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Motivation: why precise mQ?

m(⌥(1S)) = 2Mb � C↵2Mb + · · ·

Z
ds

sn+1
Rq(s) ⇠

✓
1

mq

◆2n

Υ-spectroscopy

lattice:  HPQCD ’14

QCD Sum Rules

mb(10GeV) = 3617(25)MeV

mc(3GeV) = 986(6)MeV

3Pere Masjuan
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Motivation: why precise mQ?

mc(mc) method reference

1275.8 ± 5.8 lattice (Nf = 4), PS current HPQCD, 1408.4169
1348 ± 46 lattice (2+1+1), MD ETM, 1403.4504
1274 ± 36 lattice (Nf = 2), fD ALPHA, 1312.7693
1240 ± 50 cc̄ X-section DIS Alekhin et al, 1310.3059
1260 ± 65 cc̄ X-section NLO fit HI and ZEUS, 1211.1182
1262 ± 17 SR J/ , (2S � 6S ) Narison, 1105.5070
1260 ± 36 lattice (2+1), fD PACS-CS, 1104.4600
1278 ± 9 SR J/ , ,R Bodenstain et al, 1102.3835
1282 ± 24 1st moment SR J/ , ,R Dehnadi et al, 1102.2264
1280 ± 70 lattice + pQCD in static potential Laschka et al, 1102.0945
1279 ± 13 1st moment SR J/ , ,R Chetyrkin et al, 1010.6157
1275 ± 25 PDG average PDG 2014

mb(mb) method reference

4174 ± 24 lattice (Nf = 4), PS current HPQCD, 1408.4169
4201 ± 43 N3LO pQCD, M⌥ Ayala et al, 1407.2128
4169 ± 9 SR ⌥(1S � 6S ) Penin, Zerf, 1401.7035

4247 ± 34 SR, fB Lucha et al, 1305.7099
4166 ± 43 lattice + pQCD, M⌥, MBs HPQCD, 1302.3739
4235 ± 55 SR ⌥(1S � 6S ), R Hoang et al, 1209.0450
4171 ± 9 SR ⌥(1S � 6S ), R Bodenstain et al, 1111.5742
4177 ± 11 SR ⌥(1S � 6S ) Narison, 1105.5070
4180 ± 50 lattice + pQCD in static potential Laschka et al, 1102.0945
4163 ± 16 2nd moment SR ⌥(1S � 6S ), R Chetyrkin et al, 1010.6157
4.180 ± 30 PDG average PDG 2014

1
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QCD Sum Rules

6 46. Plots of cross sections and related quantities

σ and R in e+e− Collisions
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Figure 46.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

�(e+e� ! µ+µ�) = 4⇡↵em(s)
2/3sR(s) =

�(e+e� ! hadrons)

�(e+e� ! µ+µ�
)

Pere Masjuan

[PDG]
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QCD Sum Rules

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

Mn :=
12⇡2

n!

dn

dtn
⇧̂q(t)

����
t=0

=

Z 1

4m2
q

ds

sn+1
Rq(s)

R(s) = 12⇡Im[⇧(s+ i✏)]

⇧̂q(s) MS

⇧q(s)        is the correlator of two heavy-quark vector currents which can be calculated in 
pQCD order by order and satisfies a Dispersion Relation:

in

For t→0

Using the optical theorem: [SVZ,’79]

Pere Masjuan MITP, Mainz, 7-12 March, 2016
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can be Taylor expanded:

⇧q(t) = Q2
q

3

16⇡2

X

n�0

C̄n

✓
t

4m̂2
q

◆n

⇧̂q(s)

QCD Sum Rules

Pere Masjuan MITP, Mainz, 7-12 March, 2016
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MpQCD
n =

9

4
Q2

q

✓
1

2m̂q(m̂q)

◆2n

C̄n

can be Taylor expanded:

⇧q(t) = Q2
q

3

16⇡2

X

n�0

C̄n

✓
t

4m̂2
q

◆n

⇧̂q(s)

QCD Sum Rules

C̄n = C̄(0)
n +

✓
↵̂

⇡

◆
C̄(1)

n +

✓
↵̂

⇡

◆2

C̄(2)
n +

✓
↵̂

⇡

◆3

C̄(3)
n +O

✓
↵̂

⇡

◆4

↵̂ = ↵̂(mq)

Pere Masjuan

[Maier et al, ’08]
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QCD Sum Rules

Mn =

Z 1

4m2
q

ds

sn+1
Rq(s)

Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)

Sum Rules:

L.h.s. from theory

R.h.s. from experiment
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QCD Sum Rules

Rq(s) = RRes

q (s) +Rth

q (s) +Rcont

q (s)

RRes
q (s) =

9⇡MR�e
R

↵2
em(MR)

�(s�M2
R)

Rth

q (s) = Rq(s)�R
background

Rcont

q (s) calculated using pQCD

(2MD 
p
s  4.8GeV)

(
p
s � 4.8GeV)

Pere Masjuan
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Background

R
background

= R
uds

+R
uds(cb)

+R
sing

+R
QED

Light flavor 
contribution in 
charm region

Using pQCD below threshold, calculate R, and extrapolate

Pere Masjuan

CB 86 BES00 BES02

BES06 BES09 CLEO09
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Non-perturbative effects

Mnonp

n (µ2) =
12⇡2Q2

q

(4m̂2
q)

n+2
Cond an

 
1 +

↵s(m̂2
q)

⇡
bn

!

