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%ﬁé Distribution Amplitudes

DAs are important inputs 1n hard exclusive

processes. Such as BY — #t + [~ + 1,

decay width

= (z*17y| BY) ~ J k] T [L(OHK. ky ks @ o)D)

At leading-order, DAs represent the coefficients of

hadron state expanded with Fock states.

i) =3 flallak b ok 20 TT #2e [T S0

fermions gluons

Among these, the stmplest one 1s the pion DA:

/ dzi: 20|, (0)n - yysU (0, € )02 (€) |7(p)) = ifr®r(2)




%ﬁé Distribution Amplitudes

weak decay: A, > A+ pu™ + pu~ large momentum transfer form factor

. hard scattering coefficient
N (perturbatively calculated)

distribution amplitude

DAs are important ingredients in hadron physics !
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light meson baryon

lattice calculation for meson LCDAs challenges and necessity of lattice calculation for baryon

few lowest moments . two directions for Wilson line;

G.S. Bali et al., Phys.Lett.B 774 (2017) 91-97 2. hadron operator is complicated

G.5. Bali et al., JHEP 08 (2019) 065 3. no simple models for three valence quark system.

4. big difference between phenomenological methods.
complete x dependence

J. Zhang et al. Phys.Rev.D 95 (2017) 9, 094514

J. Zhang et al. Nucl. Phys.B 939 (2019) 429-446 explorations of form factor
J. Hua et al., Phys.Rev.Lett. 127 (2021) 6, 062002 W. Detmold et al., Phys.Rev.D 92 (2015) 3, 034503
J. Hua et al., Phys.Rev.Lett. 129 (2022) 13, 132001 W. Detmold et al., Phys.Rev.D 93 (2016) 7, 074501

R. Horgan et al., Phys.Rev.D 89 (2014) 9, 094501
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S Lattice QCD and LaMET

Discretized 4D Euclidean space-time

Lattice QCD action:

6
S}Eatt = — Z — Retry (U ,/w) — Z 7 (Dlat Y, T amq> q

8

g 9 <
NRPORS

gauge action fermion action
Quantum observables 1n path integral:

[ [ [dyA[dA]OeSTwM

From continuum to lattice

Continuum

[attice

real time t

Euclidean time

Gauge field Aﬂ(x)

Gauge link U M(n)

(01010) = —— __
[ [diplldy][dA]e=Sww)
Similar to partiton functions in thermal physics -
) S -
The fields distributed with the Elp
probability density e %Al gIJon quark

Quark field ¥

det of Dirac matrix




S Lattice QCD and LaMET

Observables: hadron spectrum Observables: hadron spectrum

hadron operators two point correlation functions

(O()0(0)) = (0 e~ HieiHO()e~He M| HY(H| O(0)] 0)
= ¢'E{0 | O(0) | H)(H | O(0) | 0)

mesons: éM =gl g

baryons: OB = Gabcpi%a(quer%c)

from continuum to lattice: efn! — oLl

@ @ @ -‘ lattice calculation (take pion as e.g.)

@ O (0 ()0, (m)) = (d(n)ysu(n)ii(m)ysd(m))
= — Tr[ysu‘l(n | )y;(m\ 2l

meson baryon

quark propagators




%@ Lattice QCD and LaMET

Observables: hadron structure /\
reduction formula: from nonlocal 2pt to DA ‘\/I

Cy(z, 1) = Jdee_iﬁ(O | éH()_C)’ £ Z)OL(0,0) [0) xinsert the hadron state

3
\) Spatial Translation
0)

_ | .Bw-B01A (7 £ d"q At
— [ @01 0,312 ) | S| H@)(n(0) | 0}0.0)|0)

d*q 310 —i(F—=30%(() | A A
— A E d°xe "P79*(0| Oy(0,1; Z)W(%))(”(%)\OH(O,O)\
0

= (0] OH(OJ§ 2) | m(p)){n(p) ]| O}L{(O,O) |0) integration
= ¢~ 54p(z, P)(n(qp) | 0},(0,0)| 0)

Cy(z, 1) - cpeAET

Pion distribution amplitude: ¢(z, P*) = (0| w(2)y*ysW(z,0)w(0) | (P?)) Excited states:

— PZl_
= ¢(z, )1_

C5(0,1)

