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Given a function f (z)

What are Padé approximants to f (z)?

PN
M(z) = ∑

N
n=0 rnzn

∑M
m=0 qmzm

= r0 + r1z +⋯ + rNzN

1 + q1z +⋯ + qMzM

Same Taylor expansion than f(z) up to order O(z)M+N+1

f (z) = a0 + a1z + a2z2 +O(z3)

PN
M(z) = r0 + (r1 − r0q1)z + (r2 − r1q1 + r0q2

1 − r0q2)z2 +O(z3)
examples:

P0
1(z) =

a0

1 − a1
a0

z
, P1

1(z) =
a0 +

a2
1−a0a2

a1

1 − a2
a1

z

Convergence of PN
M(z) to f(z) known for meromorphic and Stieltjes functions



Stieltjes functions

f (x) = ∫
∞

0
dt

ρ(t)
1 + xt

(ρ(t) > 0) ∼ f (x) = 1
π
∫

∞

s0

dt
Imf (t)
t + x

Example:

f (z) = 1
z

Log(1 + z) = 1
π
∫

−∞

−1
dt

Imf (t)
z − t

= ... = ∫
1

0

dt
1 + zt

f (z) = ∑
n=0

(−z)n

n + 1
= 1 − z

2
+ z2

3
− z3

4
+ z4

5
+ ...



Taylor expansion

f (z) = 1
z

Log(1 + z) ; f (z) = 1 − z
2
+z2

3
−z3

4
+z4
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Taylor expansion

f (z) = 1
z

Log(1 + z) ; f (z) = 1 − z
2
+ ... − z99

100
+ z100

101
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Converges: lim
n→∞

∣cn+1∣
∣cn∣

< 1⇒ ∣z ∣ < lim
n→∞

n + 2
n + 1

= 1 , Diverges: z > 1



Padé Approximants: f (z) = 1
z Log(1 + z)

P0
1 = 1

1 + z
2
, P1

1 =
1 + z

6

1 + 2z
3

, P1
2 =

1 + z
2

1 + z + z2

6

, P2
2 =

1 + 7z
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z2
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Excellent approach away from the branch cut



Padé Approximants: f (z) = 1
z Log(1 + z)
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Quadratic Approximants

(f (z) −PN
M(s))2 = O (zM+N+1)2

Q(z)f 2(z) + 2R(z)f (z) +S(z) = O(zq+r+s+2)
R(z),S(z),Q(z) are polynomials

QAq,r ,s(z) =
−R(z) ±

√
R2(z) −Q(z)S(z)
Q(z)

Branch cut generated

Example: 1
z Log(1 + z)

(1 + q1z)f 2(z) + 2(r0 + r1z)f (z) + (s0 + s1z) = O(z5)

QA1,1,1(z) =
−7

8 −
5

12z ± 1
8

√
14z2 + 240z + 225

1 + 13
12z



Quadratic Approximants
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Physical applications



Pγ∗γ(∗) vertex

(g − 2)µ

e+e− → Pγ

e+e− → e+e−P
P → ``, P → ``γ, P → ````



Transition Form Factor

e.g. γγ∗ → π0

High Energies (pertubartive QCD)⇒ Fγ∗γπ0(∞) = 2FπQ−2

Low Energies (χPT)⇒ Fγγπ0(0) = (4π2Fπ)−1

Vector Meson Dominance (VMD)

Fγγ∗π0(Q2) =
Fγγπ0(0)

1 + Q2

Λ2



Transition Form Factor

e.g. γγ∗ → π0
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Intermediate and high-energy data do not adjusted well
bπ from fit to low-energy data (CELLO&CLEO) is ∼ 1.4σ away from fit to all data

Fγγ∗π0(Q2) = Fγγπ0(0)(1 + bπ
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How to improve the quality of the fit to stabilize the results?



How to do physics involving FPγ∗γ in between low-and high-energies
realms?

Our proposal: Padé Approximants

VMD model as the first step of the Padé sequence, P0
1(Q2)

F VMD
γγ∗π0(Q2) =

Fγγπ0(0)
1 + Q2

Λ2

≡ P0
1(Q2)

The length of the sequence is limited by data

Message: Data driven approach



Fit results
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Fit results

ò
ò

ò

ò
ò

ò

ò
ò

òò

ò

ò

ò
ò

ò

��
��

��
�

���

�

�
�

�

�

�

�

ì

ì

ìì

ì
ì

ì
ì

ì

ì
ì

ì ì

ì

ì

0 20 40 60 80
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35

Q2 @GeV2D

Q
2 F

Π
0

Γ
Γ

*
HQ

2 L@
G

eV
D

P1
1 HVMDL

P3
3

CLEO
CELLO
BELLE
BABAR

We reach P3
3 (constraining the high-energy behaviour to 2Fπ)

bπ = 0.0324(12)stat

cπ = 1.06(9)stat ⋅ 10−3



Fit results
Escribano et.al. PRD89 (2014), 034014

We reach P5
1 and P2

2

bη = 0.60(3)stat(3)sys

cη = 0.37(10)stat(7)sys

lim
Q2→∞

Q2Fηγ∗γ(Q2,0) = 0.160(24) GeV
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Fit results
Escribano et.al. PRD89 (2014), 034014