Non-perturbative effects due to gluon condensates to the moments are:

an , bn are numbers, and [Dominguez et al ’14]

Pere Masjuan

[Chetyrkin et al ’12]

from fits to tau data

Mnonp

n (m̂c)

Mth

n

⇠ 0.5%� 2% �m̂c(m̂c) ⇠ 2MeV � 8MeV

MITP, Mainz, 7-12 March, 2016

Cond = h↵s

⇡
G2i = (14± 14) · 10�3
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QCD Sum Rules
Our approach

• Consider global duality 

• Do not use experimental data on threshold region, only resonances

• Exp data in threshold only for error estimation

• Use two different moments to extract the mass

Pere Masjuan MITP, Mainz, 7-12 March, 2016
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QCD Sum Rules

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0

Pere Masjuan MITP, Mainz, 7-12 March, 2016

[Erler, Luo ’03]
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QCD Sum Rules

For a global duality:

12⇡2 ⇧̂q(0)� ⇧̂q(�t)

t
=

Z 1

4m2
q

ds

s

Rq(s)

s+ t

⇧̂q(s) MSin

t ! 1 define the M0

lim

t!1
ˆ

⇧q(�t) ⇠ log(t)

Z 1

4m2
q

ds

s
Rq(s) ⇠ log(1)

(but has a divergent part)

Fortunately, divergence given by the zero-mass limit of R(s)

Pere Masjuan MITP, Mainz, 7-12 March, 2016

[Erler, Luo ’03]
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�q
1(s) = 1 +

↵s(s)

⇡

+nq

✓
�7847

216
+

11

6
⇣(2) +

262

9
⇣(3)� 25

9
⇣(5)

◆

+


↵s(s)

⇡

�2 365
24

� 11⇣(3) + nq

✓
2

3
⇣(3)� 11

12

◆�

+


↵s(s)

⇡

�3 87029
288

� 121

8
⇣(2)� 1103

4
⇣(3) +

275

6
⇣(5)

+n2
q

✓
151

162
� 1

18
⇣(2)� 19

27
⇣(3)

◆�

QCD Sum Rules

Pere Masjuan MITP, Mainz, 7-12 March, 2016

[Chetyrkin, Harlander,  Kühn, ‘00]
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X

resonances

9⇡�e
R

3Q2

qMR↵̂2

em(MR)
+

1Z

4M2

ds

s

Rcont

q

3Q2

q

�
1Z

m̂2
q

ds

s
�q
1

(s)

= �5

3
+

↵̂s

⇡


4⇣(3)� 7

2

�

+

✓
↵̂s

⇡

◆2 2429
48

⇣(3)� 25

3
⇣(5)� 2543

48
+ nq

✓
677

216
� 19

9
⇣(3)

◆�

+

✓
↵̂s

⇡

◆3 ⇥
�9.86 + 0.40nq � 0.01n2

q

⇤

QCD Sum Rules

Zeroth Sum Rule:

nq active flavors

Pere Masjuan

↵̂s = ↵s(m̂
2
q)

MITP, Mainz, 7-12 March, 2016
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X

resonances

9⇡�e
R

3Q2

qMR↵̂2

em(MR)
+

1Z

4M2

ds

s

Rcont

q

3Q2

q

�
1Z

m̂2
q

ds

s
�q
1

(s)

QCD Sum Rules

Zeroth Sum Rule:

nq active flavors

Pere Masjuan

↵̂s = ↵s(m̂
2
q)

The coe�cients C
(i)
n are known up to O(↵3

s) for n  3 [13–16] and up to
O(↵2

s) for the rest [17, 18]. Since we need all the moments up to O(↵3

s) we
use the predictions for n > 3 provided in Ref. [19].

We use Eq. (6), i.e. the sum rule for M
0

, and the theory prediction for
the second (sixth [may want to change this?]) moment for charm (bottom)
MpQCD

n=2,6 , Eq. (8), in

MpQCD

n =

Z 1

4m2
q

ds

sn+1

Rq(s) (10)

to determine values for the heavy quark mass m̂q(m̂q) and the constant �q
3

.
The other moments are then fixed and can be used to check the consistency
of our approach. No experimental data other than the resonance param-
eters are used in this approach. Numerical results are shown in Table 2.
Moments Mn with n � 1 are evaluated using Eq. (2). We show separately
the contributions from the narrow resonances (column 2) and from the con-
tinuum part (column 3) evaluated using Rcont

q (s), Eq. (5). The sum of these
two contributions (column 4) can be compared with the theory prediction
(column 5) from Eq. (8).

The errors for the resonance contributions shown in Table 2 are exclu-
sively determined by the uncertainty of the electronic widths. In order to de-
termine an error for the continuum contributions we proceed in the following
way: instead of using Eqs. (6, 8, 10), we can use a comparison of experimen-
tal data with the second (sixth) moment for charm (bottom) production in
the restricted energy range of the threshold region, 2MD0  p

s  4.8 GeV
for charm and 2M±

B  p
s  11.24 GeV for bottom, to obatain an exper-

imental value1 for �q
3

, denoted �q,exp
3

. Using this shifted value, we obtain

1
Taking into account the experimental uncertainties, we can also determine an uncer-

tainty ��q
3. We have not used this error, however, in our analysis. . . . but we should do

so!