_ Cle—AET




S Lattice QCD and LaMET

main 1dea main 1dea
Equal time correlation Light-cone correlation
_|_
~ Z Z  Z Z
~ (0| (=)TU(=, —=)| P* (x) ~ O fw(—=)I U(
$@) ~ OIFITU(. = (=) | P9) p(x) ~ | h/f\/_ \/_ \/_ \/_ P7)
N N
— ——
Y Lorentz matching e ,/
—_— —_—
“  transformation /7// -
i

X. Ji, Phys.Rev.Lett. 110 (2013) 262002

Due to the IR structure are only based on states, then the difference o

between ¢(x) and (x) is only UV structure, which can be perturbatively ¢Z(y) = | dxClx,y) ¢p(x)+ O (
J0

Noco  Noco
(yP?)? ((1 = y)P?)?

determined.
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Lattice QCD and LaMET

renormalization

renormalization of non-local operators

0%z, N) = Zp(z, A, ))OX(2)

renormalized operator bare operator

J. Green, Phys.Rev.Lett. 121 (2018) 2, 022004

Wilson line renormalization

J. Green, Phys.Rev.D 101 (2020) 7, 074509

OB(z, N) = Z,, (A, p)e I OR(2)

lim W(L.T) = c(L)e~V®OT, V(L) = 6L — —— — 26m
T— 12L

C. Sturm, et,al Phys.Rev.D 80 (2009) 014501

RI/MOM renormalization

J. Chen, et,al Phys.Rev.D 97 (2018) 1, 014505

hi(z, P, P p) = 1im Z (2, pi, p, gz, P, @)
a—

<q | éB | Q> — Tr[Ag(Za aap)p]a ZngiAg(Za Cl, p) |P=PR — Agee(za Cl, p)

renormalization

hybrid renormalization

h%(z, a, P.) RI/MOM factor
short distance (z < zy): 1(z, a, P,) = —w—ms \ /PZO ot element

\ vacuum state ME

m;1 +m0> |Z—ZS| hB(Za a, PZ)
ZX(Zsa CZ)

long distance (z > z,): h(z,a, P,) = e<

J. Holligan et al,. J.Phys.G 51 (2024) 6, 065101

one lattice ensemble

X. Han et al,. Phys.Rev.D 111 (2025) 3, 034503

Zx(Z, Cl)
In ~ om
Zx(z+ L.a)_
m
determination of §m = — and my: /
a
1.long distance (z > z,): fit Zy(z,a) ~ Ae oMz
| K0
2.short distance (z < z): fit (my + ém)z = In + 1,
ZX(Za Cl)




S e Lattice QCD and LaMET

Light-Cone distribution amplitude in LaMET

 Equal time correlation on lattice (quasi-DA): e Fourier transformation:
(’IV)A (Zl, Z29 //l, PZ> PZ]CAMA(PZ) —

1 1
- o i qz(zl,zz, U) = J dle dx,e' NP T 0uPIP(x, , x,, 1)
€;ik <O |u” (zlnz) I'd’ (Zznz) s*(z31,)

0 0

A(PZ)) |

large z extrapolation...

propagators — 2pt — matrix elements
 Matching to the light-cone:

N 1 1=y
 Non-perturbative renormalization: P(x1,X) = ). dy L dy,C(x1, X2, Y1, Y)P(¥15 V)
5 DV (2, 2o, 11, P* # 0 A2 LY A2
B, (21 2ot P # 0) = AL 2 7 0) +O( —2 —2 =)
(I)g(zl, s Uy Pz = O) (xl})z)2 (XZPZ)z [(1 — AT XZ)PZ]z

ratio scheme renormalization infinite momentum limat. ..




S Lattice QCD and LaMET

achievements achievements

U(xr =0.5.b)) x =103
. 1.4 O -
=
Proton unpolarized quark PDF N § TMDWF e
~ -°
C. Alexandrou, et,al., Phys.Rev.D. 98 (2018) 9, 091503 |} , ,, | N, o
. % X 2-
6 ' ' ' ' ' 0.8 - % -
671',"11, u — d _hzll—d,lam'cc - -Q_|
B sr/L ol SIDIS « 0.6 1 % =
4 _-_l()fr/l, e SIDIS 4 gffittiee : ~—’ g -
i(\“[]jl\s[[’l(j 0.4 1 phenomenology model Q}?
R B Re[Ut(x.b,)] on MILC
NNPDF3. 2} ) .
2 | |MINNPDF3.1 021 ¥ Re[U(x.b,)] on MILC -
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2| . ‘ 1 i : M. Chu, et,al., Phys.Rev.D 109 (2024) 9, L091503 J. He, et,al., Phys.Rev.D 109 (2024) 11, 114513
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I xIr
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C. Alexandrou, et,al., Phys.Rev.Lett. 121 (2018) 11, 112001 010 vector G 010 P q
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Zr