We reach P6
1 and P1

1

bη′ = 1.30(15)stat(7)sys

cη′ = 1.72(47)stat(34)sys

lim
Q2→∞

Q2Fη′γ∗γ(Q2,0) = 0.254(4) GeV
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A word on the systematic error

Consider your preferred model
Generate a pseudodata set emulating the physical situation
Build up your Padé Approximants sequence
Fit and compare
Add an extra systematic uncertainty



From γ∗γ → P to P → γ∗γ

e+e− → e+e−P P → ``γ
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γ∗(q)

"−

"+

�
� �

�
�

�

�

�

�

� �

�

�

0.0 0.1 0.2 0.3 0.4 0.5

1.0

5.0

2.0

3.0

1.5

7.0

s @GeVD

ÈF�
Η

2 NA60

A2

QED

Padé @P2
2D

Padé @P1
5D

Taylor expansion

Escribano and S.G-S
1511.04916 (hep-ph)



From γ∗γ → P to P → γ∗γ

e+e− → e+e−P P → ``γ

P (p)

γ(k)

γ∗(q)
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η′ Transition Form Factor representation

Matching Padé description with Breit-Wigner

F̃Pγγ∗(q2) =
⎛
⎝ ∑

V=ρ,ω,φ

gVPγ
2gVγ

⎞
⎠

−1

∑
V=ρ,ω,φ

gVPγ
2gVγ

M2
V

M2
V − q2 − iMV ΓV (q2)
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Transition form factor of double virtuality

P (p)
γ∗(q)

"−
1

"+
1

"−
2

"+
2

γ∗(k)

Bivariate approximants (See P. Sanchez-Puertas talk)

Factorization approach

FPγ∗γ∗(Q2
1 ,Q

2
2) = FPγ∗γ(Q2

1 ,0) × FPγγ∗(0,Q2
2)

However at high energies it falls as Q−4 instead of Q−2 (OPE)

P0
1(Q

2
1 ,Q

2
2) =

FPγγ(0,0)
1 − b1,0

M2
P
(Q2

1 +Q2
2) +

b1,1

M4
P

Q2
1Q2

2

b1,0 = bπ0,η,η′

b1,1 ∈ {0,2b1,0} [b1,1 = 0 (OPE), b1,1 = b2
1,0 (factorization)]



Decay distribution

P → ``γ and P → ```` distributions are peaked at very-low energies

π0 → eeγ η → ``γ
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Branching ratio predictions

Decay This work Experimental value nσ
π0 → e+e−γ 1.169(1)% 1.174(35)% 0.15
η → e+e−γ 6.61(59) ⋅ 10−3 6.90(40) ⋅ 10−3 0.41
η → µ+µ−γ 3.27(56) ⋅ 10−4 3.1(4) ⋅ 10−4 0.25
η′ → e+e−γ 4.38(31) ⋅ 10−4 4.69(20)(23) ⋅ 10−4 0.49
η′ → µ+µ−γ 0.74(5) ⋅ 10−4 1.08(27) ⋅ 10−4 1.24
π0 → e+e−e+e− 3.36689(5) ⋅ 10−5 3.34(16) ⋅ 10−5 0.17
η → e+e−e+e− 2.71(2) ⋅ 10−5 2.4(2)(1) ⋅ 10−5 0.66
η → µ+µ−µ+µ− 3.98(15) ⋅ 10−9 < 3.6 ⋅ 10−4

η → e+e−µ+µ− 2.39(7) ⋅ 10−6 < 1.6 ⋅ 10−4

η′ → e+e−e+e− 2.14(45) ⋅ 10−6 not seen
η′ → µ+µ−µ+µ− 1.69(35) ⋅ 10−8 not seen
η′ → e+e−µ+µ− 6.39(87) ⋅ 10−7 not seen

Escribano and S.G-S
1511.04916 (hep-ph)



Semileptonic B → π`ν` decay

dΓ(B → π`ν`)
dq2 =

G2
F ∣Vub∣2

192π3m3
B

((m2
B +m2

π − q2)2 − 4m2
Bm2

π)3/2∣F+(q2)∣2

Determination of Vub

Main source of uncertainty within the form factor F+(q2)