R MR [GeV] �eR [keV] R MR [GeV] �eR [keV]

J/ 3.096916 5.55(14) ⌥(1S) 9.4603 1.340(18)

 (2S) 3.686109 2.36(4) ⌥(2S) 10.02326 0.612(11)

⌥(3S) 10.3552 0.443(8)

Table 1: Resonance data [6] used in the analysis. The uncertainties from
the resonance masses are negligible for our purpose.

4

MITP, Mainz, 7-12 March, 2016

[PDG]

Our approach



26

X

resonances

9⇡�e
R

3Q2

qMR↵̂2

em(MR)
+

1Z

4M2

ds

s

Rcont

q

3Q2

q

�
1Z
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QCD Sum Rules

Zeroth Sum Rule:

nq active flavors

Pere Masjuan

↵̂s = ↵s(m̂
2
q)

↵̂em(0) ⇠ 0.98↵̂em(MJ/ )

�↵̂em ! �mc ⇠ 12MeV

MITP, Mainz, 7-12 March, 2016
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QCD Sum Rules
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Rcont

q (s) = 3Q2
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q(2M)�M2)

Zeroth Sum Rule:

Two parameters to determine: mq ,�
q
3

Pere Masjuan
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q
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2m̂q(m̂q)
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X

resonances

9⇡�e
R

M2n+1
R ↵̂2

em(MR)
+

Z 1

4M2

ds

sn+1
Rq(s)

n � 1

We need two equations: zeroth moment + nth moment

MITP, Mainz, 7-12 March, 2016
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Rcont

q (s) = 3Q2

q�
q
1

(s)

r
1�

4 m̂2

q(2M)

s0

"
1 + �q

3

2 m̂2

q(2M)

s0

#

s0 = s+ 4(m̂2
q(2M)�M2)

Zeroth Sum Rule:

Two parameters to determine: mq ,�
q
3

We use Zeroth + 2nd moments
(no experimental data on R(s) so far)

Pere Masjuan

preliminary results
n Resonances Continuum Total Theory

0 1.231 (24) �3.230(+31)(43) �1.999(59) Input (11)

1 1.184 (24) 0.960(+12)(17) 2.144(36) 2.165(16)

2 1.161 (25) 0.327(+6)(8) 1.488(37) Input (25)

3 1.157 (26) 0.149(+3)(4) 1.306(47) 1.291(38)

4 1.167 (27) 0.077(+2)(2) 1.244(65) 1.206(59)

5 1.188 (28) 0.042(+1)(1) 1.230(97) 1.158(93)

Table 2: Need update for the new value of �
3

, complete errors: for ’Total’ combine all other
errors in quadrature. Does the last column include an error from �↵s? It should not. Results
for the lowest moments, Mn, defined in Eq. (5) for n = 0 (multiplied by 3Q2

q) and Eq. (2)
for n � 1. Each moment has been multiplied by 10nGeV2n. The first error for the continuum
part is obtained from shifting the central value �c

3

= 1.22 (determined from the 0th and the
2nd moment) to �c,exp

3

= 1.34(17) (determined from fixing the 0th moment by experimental
data). The second error is propagated from the experimental uncertainties of data in the
threshold region, ��c,exp

3

= ±0.17. The errors for the sum of the resonance and continuum
parts (denoted Total in column 4) combines all errors in quadrature. The last column shows
the theoretical predictions for m̂c(m̂c) = 1.274 GeV and ↵s(MZ) = 0.1182 with the truncation
error determined from Eq. 10.

with

Ĉn = C(0)

n +

✓
↵̂s

⇡

◆
C(1)

n +

✓
↵̂s

⇡

◆
2

C(2)

n +

✓
↵̂s

⇡

◆
3

C(3)

n +O(↵4

s) . (8)

The C(i)
n are known up to O(↵3

s) for n  3 [13–16], and up to O(↵2

s) for the rest [17,18]. Since
we need all the moments up to O(↵3

s) we use the predictions for n > 3 provided in Ref. [19].
One can use

MpQCD

n =

Z 1

4m̂2
q

ds

sn+1

Rq(s) =

Z 1

4m̂2
q

ds

sn+1

[RRes

q (s) +Rcont

q (s)] (9)

for two di↵erent n to determine values for the heavy quark mass m̂c(m̂c) and the constant �c
3

.
The other moments are then fixed and can be used to check the consistency of our approach.
No experimental data other than the resonance parameters in Table 1 are necessary. Numerical
results choosing n = 0 and n = 2 in Eq. (9) are shown in Table 2. We show separately the
contributions from the narrow resonances (column 2) and from the continuum part (column

5

MITP, Mainz, 7-12 March, 2016

Our approach
[Erler, Luo ’03]

Simpler version of analytic reconstruction [Greynat, PM, Peris’12]
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Figure 2: m̂c(m̂c) using di↵erent combinations of moments and for each combination, the
error budget. Blue is the full error, red is the one from the resonance region, green from the
theoretical moments, cyan from the error of �c

3

(which is a combination of the shift and the
experimental error on �c

3

), and orange from the condensates. An uncertainty from �↵s(Mz)
is not included. �c,exp

3

= 1.34 was kept fixed for all values. That’s not true, we used the values
for �c,exp

3

reported on the table. To be updated as soon as we decide on the truncation error!