‘H. Lin, et.al., Phys.Rev.Lett. 121 (2018) 24, 242003 \ B. Joo, et al., Phys.Rev.D 100 (2019) 11, 114512 S. Bhattacharya et al., Phys.Rev.D 109 (2024) 3, 034508 || M. Chu, et,al., Phys.Rev.D 112 (2025) 9, 094510




Lattice QCD and LaMET

achievements achievements

Pion and Kaon distribution amplitude Vector meson distribution amplitude
{ : Ok 1(x) ®y, 7(X)
1.50+ t 1:— \\\ 1.50¢ /./‘/.T.\'\_\ 1.50 - : 1.50 1
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0.25 ri./ This Letter \.a“. 0.25 t./ This Letter {‘\ 0.00 Fmmmmm——— e e —Y totic | R — 0. 00 T - = = « R DSyE ORI |
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J. Hua, M. Chu et,al., Phys.Rev.Lett. 129 (2022) 13, 132001 J. Hua, M. Chu et,al., Phys.Rev.Lett. 127 (2021) 6, 062002
______ Heavy meson distribution amplitude
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R. Zhang et al., Phys.Rev.D 102 (2020) 9, 094519

X. Han et,al., Phys.Rev.D 111 (2025) 3, 034503
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%@ Framework 1.0 and results

operation definitions operation definitions

Z1 :O

one of three leading twists Wilson lines

H(zy, 23, 23) g, = _fA [(P 3 y,uaﬂ(}/SSA) V(Z P | )
(P”yﬂyso ﬁ(up A(z P n) |

auge 1nvariant matrix element
+Z f/{(m/’”’ P,C),5(y,rsu A)},T(Z,- - P n)] SAUS

wpy = e 0 | (WH (zon, zln))ug (zln)
X (W (Z()n, Zzn))dg (zzn)(Wkk/ (zon, zyz))sf’ (z3n) | A(P, 1)),

V. Braun et al., Nucl.Phys.B 589 (2000) 381-409

€ <O |ui’T (zln)@j (zon) Sk(z3n)| A> = ® (2,2, pt) Pfup(P) lattice setup

' |
Ensenble Latt%ce Volume Ya cnee Momentum

[ = C}/S spacing plon mass

2.52 GeV
F32P30 0077 fm | 32°%96 | 303 MeV | 3.02 Gev

3.52 GeV




%ﬁé Framework 1.0 and results

renormalization analytic properties

renormalization: ratio scheme (simplified hybrid) isospin symmetry > P(z1,2) = d(2,,2:)

(i)A(Zl 2o, I P* ?é()) _ &)?4(217227“7Pz #O)
B 9, (21, 22, p, P* = 0) gx?,.xg) is real by _ FT
eIinition

> P(21,2) = P*(—21, — 2)

X Jietal, Nucl. Phys.B 964 (2021) 115311

unique area

3D heat map

quasi-DA 1n coordinate space

.
.
~ . ~
= - Re[®(z1, 22, P* =<3.02 GeV)] Im|[®(z1, 22, P* = 3.02 GeV)]
20 Re[®(z1, 29, P? = 3.02 GeV)] Im|[®(21, 29, P = 3.02 GeV)] . 1.00 1.00
: ] 20 1 .
I | _ n .
: b 2 =0a l ¥ 2 =0a e l 0.75 0 I 0.75
1.5 ' —9 _ [
| 21 =4Q 1.5 —
I ! i} I 21 =2a 0.4 o050 047 - 0.50
- ! b 2 =4a ! b 2 =4a
. — + _ ] .
1.0 1 . : = 4 1.0 : 0.2 - 0.25 0.2 I - 0.25
I Lo |
T : ¥ I £ 4 . T E 0.0 I 0.00
- 1] | T L3 - (). . - U.
0-5 1 _l__LEmIII : m i 0571 T B miﬁl’j{ -l = — R
L ™ . m ot r='!" m TEl R oo
ool | e i : ~0.2 - —0.25 021 —-&
0.0 -'m-“'--:_- e rgg-————==-- - “T==11 0.0 +Hf~#-F—-—-+- _-[F.a___ - ——=——g———-—so-w -t -
m T = I o
7 B i 1 | o - —0.50
i i I = o L WJ% - | IIEE ] ~0.4 - —0.50 04
0.5 1 b E m I + —054 T LTt Immm, - - , ~0.75
. : T Ti L : 0.6 - —0.75 —0.6
I
-1.0 T T T ! T T T ‘ —1.0 : m, = T T ! T I T ‘4 T T T - T T T —1.00
-0.75 —-0.50 —-0.25 0.00 0.25 0.50 0.75 —0.75 =050 —0.25 0.00 0.25 0.50 0.75 _0' - _0' =0 _0' 9% 0 'OO 0 '25 0 '50 0 '75 ~1.00 ~0.75 ~0.50 -0.25 0.00 0.25 0.50 0.75
29 [fm] 29 [fm] Z2 [fm]

