HTSxoKKq6e3oqTKUw6Hnfztr6xubWdmGnuLu3f3DoHh03TJJpDnWeyES3QmZACgV1FCihlWpgcSihGQ5vp35zBNqIRD3gOIUgZn0lIsEZWqnruh0uNJfAtE6eJETYdUte2ZuBrhJ/QUpkgVrX/er0Ep7FoJBLZkzb91IMcqZR2L2TYiczkDI+ZH1oW6pYDCbIZ5dP6LlVejRKtC2FdKb+nshZbMw4Dm1nzHBglr2p+J/XzjC6CXKh0gxB8flDUSYpJnQaA+0JDRzl2BLGtbC3Uj5gmnG0YRVtCP7yl1dJ47LsV8qV+6tS9bE6j6NATskZuSA+uSZVckdqpE44GZFn8krenNx5cd6dj3nrmrOI8IT8gfP5AzQUlFg=</latexit> <latexit sha1_base64="QJKerCu3BFdpUnHgnTSZle44n5A=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4Crsi0WPAi8cI5gHJEmcnvcmQ2dllpjcSlvyJFw+KePVPvPk3Th4HTSxoKKq6e3oqTKUw6Hnfztr6xubWdmGnuLu3f3DoHh03TJJpDnWeyES3QmZACgV1FCihlWpgcSihGQ5vp35zBNqIRD3gOIUgZn0lIsEZWqnruh0uNJfAtE6eJETYdUte2ZuBrhJ/QUpkgVrX/er0Ep7FoJBLZkzb91IMcqZR2L2TYiczkDI+ZH1oW6pYDCbIZ5dP6LlVejRKtC2FdKb+nshZbMw4Dm1nzHBglr2p+J/XzjC6CXKh0gxB8flDUSYpJnQaA+0JDRzl2BLGtbC3Uj5gmnG0YRVtCP7yl1dJ47LsV8qV+6tS9bE6j6NATskZuSA+uSZVckdqpE44GZFn8krenNx5cd6dj3nrmrOI8IT8gfP5AzQUlFg=</latexit> <latexit sha1_base64="Cg8UfjElB6HUDRQjlfGidjxKpJg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgJccI5gHJEmYns8mQ2Zl1HkpY8hNePCji1d/x5t84SfagiQUNRVU33V1Rypk2vv/tra1vbG5tF3aKu3v7B4elo+OWllYR2iSSS9WJsKacCdo0zHDaSRXFScRpOxrfzvz2I1WaSXFvJikNEzwULGYEGyd1ejbFSsmnfqnsV/w50CoJclKGHI1+6as3kMQmVBjCsdbdwE9NmGFlGOF0WuxZTVNMxnhIu44KnFAdZvN7p+jcKQMUS+VKGDRXf09kONF6kkSuM8FmpJe9mfif17UmvgkzJlJrqCCLRbHlyEg0ex4NmKLE8IkjmCjmbkVkhBUmxkVUdCEEyy+vktZlJahWqndX5Vo9j6MAp3AGFxDANdSgDg1oAgEOz/AKb96D9+K9ex+L1jUvnzmBP/A+fwBzyJBH</latexit>
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<latexit sha1_base64="tzSZ5rVjYH3WjAyx12pyOOrsKvI="></latexit>

I1(�, q, ✏) =
Z

dd�2qeiq
µbµI1(�, b, ✏)

<latexit sha1_base64="M+7zfekM4f0yxX7hLcJJBfjnxTg="></latexit>

=

Z
dd`1d

d`2
�(`1 · v1)�(`2 · v2)�(q · v1)�(q · v2)

(`1 � q)2(`1 � `2)2`22(`1 · v2 + i0+)(�`2 · v1 + i0+)
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<latexit sha1_base64="7KaRE4zltRbBfOAv1t1Jka3pufg="></latexit>

d

d�
~I(�, b, ✏) = M(�, ✏) · ~I(�, b, ✏)

<latexit sha1_base64="m9PSc3a3H48TPQVQm1Zkye76EU8="></latexit>

d

d�
~I 0(�, b, ✏) = ✏M 0(�) · ~I 0(�, b, ✏)