9

Resonances
Truncation error
Comparison with 
RExp threshold data
Condensates
�↵s(Mz)

Repeat for each pair Zeroth+nth moment

MITP, Mainz, 7-12 March, 2016
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Resonances:

9

4
Q2

q

✓
1

2m̂q(m̂q)

◆2n

C̄n =
X

resonances

9⇡�e
R

M2n+1
R ↵̂2

em(MR)
+

Z 1

4M2

ds

sn+1
Rq(s)

The coe�cients C
(i)
n are known up to O(↵3

s) for n  3 [13–16] and up to
O(↵2

s) for the rest [17, 18]. Since we need all the moments up to O(↵3

s) we
use the predictions for n > 3 provided in Ref. [19].

We use Eq. (6), i.e. the sum rule for M
0

, and the theory prediction for
the second (sixth [may want to change this?]) moment for charm (bottom)
MpQCD

n=2,6 , Eq. (8), in

MpQCD

n =

Z 1

4m2
q

ds

sn+1

Rq(s) (10)

to determine values for the heavy quark mass m̂q(m̂q) and the constant �q
3

.
The other moments are then fixed and can be used to check the consistency
of our approach. No experimental data other than the resonance param-
eters are used in this approach. Numerical results are shown in Table 2.
Moments Mn with n � 1 are evaluated using Eq. (2). We show separately
the contributions from the narrow resonances (column 2) and from the con-
tinuum part (column 3) evaluated using Rcont

q (s), Eq. (5). The sum of these
two contributions (column 4) can be compared with the theory prediction
(column 5) from Eq. (8).

The errors for the resonance contributions shown in Table 2 are exclu-
sively determined by the uncertainty of the electronic widths. In order to de-
termine an error for the continuum contributions we proceed in the following
way: instead of using Eqs. (6, 8, 10), we can use a comparison of experimen-
tal data with the second (sixth) moment for charm (bottom) production in
the restricted energy range of the threshold region, 2MD0  p

s  4.8 GeV
for charm and 2M±

B  p
s  11.24 GeV for bottom, to obatain an exper-

imental value1 for �q
3

, denoted �q,exp
3

. Using this shifted value, we obtain

1
Taking into account the experimental uncertainties, we can also determine an uncer-

tainty ��q
3. We have not used this error, however, in our analysis. . . . but we should do

so!

R MR [GeV] �eR [keV] R MR [GeV] �eR [keV]

J/ 3.096916 5.55(14) ⌥(1S) 9.4603 1.340(18)

 (2S) 3.686109 2.36(4) ⌥(2S) 10.02326 0.612(11)

⌥(3S) 10.3552 0.443(8)

Table 1: Resonance data [6] used in the analysis. The uncertainties from
the resonance masses are negligible for our purpose.

4

from 6 MeV to 3 MeV

(0th+1st) (0th+5th)

(completely dominated by J/Ψ)

MITP, Mainz, 7-12 March, 2016
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n �M(2)
n���M(2)

n

���
�M(3)

n���M(3)
n

���

0 1.88 3.03
1 2.14 2.84
2 1.92 4.58
3 3.25 5.63
4 6.70 4.30
5 19.18 3.62

Table 3: Ratios of the truncation errors �M(i)
n from Eq. (10) and the known moments M(i)

n .
The ratios are often large compared to one showing that our estimated truncation errors are
conservative.

3) evaluated using Rcont

q (s), Eq. (4). The sum of these two contributions (column 4) can be
compared with the theory prediction (column 5) from Eq. (7).

The second column in Table 2 accounts for the narrow resonances below the heavy-quark
threshold, in the charm sector the first two charmonium resonances, J/ (1S) and  (2S). All
the other charmonium states are included in the continuum. The errors for the resonance
contributions shown in Table 2 are exclusively determined by the uncertainty of the electronic
widths from Table 1, taken to be uncorrelated2.

In order to determine an error for the continuum contributions (column 3) we proceed in
the following way: instead of using Eqs. (5, 7, 9), we can compare experimental data with the
zeroth moment in the restricted energy range of the threshold region, 2MD0  p

s  4.8 GeV
to obtain an experimental value for �c

3

, denoted �c,exp
3

. Here we fix m̂c(m̂c) using Eq. (9). Then
we can also determine an error, ��c,exp

3

from the experimental uncertainty of the data in this
threshold region. The shift in the moments resulting from the di↵erent values for �c

3

(either
from two moments combined with resonance data only, or from the comparison of the 0th
moment with continuum data in the threshold region) turns out to be small. Strictly speaking
this shift is a one-sided error, but to be conservative we include it as an additional error in the
results of Table 2.

Finally, we assign a truncation error to the theory prediction of the moments following the
method proposed in Ref. [5] which considers the largest group theoretical factor in the next

2The error coming from the electronic partial widths is completely dominated by the J/ (1S); the  (2S)
contributes only about ±0.002 to the error of the moments. All errors are combined in quadrature. Had we
assumed them to be completely correlated, the errors would have been slightly increased, by about 0.004, 0.004,
0.003, 0.002, 0.002 for the first to the fifth moment, respectively.