2o[fm]




%@ Framework 1.0 and results

large z extrapolation quasi DA in momentum space

2D extrapolation asymtotic behavior: Fourier transformation including d, and d,

Px1, Xp) ~ Coxldlxzdl(l — A _Xz)d2 3 o S| b pr g4
(D(Zl’ s dl’ dZ) — dxl dxz elxlzlp € X2yl C()xl lle(l — X — Xz)dz
JO JO

~
{

o(x1, x9, 1, P?) at P* =3.02 GeV

~ 3.5
~ e 2 =0.25
¢(Zla Zz) ¢(Zla ZZ) 90 L
3.0 -
xr1 =0.9
; ; 5 - r1 =0.75
Re[®(2 = 21 = 2))] - Im[®(z; = 0, 25)] 2.5 1
2.0 , 9. _
I extrapolated data §  data at P* =2.52 GeV I extrapolated data §  data at P* =2.51 GeV 5.0 -
) extrapolated data data at P* =3.02 GeV extrapolated data data at P* =3.01 GeV ’
1.5 0 extrapolated data §  data at P* =3.52 GeV 1.5 - 00 extrapolated data §  data at P* =3.52 GeV

0.0 =

—0.5 7

0.0 25 50 75 100 125 150 175 20, 0.0 2.5 5.0 75 100 125 150 175 200 v
A P‘z A — P‘?’ - 1.() I 1 1
-z e —0.50 —0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50
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Framework 1.0 and results

LLCDA results

infinite momentum limait:

3.5

3.0 -

2.5 -

2.0 -

1.5 -

1.0 -+

0.5 4

0.0

—0.5 1

-1.0

P2y — h(P? R
PP = PP = 00) + o+

¢(£L'1 =O5, 272)

I Pz =258 GeV

P? = 3.02 GeV
o P =352 GeV
o PP

—0.50 —0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

a lot of displacement towards x=0

proportion of s quark 1s large

~1.0

LCDA results
3D heat map

X, dependence when x; 18 fixed (21, 2)
¢(x1, z5)

3.5
B z, =0.25

z, =0.5
Bz, =0.75

3.0 4

~0.50 -025  0.00 0.25 0.50 0.75 1.00 1.25 1.50 —0.50
To —0.5 0.0 0.5 1.0 1.5

application of form factor o d
¢(x19 X2) ~ Coxl 1x21(1 — X — xz) 2

A, — A form factor g2 value difference
120xx,(1 — x; — x,) -0.02364 0
This work -0.0169(31) 20%
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Framework 2.0 and results

afy —

updates for 2.0

all three leading twists

1
| POt Vi - P

(PHy,75C) opt), A(z; - P - 1)

| G
+ [H0"P,C) oy 1i1505), T - P - n)]

H. Bai et al., Phys.Rev.D 112 (2025) 11, 114515

lattice setup

Ensembles a (fm) m, (MeV) Volume Tefg Tere P* (GeV)
C24P29 0.1052 292.3 24 X 72 864 4x%x9 0, 1.96, 2.45, 2.94
C32P23 0.1052 32 x 64 954 4 x 8 0, 1.84, 2.21, 2.57, 2.94
C48P14 0.1052 48 x 96 302 4 x 16 0, 1.96, 2.45, 2.94
F32P30 0.0775 32 x 96 777 4 x8 0, 2.00, 2.49, 2.99
F32P21 0.0775 32 x 64 459 4 x 16 0, 2.00, 2.49, 2.99
G36P29 0.0689 297.2 36 x 108 656 6 x 8 0, 2.00, 2.50, 3.00
H48P32 0.0520° 316.6 48 x 144 500 6x9 0, 1.98, 2.48, 2.98

updates for 2.0

VP(Zp Zz) = + VP(ZQ, Zl)
AP(Zp Zz) - — AP(Zza Zl)