Change of integral basis
(“Canonicalization”)

Ideal basis for epsilon expansions
Software: 
Canonica, Initial, Fuchsia, more

<latexit sha1_base64="rtRZKdKi/5qFM5OCHUcGyuXfC6w="></latexit>

~I 0(�, b, ✏) = Pe✏
R �
1 d�0M(�0)~I 00(✏, b)

Method of differential equations <latexit sha1_base64="edY3FEm91k1pIYwFHF1wpf10fEk="></latexit>

~I =

0

BBBBBB@

I1
I2
I3
I4
. . .
I11

1

CCCCCCA

 
Master integrals:
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<latexit sha1_base64="rtRZKdKi/5qFM5OCHUcGyuXfC6w="></latexit>

~I 0(�, b, ✏) = Pe✏
R �
1 d�0M(�0)~I 00(✏, b)

Integration (boundary) constants

<latexit sha1_base64="YK5IciG4vD8ydIcqRj/k7yDjGak="></latexit>

~I 00(✏, b) = lim
�!1

~I 0(�, b, ✏)

Boundary chosen in the post-Newtonian limit:

Usually, the first time “genuine” integration is required…

<latexit sha1_base64="Ki0BopxFWQZMVoGwGfxDD/P1LUs="></latexit>

= ~I 00(✏, b) + ✏

Z �

1
d�0M(�0) · ~I 00(✏, b) + . . .

<latexit sha1_base64="+gu56yiKh6Et/UcJSjgeujpqQ6U="></latexit>

~I 00(✏, b) = b[dimension]✏[integer]
⇣
c0 + ✏c1 + ✏c2 + . . .

⌘

Expansion is (usually) asymptotic and 
method of regions must be used
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by the inclusion of radiative e↵ects, and involve the integral families I(�1;�2;�3)
n1,n2,...,n7 and

K
(�1;�2;�3)
n1,n2,...,n5 discussed in section 3. There is also a third category of diagrams (not

drawn) relevant in the other test-body limit m1 � m2; however, as these are related

by symmetry to those in Figs. 5 and 6 we do not need to calculate them explicitly.

All integrands can be expressed as a Fourier transform over integrals of the kind

discussed in section 3:
Z

q

e
iq·b

�
�(q · v1)�

�(q · v2)|q|
n
{I

(�1;�2;�3)
n1,...n7

, J
(�1;�2)
n1,...n7

, K
(�1;�2;�3)
n1,...n5

} , (4.8)

where qµ is the total momentum exchanged via gravitons between the two worldlines.

To bring the diagrams into this form, we need to resolve four-dimensional delta

functions in the bulk and integrate over the energies !i of worldline propagators. As

explained in ref. [51], any leftover components of `µ
i
may be conveniently resolved on

a basis of wµ

i
and q

µ, where w
µ

i
are the dual velocities satisfying vi · wj = �ij:

w
µ

1
=

�v
µ

2
� v

µ

1

�2 � 1
, w

µ

2
=

�v
µ

1
� v

µ

2

�2 � 1
. (4.9)

After reducing to the master integrals given in section 3.5, our last step is to perform

the q-Fourier transform.

Our final result for �p
µ

1
up to 3PM order is given in the ancillary file. It takes

the generic form [32]:

�p
µ

1
= p1 sin ✓

b
µ

|b|
+(cos ✓�1)

m1m2

E2
[(�m1 +m2)v

µ

1
�(�m2 +m1)v

µ

2
]� v2 · Prad w

µ

2
,

(4.10)

where the center-of-mass momentum is p1 = µ

p
�2 � 1/�, µ = M⌫ = m1m2/M ,

M = m1+m2 and � = E/M =
p
1 + 2⌫(� � 1). All terms proportional to the impact

parameter b
µ, both conservative and radiative, arise from the real integrals (3.30);

terms proportional to v
µ

i
, including P

µ

rad
, come from the imaginary integrals (3.31).