6
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Truncation Error (theory error): Example known orders
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from 5 MeV to 10 MeV

(0th+1st) (0th+5th)

�M(4)
n =

[Erler, Luo ’03]
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Comparison with RExp threshold data:
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Comparison with RExp threshold data:

Collab. n 2MD0 � 3.872 GeV (3.872 � 3.97) GeV (3.97 � 4.26) GeV (4.26 � 4.496) GeV (4.496 � 4.8) GeV

CB86
0 — 0.0339(22)(23) 0.2455(25)(172) 0.1542(27)(108) —

1 — 0.0220(14)(15) 0.1459(16)(102) 0.0800(14)(56) —
2 — 0.0142(9)(10) 0.0868 (9)(61) 0.0416(7)(29) —

BES02
0 0.0333(24)(17) 0.0362(29)(18) 0.2361(41)(118) 0.1398(38)(70) 0.1704(63)(85)

1 0.0232(17)(12) 0.0234(19)(12) 0.1400(24)(70) 0.0726(20)(36) 0.0788(30)(39)
2 0.0161(12)(8) 0.0152(13)(8) 0.0832(15)(42) 0.0377(10)(19) 0.0365(14)(18)

BES06
0 0.0310(16)(15) — — — —

1 0.0216(11)(11) — — — —
2 0.0151(8)(7) — — — —

CLEO09
0 — — 0.2590(22)(5) — —

1 — — 0.1538(13)(3) — —
2 — — 0.0915(8)(2) — —

Total
0 0.0319(14)(6)(10) 0.0350(14)(9)(13) 0.2544(18)(40)(14)(18) 0.1447(27)(46)(37) 0.1704(63)(85)

1 0.0222(9)(4)(7) 0.0226(10)(5)(8) 0.1510(11)(24)(8)(11) 0.0751(14)(24)(12) 0.0788(30)(39)
2 0.0155(6)(3)(5) 0.0147(7)(3)(5) 0.0898(6)(14)(5)(6) 0.0390(7)(12)(10) 0.0365(14)(18)

Table 5: Contributions to the charm moments (⇥10n GeV2n) from di↵erent energy intervals
and experimental collaborations (CB86 [20]; BES02 [22], BES06 [23], CLEO09 [25] CHECK
THIS! CHECKED!). The first error is statistical, the second systematic. The last row shows
the combined results. Explain errors: sometimes 3, sometimes 4, last column has only 2.

Finally, the fourth column shows the theoretical calculation of the moments in the threshold
region for m̂c = 1.274 GeV and using the previous value �c

3

= 1.22 found above. The agreement
between these three columns is remarkable and shows that the data in this restricted energy
range is well described by Rcont

c , Eq. (4).
Table 7 shows a comparison of charm moments in the closer vicinity of the  (3770) reso-

nance. In the column labeled ’Data’, the moments have been calculated as above, i.e. directly
from data, but now restricted to the energy range 2MD0  p

s  3.83 GeV, see Fig. 3, inner
plot, again after subtraction of the light-quark contribution. The upper limit of this energy
interval is chosen to cover the  (3770) resonance completely.

In the third column (labeled  (3770)) we display results obtained assuming that the reso-
nance is not narrow enough to justify using Eq. (3) can. Instead, we use the full Breit-Wigner
form, i.e.,

R (3770)
BW

=
9�e

R�R

↵2

em

(M2

R)

M2

R

(s�M2

R)
2 + �2

RM
2

R

(12)

with M
 (3770)

= 3.773 GeV, �e
 (3770)

= 0.262(18) keV, and �R = 27.2± 1.0 MeV for the total
width of the  (3770) [7].

Obviously one can not assume that the  (3770) resonance saturates the charm cross section
in this narrow energy range. Even though at first glance the narrow width approximation for
the  (3770) would be disfavored when compared to data, a Breit-Wigner description agrees

12
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Figure 3: Data for the ratio R for e+e� ! hadrons in the charm threshold region: Crystal
Ball CB86 (green) [20]; BES00, 02, 06, 09 (black, blue, cyan, and red) [21–24], and CLEO09
(orange) [25]. The full (red) curve shows Rcont

c (s) with �c
3

= 1.22 and m̂c(m̂c) = 1.274GeV.
The inner plot is a zoom into the energy range 2MD0  p

s  3.83 GeV.

systematic ones and we remark that we do not include an additional error from the background
subtraction.

The third column shows the theoretical moments, again restricted to the region 2MD0 p
s  4.8 GeV, using m̂c = 1.274 GeV as input, and choosing the parameter �c

3

to match the
zeroth experimental moment, i.e.,

Z
(4.8GeV)

2

(2MD0 )
2

ds

s
Rcont

c (s)
���
m̂c=1.274GeV

= MData

0

= 0.6362(195) (11)

which gives the value �c,exp
3

= 1.34(17).

11

Comparison with RExp threshold data:

n Data �c
3

= 1.34(17) �c
3

= 1.22

0 0.6362(195) 0.6362(195) 0.6222

1 0.3498(101) 0.3506(111) 0.3426

2 0.1955(54) 0.1969(65) 0.1922

3 0.1110(29) 0.1126(38) 0.1099

4 0.0640(16) 0.0656(23) 0.0640

5 0.0375(9) 0.0389(14) 0.0379

Table 6: Contributions to the charm moments (⇥10n GeV2n) from the energy range 2MD0 p
s  4.8 GeV. For the results in the columns labeled ’Data’, light-quark contributions have

been subtracted using the pQCD prediction at order O(↵3

s). The third column uses m̂c =
1.274GeV and �c,exp

3

determined by the zeroth experimental moment (see text for details).
The last column shows the theoretical prediction for the moments using m̂c = 1.274GeV and
�c
3

= 1.22.