Dispersion relation for Form Factors

Form Factor analytic everywhere except
for poles and cuts on the real axis

F(q2) =
ResF(q2 = sp)

q2 − sp
+ 1
π
∫

∞

sth

ds′
ImF(s′)

s′ − q2 − iε



B → π semileptonic Form Factor

ææ ReHzL

ImHzL

PHASE SPACEB®Π{Ν
{ BRANCH CUT at BΠ

B
*

POLE

mB∗ = 5.325 GeV

Vector Meson Dominance

F(q2) = F+(0)
1−q2/m2

B∗

F(q2) = ResF(q2=sp)
q2−sp

+
���

���
��XXXXXXXX

1
π ∫

∞
sth

ds′ ImF(s′)
s′−q2−iε



B → π semileptonic Form Factor

ææ ´́ ReHzL

ImHzL

PHASE SPACEB®Π{Ν
{ BRANCH CUT at BΠ

B
*

POLE

mB∗ = 5.325 GeV

F(q2) = ResF(q2=sp)
q2−sp

+ 1
π ∫

∞
sth

ds′ ImF(s′)
s′−q2−iε ; ImF(s′) ∝ δ(s′ − Λ)

Becirovic-Kaidalov (2 par.)
(PLB 478, 417 (2000))

F+(q2) = F+(0)
(1−q2/m2

B∗)(1−αq2/m2
B∗)

Ball-Zwicky (3 par.)
(PRD 71, 014015 (2005))

F+(q2) = F+(0)
1−q2/m2

B∗
+ rq2/m2

B∗
(1−q2/m2

B∗)(1−αq2/m2
B∗)



B → π semileptonic Form Factors

VMD: F+(q2) = F+(0)
1−q2/m2

B∗
≡ P0

1(q
2)

Becirovic-Kaidalov: F+(q2) = F+(0)
(1−q2/m2

B∗)(1−αq2/m2
B∗)

≡ P0
2(q

2)

Ball-Zwicky: F+(q2) = F+(0)
1−q2/m2

B∗
+ rq2/m2

B∗
(1−q2/m2

B∗)(1−αq2/m2
B∗)

≡ P1
2(q

2)

Boyd, Grinstein, Lebed (PRL 74 (1995))

F+(q2) = 1
P(q2)φ(q2,q2

0)

∞
∑
n=0

ak(q2
0)[z(q

2,q2
0)]

k

Bourrely, Caprini, Lellouch (PRD 79 (2009) 013008)

F+(q2) = 1
1 − q2/m2

B∗

∞
∑
n=0

bk(q2
0)[z(q

2,q2
0)]

k

Proposal: To analyze B → π`ν` through Padé Approximants



Fits to B → π`ν` spectra+Lattice data (preliminary)

Decay spectra Form Factor shape
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Fits to B → π`ν` spectra+Lattice data (preliminary)
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Pion Form Factor (preliminary)
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Gounaris-Sakurai HΡ+Ω+Ρ'L

Gounaris-Sakurai (Phys.Rev.Lett. 21 (1968) , Phys.Lett. B527 (2002))

Fπ(s) =
BW GS

ρ(770)(s)⋅(1+δ s
M2
ω

BWω(s))+β⋅BW GS
ρ(1450)(s)

1+β

Fit results: Mρ = 776.81(58) MeV ,Γρ = 147.73(1.42) MeV

Mω = 781.38(54) MeV ,Γω = 12.60(2.18) MeV , δ = 2.26(35) ⋅ 10−3 , β = −0.0844(52)



Pion Form Factor (preliminary)
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Pion Form Factor (preliminary)
Combined fit to ∣Fπ ∣2 and δ1
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Model: poles at zp = 0.764 − i0.070 MeV, zp = 0.783 − i0.004 MeV and zp = 1.423 − i0.190 MeV

Fit: QA200 poles at zp = 0.760 − i0.060 MeV and zp = 1.407 − i0.515 MeV

QA211 poles at zp = 0.763 − i0.069 MeV and zp = 0.790 − i0.068 MeV

QA222 poles at zp = 0.759 − i0.070 MeV and zp = 0.764 − i0.075 MeV



Pion Form Factor (preliminary)
Prediction of Fπ in the Space-like energy region
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Improvements: Include Space-Like data in the fit

Fix the ω pole

Matching with ChPT

Include a third pole



Pion Form Factor (preliminary)

(Figures borrowed from Benedikt Kloss, photon’15)

Tentative application: To evaluate a2π,LO
µ (600 − 900) MeV and see what Space-Like data

of the pion FF tell us

a2π,VP
µ ≃ ∫ ∞4m2

π
K(s)σ(e+e− → 2π)(s)ds

∣Fπ(s)∣2 = 3s
παβ2

π(s)
σ(e+e− → 2π)(s) , βπ(s) =

√
1 − 4m2

π
s



Outlook

We have presented a method which is simple, user-friendly and
predictive

Improve systematically with new data

Useful for describing hadronic form factors, e.g.: π0, η, η′ TFF,
semileptonic B → π, pion form factor



Backup slides

Matching η′ TFF with Breit-Wigner (gργ coupling as a function of the
matching point)
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