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General concepts / motivation
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There are many data on collective nuclear motion, and we hope to 
study in near future how it evolves when one considers exotic systems.

n

n

There is a link between 
collective motion and the 
nuclear Equation of State There is no separation of scale 

(in general) between single-
particle and collective motion



Linear response or RPA (from EOM)
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We start from a Hamiltonian

Excited states n (“vibrations” or “phonons”) 

The g.s. has zero energy and is the phonon vacuum 

The ansatz for the RPA phonons is:  

This leads to

and in RPA we also assume that the excitations are boson-like 
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If the equation is solved on a basis:
[cf. T. Nakatsukasa for other method(s)]

G.C. et al., Computer Physics Commun. 184, 142 (2013).

+ = Quadrupole 

vibration

Tamm-Dancoff approximation 
is often poor in nuclear 

physics, for low-lying states 
(e.g. low-octupole states in 

208Pb, 132Sn)



Second RPA (SRPA)
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The ansatz for the SRPA phonon creation operator is:  

D. Gambacurta and M. Grasso, PPNP 150, 104251 (2026).
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Computationally very 
demanding (106-108 2p-2h 

states)

Dipole states in 68Ni

β-decay half-life of 78Ni



Second QRPA and QPVC
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We introduce the Bogoliubov transformation for treating open-shell systems, 
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The excited state in second QRPA is

The quasi-particle vibration (QPVC) model assumes instead that



Derivation of the QPVC equations
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We can use again the Equation of Motion (EoM) in the form:

This leads to 

green: usual 
QRPA matrix

 yellow: 
interaction 

between 2qp and 
2qp+phonon

We check the convergence of the results against 
variations of the model space (number of quasiparticles 
and of QRPA phonons).



(Q)RPA + (Q)PVC
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If we project “à la Feshbach’’ on the space of two quasiparticle states:

4 G. Coló, Z.Z. Li, Y.F. Niu
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We do not give the detailed expressions of the matrix elements here but the
reader can see them in Ref. [9]. The key point is that the number of doorway
states can be very large in the GR excitation energy region, so solving the
latter equation may be hard or prohibitive. It is possible, instead, to use
standard projection methods to project the QPVC equation (4) onto the Q1

space spanned by the two quasiparticle excitations. The result is
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(5)
where A and B are the QRPA matrices and the QPVC e!ects are encoded in94

the matrix W ↑. The di!erent Feynman diagrams contributing to the matrix95

elements of W ↑ are depicted in Fig. 1. The so-called subtraction method is96

applied.97
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Fig. 1. The Feynman diagrams associated with the coupling between two-quasi-
particles and the doorway states. See the main text.

The matrix in Eq. (5) is complex symmetric and the solutions form a
biorthogonal basis. As a consequence, the strength function associated with
the operator Ôεµ is

S(E) = →
1

ω
Im

∑

µω

↑0|Ôεµ|ε↓2

E →ϑω + i
(
ϑω
2 + ϖ

) . (6)
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E ↓ Eω + iε

Wavy lines represent 
phonons and have to be 
seen as a sum of ring 
diagrams.

In this respect this is 
G0W0 including pairing.
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In the applications that will follow, we shall use effective Hamiltonians 
<latexit sha1_base64="WGOcx5mGQwqXnsS1pNFsh8ZNu2g=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdNNlRfuANoTJdNIOnZmEmYkYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3niBmVGnH+bZKa+sbm1vl7crO7t7+gX1Y7aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXTG9nfu+RSEUj8aDTmHgcjQUNKUbaSL5dbcFr2PKzoeTwfppKTnLfrjl1Zw64StyC1ECBtm9/DUcRTjgRGjOk1MB1Yu1lSGqKGckrw0SRGOEpGpOBoQJxorxsfnsOT40ygmEkTQkN5+rviQxxpVIemE6O9EQtezPxP2+Q6PDKy6iIE00EXiwKEwZ1BGdBwBGVBGuWGoKwpOZWiCdIIqxNXBUTgrv88irpntfdRr1xd1Fr3hRxlMExOAFnwAWXoAlaoA06AIMn8AxewZuVWy/Wu/WxaC1ZxcwR+APr8we+sZOk</latexit>

H = HSkyrme

• They include zero-range forces with derivative terms to mimic the finite 

range.