n Data  (3770)
��
BW

�c
3

= 1.22

0 0.0267(14) 0.0319(22) 0.0349

1 0.0187(10) 0.0224(15) 0.0243

2 0.0131(7) 0.0157(11) 0.0169

3 0.0092(5) 0.0111(8) 0.0118

4 0.0065(3) 0.0078(5) 0.0082

5 0.0045(2) 0.0055(4) 0.0057

Table 7: Contributions to the charm moments (⇥10n GeV2n) from the energy range 2MD0 p
s  3.83 GeV. For the results in the column labeled ’Data’, light-quark contributions

have been subtracted using the pQCD prediction at order O(↵3

s). ’BW’ refers to Breit-
Wigner, Eq. (12). The last column shows the theoretical prediction for the moment using
m̂c = 1.274GeV and �c

3

= 1.22.

with the prediction based on Eq. (4) where Rcont

q is used with �c
3

= 1.22. The small di↵erence
between the second, third and fourth columns of Table 7 in the  (3770) region indicates that
a better knowledge of corresponding data, and maybe a better understanding of the required

13

(2MD 
p
s  4.8GeV)

�c,exp

3 = 1.34(17)

Error induced to Quark mass:

�c
3 = 1.22 �! �c,exp

3 = 1.341)

from + 6.4 MeV to + 0.2 MeV

��c,exp

3 = 0.17

from 4.7 MeV to 0.1 MeV

1I)

Our approach: error budget
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Figure 3: Data for the ratio R for e+e� ! hadrons in the charm threshold region: Crystal
Ball CB86 (green) [20]; BES00, 02, 06, 09 (black, blue, cyan, and red) [21–24], and CLEO09
(orange) [25]. The full (red) curve shows Rcont

c (s) with �c
3

= 1.22 and m̂c(m̂c) = 1.274GeV.
The inner plot is a zoom into the energy range 2MD0  p

s  3.83 GeV.

systematic ones and we remark that we do not include an additional error from the background
subtraction.

The third column shows the theoretical moments, again restricted to the region 2MD0 p
s  4.8 GeV, using m̂c = 1.274 GeV as input, and choosing the parameter �c

3

to match the
zeroth experimental moment, i.e.,

Z
(4.8GeV)

2

(2MD0 )
2

ds

s
Rcont

c (s)
���
m̂c=1.274GeV

= MData

0

= 0.6362(195) (11)

which gives the value �c,exp
3

= 1.34(17).
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Condensates:

Mnonp

n (µ2) =
12⇡2Q2

q

(4m̂2
q)

n+2
Cond an

 
1 +

↵s(m̂2
q)

⇡
bn

!

Non-perturbative effects due to gluon condensates to the moments are:

an , bn are numbers, and [Dominguez et al ’14]

[Chetyrkin et al ’12]

from 3 MeV to 10 MeV

(0th+1st) (0th+5th)

(but this is only the first condensate)
Parametric error:

�m̂c(m̂c)[MeV] = +0.24 · 103 MeV
GeV4�h↵s

⇡
G2i

�h↵s

⇡
G2i = 14 · 10�3GeV4

Cond = h↵s

⇡
G2i = (14± 14) · 10�3

GeV

4
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�↵s(Mz) ↵s(Mz) = 0.1182(16) from PDG

from 6 MeV to 1 MeV

(0th+1st)

(0th+5th)

�↵s(Mz) = 0.0016

�m̂c(m̂c)[MeV] = 3.9 · 103�↵s(Mz)

�m̂c(m̂c)[MeV] = �0.7 · 103�↵s(Mz)

Parametric error:

Our approach: error budget
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Figure 2: m̂c(m̂c) using di↵erent combinations of moments and for each combination, the
error budget. Blue is the full error, red is the one from the resonance region, green from the
theoretical moments, cyan from the error of �c

3

(which is a combination of the shift and the
experimental error on �c

3

), and orange from the condensates. An uncertainty from �↵s(Mz)
is not included. �c,exp

3

= 1.34 was kept fixed for all values. That’s not true, we used the values
for �c,exp

3

reported on the table. To be updated as soon as we decide on the truncation error!
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is not included. �c,exp
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= 1.34 was kept fixed for all values. That’s not true, we used the values
for �c,exp

3

reported on the table. To be updated as soon as we decide on the truncation error!
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Resonances
Truncation error
Comparison with 
RExp threshold data
Condensates
�↵s(Mz)

What pair/result to choose?

Large condensate effects
+

new condensates will matter

m̂c(m̂c) = 1.279(10)GeV

m̂c(m̂c) = 1.286(13)GeV

MITP, Mainz, 7-12 March, 2016

Our approach
preliminary results
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Define a χ2 function:

background subtraction, should help to obtain a further reduction of the errors on the charm
quark mass. How ???