Here ✓ is the scattering angle in the center-of-mass frame, and P
µ

rad
is the radiated

four-momentum:

sin

✓
✓

2

◆
=

p
��p

2

1

2p1
, P

µ

rad
= ��p

µ

1
��p

µ

2
. (4.11)

The entire dynamics is therefore encoded by ✓ and P
µ

rad
, which we present below.
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4.2 Scattering angle

In the absence of tidal e↵ects, the complete scattering angle ✓ up to O(G3) is

✓cons

�
=

GM

|b|

2(2�2
� 1)

�2 � 1
+

✓
GM

|b|

◆2 3⇡(5�2
� 1)

4(�2 � 1)
(4.12a)

+

✓
GM

|b|

◆3 ✓
2
64�6

� 120�4 + 60�2
� 5

3(�2 � 1)3
�2

�
8⌫�(14�2 + 25)

3(�2 � 1)
� 8⌫

(4�4
� 12�2

� 3)

(�2 � 1)

arccosh�p
�2 � 1

!
+O(G4) ,

✓rad

�
=

✓
GM

|b|

◆3 4⌫(2�2
� 1)2

(�2 � 1)3/2

⇣
�

8

3
+

1

v2
+

(3v2 � 1)

v3
arccosh�

⌘
+O(G4) , (4.12b)

where ✓ = ✓cons + ✓rad has a finite high-energy � ! 1 limit:

✓
�!1
���! 4

GE

|b|
+

32

3

✓
GE

|b|

◆3

. (4.13)

This is the well-known result of Amati, Ciafaloni and Veneziano [114], the radia-

tive correction ✓rad being required in order to cancel a logarithmic divergence that

otherwise appears in this limit [78]. With the inclusion of tidal e↵ects, only the con-

servative part of the angle is modified up to 3PM order, i.e. ✓tidal = ✓tidal,cons+O(G4):

✓tidal

�
=

45⇡G2
M

2

128|b|6(�2 � 1)

⇥
(11� 30�2 + 35�4)

�
c
+

E2 � �c
�
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�
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�
c
+
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�
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+
48G3

M
3
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
1

35

�
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� �

(1 + �
2)c+

E2 � 2�c�
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�

+
1

35
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� �

(1 + �
2)c+

B2 � 2�c�
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2⌫�

5(�2 � 1)

�
4047 + 9426�2 + 804�4

� 104�6 + 32�8
�
c
+

E2

+
4⌫�

5(�2 � 1)

�
2006 + 4733�2 + 392�4

� 52�6 + 16�8
�
c
+

B2

�
6⌫

�2 � 1

arccosh�p
�2 � 1

⇥
(33 + 474�2 + 440�4)c+

E2

+(32 + 474�2 + 440�4)c+
B2

⇤ �
+O(G4) ,

with � = (m2 � m1)/M and c
±
E2/B2 = c

(2)

E2/B2 ± c
(1)

E2/B2 — see also refs. [38, 113]. It

has a finite high-energy limit:

✓tidal
�!1
���!

✓
GE

|b|

◆7 384(E2 + B2)

5⌫2
, E2/B2 =

c
+

E2/B2

G4M4
, (4.14)
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Results: Radiation

where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [78, 115, 116]:

✓rad = �
1

2

@✓cons

@E
Erad �

1

2

@✓cons

@J
Jrad . (4.15)

This predicts the radiative part of the scattering angle ✓rad given knowledge of the

radiated energy Erad and angular momentum Jrad. As Erad = P
0

rad
(in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to ✓rad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory

in the tidal correction to the 2PM waveform guarantees that Jtidal,rad = O(G3), hence

✓tidal,rad = O(G4).

4.3 Radiated momentum

The radiated four-momentum without finite-size e↵ects up to O(G3) is (see also

refs. [42, 80, 97]):

P
µ

rad
=

G
3
m

2

1
m

2

2
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|b|3

v
µ

1
+ v

µ

2

� + 1
E(�) +O(G4) , (4.16)

with the scalar function E(�) giving the radiated energy in the center-of-mass (com)

frame Erad = Prad · vcom = Prad · (m1v
µ

1
+m2v

µ

2
)/E:

Erad =
G

3
⇡M

4
⌫
2

|b|3�
E(�) , E(�) = e1 + e2 log
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+ e3

arccosh�p
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. (4.17)