• They respect basic symmetries.

• They include spin-orbit and in some cases tensor terms.

• In total: 10 free parameters to be fitted (typically).

• The idea is to fit parameters on a small set of observables (like masses or 

radii of a few nuclei) and use them to predict other observables.
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Applications

 



Photoabsorbtion cross section
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Response function and strength function
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The dipole polarizability
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From A. Tamii

If the nucleus were under the 
action of a static electric field  

The polarizability can be deduced from 
the so-called inverse energy-weighted 
sum rule associated with dipole field

A. Migdal, Quadrupole and dipole γ-
radiation of nuclei, J. Phys. Acad. Sci. 
USSR 8(1-6), 331-336 (1944)
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FIG. 2. (a) Photoabsorption cross sections of 58Ni derived
from the spectrum at a scattering angle of 0.40→ using the
virtual photon method (blue circles). The red curve shows
a QRPA calculation including qPVC [38] with the KDE033
interaction [39] normalized to the data. (b) Electric dipole
polarizability ωD derived from the photoabsorption cross sec-
tions. The blue and red bands band show the present data
and the contribution at excitation energies > 20 MeV based
on the theoretical estimate explained in the text with their
uncertainties, respectively.

photoabsorption cross sections by

ωD =
⊋c
2ε2

∫
ϑω

E2
x

dEx. (1)

The experimental result for the energy region 6 → 20
MeV is plotted as blue curve in Fig. 2(b) and amounts
to ωD = 2.57(28) fm3. The uncertainty band considers
the systematic errors of the experimental cross sections
(cf. Ref. [33]) and the MDA (as described in Ref. [35]).
Statistical uncertainties are negligible.

Photoabsorption data from the (ϖ, xn) reaction are
available for excitation energies up to 33 MeV [42], but
in contrast to heavy nuclei the unknown (ϖ, p) channel
is expected to be significant. Thus, ωD contributions at
energies Ex > 20 MeV were estimated with a theory-
aided procedure using energy density functionals. Previ-
ous analyses of this type [17, 31] were based on the folding
of QRPA calculations with interactions reproducing the
IVGDR centroid with a Lorentzian fitted to the experi-
mental data. Here, we go beyond and include quasipar-
ticle vibration coupling (qPVC) which has recently been
shown to permit not only a reproduction of the width of
the ISGMR [38, 43], but also resolve the discrepancies
between 208Pb and lighter nuclei in theoretical attempts
to extract the compressibility from the energy centroid
of the ISGMR [44].

FIG. 3. Photoabsorption cross sections of 58Ni from the
present work compared with QRPA calculations including
qPVC [38], based on the KDE033 (solid red line) [39], SV-
bas (dashed orange line) [45], and SLy5 (short-dashed green
line) [46] interactions. The inset shows the high-energy flanks
normalized to each other at 20 MeV.

QRPA calculations including qPVC with the approach
described in Ref. [38] are shown in Fig. 3 for Skyrme
forces KDE033 [39], SV-bas [45], and SLy5 [46]. The
photoabsorption cross sections predicted with KDE033
(solid red line) provide a very good desription of the cen-
troid and width of the IVGDR, but the total strength
is somewhat underestimated. Calculations with SV-bas
(dashed orange line) give a similar width and reproduce
the maximum cross section, but the centroid energy is
about 1 MeV too low. Finally, the SLy5 result (short-
dashed green line) shows a much stronger fragmentation
and an even lower energy centroid. Since all calculations
require an adjustment to the data, the absolute values of
the di!erent models for the high-energy (> 20 MeV) con-
tribution to the polarizability becomes very dependent on
the assumptions made in the normalization procedure.