The discussion above has raised the question whether the specific prescription for the sub-
traction of the light-quark background in the charm sub-threshold region should be modified,
or whether an additional error should be assigned to this prescription. To check the impact
of this e↵ect, we have fitted the pQCD prediction including a free normalization factor to the
data. We found a normalization factor of 1.02± 0.01 and the moments changed to the values
given in Table 8. The charm mass is shifted by 1 MeV if this modified light-quark subtraction
is used instead of the prescription described above.

n Data �c
3

= 1.15(16) �c
3

= 1.22

0 0.6145(189) 0.6145(189) 0.6222

1 0.3375(98) 0.3382(108) 0.3426

2 0.1884(52) 0.1897(63) 0.1922

3 0.1069(28) 0.1084(37) 0.1099

4 0.0615(16) 0.0631(22) 0.0640

5 0.0359(9) 0.0373(14) 0.0379

Table 8: Contributions to the charm moments (⇥10n GeV2n) from the energy range 2MD0 p
s  4.8 GeV evaluated after taking into account a 2% shift of the normalization of the

pQCD prediction to fit the data, to be compared with Table 6. m̂c(m̂c) = 1.274GeV and
�c
3

= 1.15(16), obtained after matching with the zeroth experimental moment.

4 Uncertainties and discussion

The approach described above in Section 2 requires to make a choice of a pair of moments from
which to determine a value for the charm mass. In this section we now want to investigate the
possibility to perform a fit using also more than two moments. In addition, the approach that
we discuss now will allow us to take into account uncertainties on the parameters entering the
moments in a rigorous way. More motivation ?

We define a �2 in the following way:

�2 =
1

2

X

n,m

�Mn �MpQCD

n

� �C�1

�nm �Mm �MpQCD

m

�
+ �2

c (13)

14

where Mn are the sum rule expressions for the moments defined in Eq. (2) and MpQCD

n

the corresponding predictions from perturbative QCD, Eq. (7). We will consider di↵erent fit
scenarios where we include di↵erent sets of moments in the sum of Eq. (13). The coe�cients
(C�1)nm are the elements of a correlation matrix which we choose as

C =
1

2

X

n,m

⇢Abs(n�m)�M(3)

n �M(3)

m (14)

with the truncation error�M(3)

m defined in Eq. (10). The factor ⇢Abs(n�m) allows us to include a
correlation between di↵erent moments. Here we consider ⇢Abs(n�m) = ⇢|n�m| a reasonable choice
but we will also consider cases without correlation, i.e. fits where we impose ⇢Abs(n�m) = 0 for
n 6= m. In particular, this latter option might be preferred for the correlations between the
zeroth and other moments. Justify! More on motivation ?

With the additional term �2

c in Eq. (13) we can impose restrictions on the variation of
parameters like the strong coupling constant, the resonance parameters, or non-perturbative
contributions to the moments. To be specific, we will use

�2

c =

 
�e
J/ (1S) � �e,exp

J/ (1S)

��e
J/ (1S)

!
2

+

 
�e
 (2S) � �e,exp

 (2S)

��e
 (2S)

!
2

+

✓
↵̂s(Mz)� ↵̂s(Mz)exp

�↵̂s(Mz)

◆
2

+

✓h↵s
⇡ G2i � h↵s

⇡ G2iexp
�h↵s

⇡ G2i
◆

2

. (15)

The first two terms take into account that the electronic widths of the resonances, given
in Table 1, can vary within their 1�-errors. In the second term we use ↵̂s(Mz)exp = 0.1182,
�↵̂s(Mz) = 0.0016 [7] to take into account the experimental uncertainty of the strong coupling
constant.

Finally we want to investigate the influence of contributions beyond conventional per-
turbation theory. In general, vacuum expectation values of higher-dimensional operators in
the operator product expansion contribute to the moments of the current correlator. These
condensates may be important for a high-precision determination of heavy-quark masses, in
particular in the case of the charm quark. The leading term involves the dimension-4 gluon
condensate [2],

Mcond

n (µ2) =
12⇡2Q2

c

(4m̂2

c)
n+2

h↵s

⇡
G2i an

✓
1 +

↵s(m̄2

c)

⇡
bn

◆
. (16)

The coe�cients an and bn can be found in [29, 30]. In our fits we use the central value
h↵s

⇡ G2iexp = 0.014 GeV4 with an uncertainty of �h↵s
⇡ G2i = 0.014 GeV4, taken from the recent

analysis [31].

15

ρ a correlation parameterC =
1

2

X

n,m

⇢Abs(n�m)�M(4)
n �M(4)

m

MITP, Mainz, 7-12 March, 2016
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Assuming no correlation:

m̂c(m̂c) = 1.282(9)GeV

MITP, Mainz, 7-12 March, 2016

Our approach: more than two moments?

2 Checks, stability tests, and further scenarios

From now on, following tables are only for our use as a crosscheck of results,

stability...

Table 4: 0th + 1st + 2nd without correlation

Constrains 0th + 1st + 2nd

⇢ 0

m
c

(m
c

) 1.2815+0.0092

�0.0092

GeV

�
3

1.151+0.081

�0.081

�

e

J/ 

5.55(14)10�6

(5.56+0.14

�0.14

)10

�6

�

e

 

0 2.36(4)10�6

(2.361+0.040

�0.040

)10

�6

h↵s

⇡

G2i 14(14)10

�3

(16

+14

�14

)10

�3

↵
s

(M
z

) 0.1182(16) 0.1179+0.0015

�0.0015

Table 5: 0th + (1st+2nd + 3rd)

⇢

. Stability of the preferred scenario.

