
Single-valued integration , a chomological viewpoint

(joint work with Francis Brown(

Chomology

↓ I
Single-valued & Periods
feriods

(1) Chomology & feriods

X = an algebraic variety defined oe some field Re .

Lexample : X = G(x , y) - (/y = x+ un +03n ,
v - k)

E
· Betti (col Comology : H(X) = En-cycles an X3

-
a Q-vs of-

singular En-bouncaries on X3 finite dimension

Hin(x) = 11 : ((x)- (n - , (x)) ; Hig(x) : = H(x)
im (t : (n+ (x) - Gr(X)



olgebraic
· de Rham (c)homology (X affine & smooth) algebraisn - forms on X

-L

Har(X) = ka (d:(x) -R (x) k-v . C. of finite dimensionTim(d: e
*

(x) + e (x)

· Comparison isonosphise (de Rham , Grotherdieck)
S

Han(x) -H(X)
W -> (un(w)

If kcQ ,
the coefficients are called briods.

E: X =En + un+24 "H(x) = 2- dim

d ade

Period matrix : A S
Important variants :

-Relative Cohomology : H"(X
,
Y) YeX closed subvariety



e .
g.
H
*
(CK03 , [1 , ab) ac190 , 23 dim = 2.

de
To I

1 log(a)Iga o 2xi

-Parameters :

i Xe) x-Eumycy
=x+ ux+w3

=

face of fanameters 70 S = Glu ,ve/4n+278+ 03

·
Bettiside : EH(X , des} fans a local system

Marodromy : feriod matrix Imm MI

moudes
my

matrix

·
de Rhem side : SHdR(Xs) , 1eS] forms a vectorbundle with integrable

connection

Differential equation : feriod matrix da = Is

Example : S = &* a

It legal elle a( (
around 8



d(7 ly()= Sya)

(2) Single-valued feriods

Start with bcRm complex conjugation X-X
en

Induces a linear involution Fa : Hig(X) -> H(X)

Def : Single-valued period isomorphism
Er sid

Ham(X)H

-SY
Ju bases

, single-rela period matrix S = 1
*

FI = IFI =Il

Makes sense for general b ,
makes sense with fanameters.

Entries of S are single-valued functions of the fanameters :

S = Et ~D (MIl"MD = ME-E =



Exuple : 1 = 1! I
1 : (2vi) H( *)

S = 1 = (1) Cagla)) (E = ( - z)

(3) How to compute single-valued feriods ?

sv : Hâr(X x Hâr(X)-
-

!

Poincarne : X Smoot + compact of dim n
,
Har(X) = Har(X)

in this case Sv : Har(X) x Hide(X) -> C

(p , w) SDan B

Generalization (w/F. Brown) : H"(X\A , BLAnB)

X mot + compact of dim n
,
A
,
B Wendwayix ga

Poincaré-Verdien (Grothendieck) :

H"(X/A
,
BIAnBI = H" (X/B

,
AlAnB)

su(iw)= Dan (ADaw not a smooth form
S

no form a
n-form an &zade

X
, byB , log A



Example : H(190 ,03 , 97 ,
93) w =de

↑ 4
X A "B

x = dog()

still
↳ "canonical form" of

1*** (Arkani-Hamed-Bai-Lam ...)
-

&be copy formula :

(en = E List/ To
↑ X

basis basis of
of Hi(XB ,ALARD) Hi(XA , BLAnB)

-

Block-Wigesh

pe-ent l log(II)= I
O-2lgt-al

↓

I8 Lati
I = 8 0 Eleglal

00 G

(i)