For a quantitative estimate of the high-energy contri-
bution to the polarizability, we choose a normalization
to the results obtained with the KDE033 interaction. As
illustrated in Fig. 2(a), it provides a very good descrip-
tion of the IVGDR after adjusting the absolute height.
The corresponding contribution to the polarizability for
excitation energies > 20 MeV is displayed in Fig. 2(b) as
red curve. The polarizability is integrated up to 50 MeV,
where saturation is reached.

The model dependence due to the choice of specific
interactions is estimated from the variation of the three
calculations after normalization to each other at 20 MeV.
As demonstrated in the inset of Fig. 3, then the theoreti-
cally predicted high-energy tails become similar in shape
and magnitude. The similar energy dependence might

Photoabsorbtion of 58Ni
Comparison with recent data from (p,p’) 
measured at RCNP, Osaka. Exp. data 
from I. Brandherm et al.

Theory reproduces very well the 
dipole polarizabilty and can be used 
to estimate the high-energy dipole 
tail. 
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The electric dipole strength distribution in
58 Ni between 6 and 20 MeV has been determined from proton

inelastic scattering experiments at very forward angles at RCNP, Osaka. The experimental data are rather well

reproduced by quasiparticle random-phase approximation calculations including vibration coupling, despite a

mild dependence on the adopted Skyrme interaction. They allow an estimate of the experimentally inaccessible

high-energy contribution above 20 MeV, leading to an electric dipole polarizability αD(58 Ni) = 3.48(31) fm
3 .

This serves as a test case for recent extensions of coupled-cluster calculations with chiral effective field theory

interactions to nuclei with two nucleons on top of a closed-shell system.

DOI: 10.1103/PhysRevC.111.024312

I. INTRODUCTION

The nuclear equation of state (EOS) governs basic prop-

erties of nuclei [1] and neutron stars [2,3] as well as the

dynamics of core-collapse supernovae [4] and neutron star

mergers [5]. A systematic description of the EOS from nuclear

densities to those in neutron stars is a central goal of current

physics. A wealth of new data is available at high densities

from observations on the properties of neutron stars and neu-

tron star mergers but the present experimental constraints on

the EOS around the saturation density n0 of nuclear matter are

still insufficient.

The EOS of symmetric nuclear matter is rather well con-

strained [1] in contrast to the properties of neutron-rich matter.

* Contact author: vnc@ikp.tu-darmstadt.de
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The latter depends on the symmetry energy, which can be

parametrized in an expansion around n0 by the symmetry

energy at saturation density J (n0) and its density dependence

L = 3n0∂J (n0)/∂n. Higher-order terms are expected to be

small. There are many experimental methods [6] providing

constraints on J and L based on a model-dependent correlation

between L and the neutron-skin thickness rskin in nuclei with

neutron excess [7–10]. For a recent summary, see Ref. [11].

The electric dipole polarizability, αD, has also been identified

as a key observable for constraining EOS parameters [9,12].

Proton inelastic scattering at incident energies of several hun-

dred MeV at extreme forward angles has been developed as

a new experimental tool exactly for the study of αD [13] and

results have been provided for a wide range of nuclei [14–18].

Two theoretical approaches have been used to describe

αD and derive constraints on the symmetry energy parame-

ters: energy density functional theory (DFT) [1,19,20] and

ab initio calculations [21–23] starting from chiral two- and

three-nucleon interactions [24,25]. A correlation of the form

αD · J ∝ L, suggested by the droplet model, has been well

studied in DFT [12,26]. In the ab initio context, comparing ex-

perimental determinations of αD with theoretical predictions

2469-9985/2025/111(2)/024312(8)

024312-1
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Nuclear incompressibility and the ISGMR
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Isoscalar Giant Monopole Resonance or  “breathing 
mode”: its energy should be correlated with the 
incompressibility of nuclear matter. 

SN1987a

Impact on astrophysics: supernova explosion, neutron star merging
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In our work, we have been able to 
analyse in a systematic manner the 
consistency between ISGMR energies 
in different nuclei.