Constrains 0th + (1st+2nd + 3rd)

⇢

⇢ 0.85

m
c

(m
c

) 1.2790+0.0083

�0.0073

GeV

�
3

1.141+0.073

�0.075

�

e

J/ 

5.55(14)10�6

5.59+0.13

�0.14

10

�6

�

e

 

0 2.36(4)10�6

2.363+0.036

�0.035

10

�6

h↵s

⇡

G2i 14(14)10

�3

19

+12

�12

10

�3

↵
s

(M
z

) 0.1182(16) 0.1173+0.0013

�0.0015

3

Constraints
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Define a χ2 function:

We consider �2 as a function of six input parameters, m̂c(m̂c), �c
3

, ↵̂s for the continuum
part of the moments, the electronic widths �e

J/ (1S), �
e
 (2S) for the resonance contributions,

and the gluon condensate h↵s
⇡ G2i. In addition there is the correlation parameter ⇢. We can

now determine all or a subset of the parameters by minimzing �2. First, we observe that
without correlations between the moments, the minimal �2 is very small. We consider this
as an indication that correlations between the theoretical moments are indeed strong. Taking
into account correlations as described above, we now determine the correlations parameter
⇢ from the condition that �2

min

must be equal to the number of degrees of freedom for each
considered fit scenario. Then we determine allowed parameter ranges by solving the equation
�2 = �2

min

+ 1.
In Table 9 we collect the results of two typical fit scenarios based on the first three moments.

Each entry in columns three and four are results of a 6-parameter fit. In the first case (column
3) we assume that all three moments are correlated as described above. The second case
(column 4) is our preferred scenario where we assume that only the first and the second
moments are correlated. The errors are obtained by projecting the contour �2 = �2

min

+1 onto
each of the six parameters considered. We observe that the results for the charm mass as well
as for the continuum parameter �c

3

are stable. The other four parameters are shifted away
from their experimental values by the fit only by a small amount and stay well within their
uncertainty limits. We have performed additional fits in modified scenarios, e.g. using the first
three moments without correlations, or the case where also the third moment is included. We

Constraints 0th + 1st + 2nd 0th + (1st + 2nd)⇢

⇢ 0.520 0.627

m̂c(m̂c) [GeV] 1.2808+0.0088
�0.0087 1.2806+0.0089

�0.0089

�c
3

1.137+0.071
�0.071 1.144+0.080

�0.080

�e
J/ (1S) [keV] 5.55(14) 5.57+0.12

�0.11 5.57+0.14
�0.14

�e
 (2S) [keV] 2.36(4) 2.362+0.035

�0.034 2.362+0.040
�0.040

h↵s
⇡ G2i [GeV4] 0.014(14) 0.018+0.013

�0.012 0.018+0.013
�0.013

↵̂s(Mz) 0.1182(16) 0.1176+0.0015
�0.0015 0.1176+0.0015

�0.0015

Table 9: Fit results using the first three moments with two di↵erent scenarios for the correlation
between the moments (see text).

16

Correlation to ensure χ2 = D.O.F.

m̂c(m̂c) = 1.281(9)GeV

MITP, Mainz, 7-12 March, 2016

Our approach: more than two moments?
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Define a χ2 function:

Constraints 0th + (1st + 2nd+3rd)⇢

⇢ 0.85

m̂c(m̂c) [GeV] 1.2790+0.0083
�0.0073

�c
3 1.141+0.073

�0.075

�

e
J/ (1S) [keV] 5.55(14) 5.59+0.13

�0.14

�

e
 (2S) [keV] 2.36(4) 2.363+0.036

�0.035

h↵s
⇡ G2i [GeV

4
] 0.014(14) 0.019+0.012

�0.012

↵̂s(Mz) 0.1182(16) 0.1173+0.0013
�0.0015

Table 1: Fit result using the first four moments with correlation between

the 1st, 2nd, and 3rd only.

Constraints 0th + (1st + 2nd)⇢

⇢ 0.57

m̂c(m̂c) [GeV] 1.2822+0.0079
�0.0081

�c
3 1.151+0.079

�0.078

�

e
J/ (1S) [keV] 5.55(14) 5.57+0.14

�0.14

�

e
 (2S) [keV] 2.36(4) 2.362+0.040

�0.040

h↵s
⇡ G2i [GeV

4
] 0.014(14) 0.018+0.013

�0.014

↵̂s(Mz) 0.11822(74) 0.11810+0.0072
�0.0072

Table 2: Fit result using the first four moments with correlation between

the 1st and the 2nd only. ↵s(Mz) from lattice.

1

Correlation to ensure χ2 = D.O.F.

m̂c(m̂c) = 1.279(8)GeV

MITP, Mainz, 7-12 March, 2016

Our approach: more than two moments?
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Preferred scenario: 0th + (1st + 2nd)⇢

Include Comparison with RExp threshold data: 

m̂c(m̂c) = 1.281(9)GeV

�m̂c(m̂c) = 8MeV

m̂c(m̂c) = 1.281(12)GeV

preliminary result

MITP, Mainz, 7-12 March, 2016

Our approach: more than two moments?



Conclusions and Outlook

• Heavy quark masses are interesting: for being fundamental parameters as 

well as for their implications on many phenomenological scenarios.

• From the different strategies, one of the most precise is the use of SR. 

Quark mass determinations at the % or sub-% level.

• Using SR + global fit using different moments (χ2), we extract               

• Results still preliminary

• Good agreement with other determinations based on SRs and lattice!

• Error sources are understood: seems a clear roadmap for improvements

• Next step: the bottom case

Pere Masjuan 47

Thanks!
MITP, Mainz, 7-12 March, 2016

m̂c(m̂c)

m̂c(m̂c) = 1.281(12)GeV