T (z1,20) = + T"(25, 71)

AA(Zp Zz) = + AA(ZQ, Z1)

symmetries

A vV T

Before norm Real part

Before norm Real part
H48P32 Lambda T P=0, coolwarm

H48P32 Lambda A P=0, coolwarm Before horm Bes part

H48P32 Lambda V P=0, coolwarm

Yy 1.0
!0.015 04
| L 0.010 05 4
0.5 L 0.02

la;;lbda H

= - 0.25 - 0.005
3 gz § E g
£ 0.0 Looo & & g. .i L0000 & £ 00 ‘- * L0.00 2
o
L ~0.25 - —0.005
- 0.0
=03 [ =0:2¢ L ~0.010
822 -0.015
00

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
z2 (fm) z2 (fm) z2 (fm)

(a) AA (b) AV () AT

Before norm Real part
H48P32 Proton T P=0, coolwarm

Before norm Real part
H48P32 Proton V P=0, coolwarm

Before norm Real part
H48P32 Proton A P=0, coolwarm

, 1.00 00
r t l 0.75 H
po.s O O L 0.50
X L 0.25 L 0.25
- 0.02 . " . " .
€ 00 ‘- ‘ 000 = £ 001 - 000 = £ 001 F0.00 =
N g W g N g
L ~0.02 L ~0.25 L ~0.25
-0.5 - - —0.04 -0.5 - L ~0.50 -0.5 - L ~0.50
I =0.06 -0.75 -0.75
-=1.0 1 —0.08 -1.0 1 -1.00 -1.0 1 -1.00
1.0 0 5 1.0

0.0 0.5 g -1. -0. 0.0 0. . -1. -0. 0.0
z2 (fm) z2 (fm) z2 (fm)

(d) Proton A (e) Proton V (f) Proton T
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renormalization renormalization
H. Bai et al., Phys.Rev.D 112 (2025) 11, 114515 ] H. Bai et al., Phys.Rev.D 112 (2025) 11, 114515
Z:(Z1, 2, A, 1) = EXP ( X —m >Z+ﬁln nl1/{aAqen)
. . e . R\Z1> 2, A ) = 0 —
hybrid renormalization: ratio(short) + self(long) \ aIn[aAgep] by | Inlu/Aws]
) L ]
+In 1+ + f(z, 2)a”
Zy ratio  In(@Agen) 1 . [la-zl, 212, <0
A . . Z—{max(|zl|a|12|)a 21220
.................................. ShOI’t—dlStanCG I’egl()n M ( P )
- 01> 2> £z H
5 M (Zla Z29 Pza //t) — j O
. . both z; and z, are small Mo(z1, 2, P, = O,)
® ° ratio .
| Mixed region Moz 2o Pt
2 L A8 ~ . Mrn(ZI _ ZZ, Z29 Pz’ Iu) — M S })Z, . O
| | one of z; and z, 1s small 0(21 = 22, %> P, = O,p)
I T self
__________________________________ long-distance region . My(z1, 29, Py )
M (Zla ZZ? PZ’ //t) — 7 (Zl z M)
R ’ ’

both of z; and z, are large
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renormalization

H. Bai et al., Phys.Rev.D 112 (2025) 11, 114515

hybrid renormalization: ratio(short) + self(long)

27
................. 4
@ @
& &
[ ] ]
ZS zzs
® @
® ®

>Zl

ratio
short-distance region

both z; and z, are small

ratio ,
Mixed region

one of z; and z, 1s small

self

long-distance region

both of z; and z, are large

23

renormalization
H. Bai et al., Phys.Rev.D 112 (2025) 11, 114515
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renormalization renormalization
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renormalization renormalization
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Summary

Understanding baryon LCDAs is crucial for studying different exclusive processes and

as key inputs for form factors.

LaMET and Lattice QCD now enable us to perform ab initio calculations of baryon

LCDAsS.

Thank youl

Application to proton LCDA is under investigation.

Going forward, the investigation of leading renormalon resummation (LRR) and

renormalization group resummation (RGR) should bring improvements.