We have used many Skyrme EDFs.

With the inclusion of QPVC effects, a 
big improvement is achieved.

We have, thus, a unique value for 
incompressibility.

Within QPVC, the ISGMR energy in 
208Pb is consistent with 120Sn.

Z.Z. Li, Y.F. Niu, GC, Phys. Rev. Lett. 
131, 082501 (2023)



Applying QPVC to β-decay
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Y. F. Niu et al., Phys. Rev. Lett. 114, 142501

RPA may not leave strength in the Qβ window.

PVC redistributes the GT strength.

Y. F. Niu et al., Phys. Lett. B 780, 325



Applying QPVC to 𝛾-decay 
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This decay is a tiny (≈10-3) 
part of the total width; there 
are cancellations between the 
amplitudes. 

All the Feynman diagrams contribute 
to the matrix element:

First line: 1p-1h, RPA

Second and third line: PVC



The decay from the IVGDR to 2+ in 140Ce 
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The partial widths for the decay to the 2+ are or the order of 102 eV but they 
fluctuate.
This corresponds to a ratio of 0.7-1.2% with respect to the ground-state decay.  

W.L. Lv, Y.F. Niu, GC, arXiv:2603.27243
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Courtesy: N. Pietralla



A similar model for the single-particle response
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We can assume a similar ansatz for a s.p. (or single quasiparticle) state, that is a 
mixture with phonons:

<latexit sha1_base64="v2HWedP1FI67df/EtoBaU55cx5E="></latexit>
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†
ω → Yωaω̃ +
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εn
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ε!

†
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εn
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In this case, we have corrected for the non-orthonormality and 
overcompleteness of the basis by introducing the NORM matrix.

The diagonal part reduces to 1 – (2j+1)-1 in simple cases.



49Ca
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Energies and 𝛾 transitions

Spectroscopic factors of 49Ca

Results obtained with SkX



Conclusion
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• In low-energy nuclear spectra, single-particle states and collective 
states coexist.

• A separation of scales like the Born-Oppenheimer approximation in 
electronic systems is only possible for (some of the) rotational states 
– not for collective vibrations.

• Several models are based on the idea that the low-energy nuclear 
spectra arise from an interweaving of single-particle and collective 
degrees of freedom. We do not want to use models with ad hoc 
parameters, and we use an effective Hamiltonian consistently.
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Coulomb excitation in 132Sn
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• The low-lying 2+ and 3- states have been measured via Coulomb 
excitations at HIE-ISOLDE (ions accelerated at 5.49 MeV/A and impinged on 
a 206Pb target).

• Energies and electromagnetic transition probabilities have been 
measured and compared with SM (or CI), RPA and relativistic RPA 
calculations. SM cannot describe the collective 3-.

D. Rosiak, M. Seidlitz, P. Reiter et al., PRL



Skyrme force or “pseudo-potential”
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attraction short-range repulsion

• There are velocity-dependent terms which mimic the finite-range.

• The last term is a zero-range spin-orbit.

• In total: 10 free parameters.

There are many existing Skyrme sets.
Cf. other talks like P. Demol



Some detail + the subtraction scheme  
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All QRPA calculations are performed in a 
model space which is large enough so 
that the EWSR is satisfied.

We calculate natural-parity phonons with 
0+, 1-, 2+ ... 5- and select those having 
energy less than 30 MeV and strength 
larger than 2% of the total strength.

The convergence of the results with 
respect to the choice of the model 
space has been carefully assessed.

Subtraction:

THIS PRESCRIPTION KEEPS THE VALUE 
OF THE m-1 SUM RULE AS IN QRPA



More on subtraction
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The subtraction procedure has been introduced by V. Tselyaev.

At the same time, it has been shown that it emerges naturally if one:

• assumes the universality of the EDF, according to the Hohenberg-Kohn 
theorem

• applies this concept to 

This leads to the conservation of the inverse energy-weighted sum rule.

The subtraction does not guarantee the conservation of the EWSR.