The coe�cients are

e1 =
210�6

� 552�5 + 339�4
� 912�3 + 3148�2

� 3336� + 1151

48(�2 � 1)3/2
, (4.18a)

e2 = �
35�4 + 60�3

� 150�2 + 76� � 5

8
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�2 � 1

, (4.18b)

e3 =
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� 3) (35�4
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16(�2 � 1)3/2
. (4.18c)

Incorporating leading-order tidal e↵ects the correction to the radiated four-momentum

P
µ

rad,tidal
at this order is given by
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=
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1
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#
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(4.19)
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where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [78, 115, 116]:

✓rad = �
1

2

@✓cons

@E
Erad �

1

2

@✓cons

@J
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This predicts the radiative part of the scattering angle ✓rad given knowledge of the

radiated energy Erad and angular momentum Jrad. As Erad = P
0

rad
(in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to ✓rad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory

in the tidal correction to the 2PM waveform guarantees that Jtidal,rad = O(G3), hence

✓tidal,rad = O(G4).

4.3 Radiated momentum

The radiated four-momentum without finite-size e↵ects up to O(G3) is (see also

refs. [42, 80, 97]):
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with the scalar function E(�) giving the radiated energy in the center-of-mass (com)

frame Erad = Prad · vcom = Prad · (m1v
µ

1
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where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [78, 115, 116]:
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This predicts the radiative part of the scattering angle ✓rad given knowledge of the

radiated energy Erad and angular momentum Jrad. As Erad = P
0

rad
(in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to ✓rad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory

in the tidal correction to the 2PM waveform guarantees that Jtidal,rad = O(G3), hence

✓tidal,rad = O(G4).

4.3 Radiated momentum

The radiated four-momentum without finite-size e↵ects up to O(G3) is (see also

refs. [42, 80, 97]):
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with the scalar function E(�) giving the radiated energy in the center-of-mass (com)

frame Erad = Prad · vcom = Prad · (m1v
µ

1
+m2v

µ

2
)/E:

Erad =
G

3
⇡M

4
⌫
2

|b|3�
E(�) , E(�) = e1 + e2 log

✓
� + 1

2

◆
+ e3

arccosh�p
�2 � 1

. (4.17)

The coe�cients are

e1 =
210�6

� 552�5 + 339�4
� 912�3 + 3148�2

� 3336� + 1151

48(�2 � 1)3/2
, (4.18a)

e2 = �
35�4 + 60�3

� 150�2 + 76� � 5

8
p
�2 � 1

, (4.18b)

e3 =
�(2�2

� 3) (35�4
� 30�2 + 11)

16(�2 � 1)3/2
. (4.18c)

Incorporating leading-order tidal e↵ects the correction to the radiated four-momentum

P
µ

rad,tidal
at this order is given by

P
µ

rad,tidal
=
G

3
⇡m

2

1
m

2

2

|b|7

"⇣
c
(1)

E2AE2 + c
(2)

E2BE2 + c
(1)

B2AB2 + c
(2)

B2BB2

⌘
�v

µ

2
� v

µ

1p
�2 � 1

+ (1 $ 2)

#
,

(4.19)

29



39

where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [78, 115, 116]:
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This predicts the radiative part of the scattering angle ✓rad given knowledge of the

radiated energy Erad and angular momentum Jrad. As Erad = P
0

rad
(in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to ✓rad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory

in the tidal correction to the 2PM waveform guarantees that Jtidal,rad = O(G3), hence

✓tidal,rad = O(G4).
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where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [78, 115, 116]:
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This predicts the radiative part of the scattering angle ✓rad given knowledge of the
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0
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(in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to ✓rad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory
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where the dimensionless parameters E2/B2 account for the mass dependence of the

Love numbers c(a)
E2/B2 .
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Conclusion and perspectives
• Efficient PM expansion of impulse with worldlines for black holes and QFT 
methods

• Spin, finite size and absorption effects may be incorporated (but are subleading in 
PM)

• Other observables include the scattering waveform, the spin kick and the radiated 
angular momentum

• Intricate analytic functions such as complete elliptics and Calabi-Yau periods 
appear at high orders in the impulse

• Computational bottleneck of impulse is IBP reductions

• PM results have been used in both unbound and bound EOB models


