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Spectroscopy: Light + matter

 Light + molecule = spectrum  

 The spectrum is the message from the molecule  

 The theory is a key for deciphering the message 

Using these parameters as an input, we can simulate the spectra. By comparing the computed and experimentally mea-
sured spectra, we can then confirm molecular identity, assign spectral features, and relate the spectra to such concepts
as equilibrium bond lengths, vibrational frequencies, molecular orbitals, and so on.

Different spectroscopies probe different types of transitions and report on different molecular properties. To appreci-
ate the scope and variety of modern spectroscopy, consider the vast range of energies and intensities of light used,1 in
addition to nonlinear,2 angle-resolved,3,4 and time-resolved techniques.5 Experimental innovations constantly drive
electronic-structure developments, pushing quantum chemistry into new domains. But modeling spectra rarely ends at
the electronic structure calculations and often requires additional steps that entail combined treatments of electronic
and nuclear degrees of freedom and account for the specifics of the experimental setup (light polarization, averaging
over molecular orientations, temperature, etc.).

This Software Focus article describes the ezSpectra suite, which bridges quantum-chemistry calculations and experi-
mental observables (spectra). Our focus is on spectroscopies that probe the transitions between different electronic
states, such as traditional one-photon absorption (UV/Vis, XAS), photoionization/photodetachment (UPS, XPS, ARPES,
etc.), as well as nonlinear spectroscopies (2PA, RIXS, resonance Raman, etc.). Despite the vast differences between
these techniques, the common thread is the need to combine electronic factors (relevant energy differences and transi-
tion moments) with vibrational structure. In what follows, we describe the theory of linear electronic absorption spec-
troscopy and photoionization/photodetachment spectroscopies, followed by a brief outline of the extensions to other
types of spectra.

By treating light as a weak time-dependent perturbation of molecular eigenstates,6 we encounter singularities in the
first-order perturbed amplitudes at frequencies resonant with energy differences between the (unperturbed) molecular
states. The singularities mean that the molecule can undergo transitions between different states when the frequency
matches the energy gap. Within the dipole approximation (i.e., assuming that the molecular size is smaller than the
wavelength of the light), the probability of transition between an initial state (i) and a final state (f) is proportional to
the square of the transition dipole matrix element:

Pif /
ð
Ψi r,Rð Þ μ̂ Ψf r,Rð Þ dr dR
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FIGURE 1 Spectroscopic measurements (red panel) yield encrypted messages, which can be decoded using electronic structure
calculations (blue panels) to reveal detailed information about molecular structure (black panel)
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Spectroscopy in chemistry 

1. Rotational spectroscopy 

2. Spin and magnetic fields: Electronic paramagnetic 
resonance (EPR), nuclear magnetic resonance (NMR), 
magnetazability 

3. Vibrational spectroscopies: Infra-red (IR), Raman, 
vibrational circular dichroism (VCD) 

4. Electronic spectroscopies in UV-Vis:  

• Absorption, emission, electronic circular dichroism 

• Nonlinear regimes: two-photon absorption, etc  

• Photoelectron spectroscopies 

4.  Electronic spectroscopies in X-ray domain: 

XAS, XPS, XES, RIXS, XCD, Auger, ICD, etc…

Energy of radiation

0.1-10 cm-1

100-1,000eV



Electronic spectroscopies in the valence domain

UV/Vis absorptionUV ionization (UPS)

Transient absorption 

Initial state  Final states  

+ free electron

Two-photon absorption 
(2PA)

+ free electron

Time-resolved PES 



Electronic spectroscopies in the X-ray domains
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was used to eliminate over 90% of the three-body contributions,
based on selecting incremental terms that do not significantly affect
the gap.317

C. Other methods
Q-Chem contains several novel active-space methods that

blend together aspects of CC and valence bond (VB) theories.320–325

These CCVB methods separate n electron pairs into arbitrary
radical fragments such that the dissociation energy matches CASSCF
but the computational cost is only polynomial. However, these
methods are difficult to use in practice due to a nonlinear wave
function ansatz and a lack of orbital invariance, which leads to a
challenging multiple-minimum problem in the orbital optimization.
The CCVB-SD method326 restores invariance with respect to
orbital mixing within the core, active-occupied, active-virtual, and
inactive-virtual subspaces while retaining the desirable formal
features of the CCVB expansion. Q-Chem 5 contains a production-
level implementation of the CCVB-SD energy and gradient327 using
the same tensor tools used in Q-Chem’s efficient implementation
of other CC methods.12 As such, the cost of CCVB-SD is nearly
identical to CCSD, but the former can tackle strongly correlated
systems. It is natural to use CCVB-SD with an active space
because it can describe both strong and weak correlations but not
simultaneously. See Ref. 327 for recent applications of CCVB-SD.

Direct variational determination of the two-electron reduced
density matrix (2RDM) provides an efficient description of
many-electron systems that naturally captures strong correlation
effects. The variational 2RDM (v2RDM) approach can be used
as a driver for approximate CASSCF calculations with polyno-
mial scaling.328,329 Q-Chem 5 supports v2RDM-driven CASSCF
calculations in which the active-space 2RDM is constrained
to satisfy two-particle (“PQG”) positivity conditions,330 partial
three-particle conditions,331 or else full three-particle
N-representability conditions.332 Using PQG conditions only,
v2RDM-driven CASSCF can be applied to systems with active
spaces as large as (64, 64).333 Analytic energy gradients are
available for v2RDM-CASSCF calculations with all three choices
of N-representability conditions.334

V. SPECIALIZED METHODS
This section highlights some specialized features of contempo-

rary interest. Quantum chemistry is witnessing a surge of interest
in x-ray spectroscopy,192,335–339 fueled by advanced light sources and
free-electron lasers, and by the recent availability of tabletop laser
sources with femtosecond time resolution.340–344 For that reason,
we highlight Q-Chem’s capabilities for core-level spectroscopy in
Sec. V A. Q-Chem also features a suite of methods for describing
metastable resonances, which are more often handled with special-
ized scattering codes, and Q-Chem’s functionality here is unique
among widely used electronic structure packages. Unlike bound
states, resonance wave functions are not square-integrable, and their
description requires specialized methods based on non-Hermitian
quantum mechanics,345 which are summarized in Sec. V B. Meth-
ods for vibronic lineshapes are described in Sec. V C, and Sec. V D
describes the nuclear–electronic orbital method for the description
of proton quantum effects.

A. Modeling core-level spectroscopy
Various core-level (x-ray) processes are illustrated schemat-

ically in Fig. 13. These include x-ray absorption (XAS), x-ray
emission (XES), resonant inelastic x-ray scattering (RIXS), and
x-ray photoelectron spectroscopy (XPS). The relaxation of the
core-level states can also result in secondary ionization, giving
rise to Auger spectroscopy. These techniques correspond to pho-
ton energies above 200 eV such that core-to-valence excitations
are embedded in an ionization continuum. Standard quantum
chemistry approaches require modification in order to deal with
these highly energetic excitations,192,335 especially in models with
double (and higher) excitations that allow core-level states to decay.
Because core-level states are Feshbach resonances that decay via
two-electron processes, attempts to solve unmodified EOM-CCSD
or ADC equations for core-level states lead to the same phys-
ically correct but practically disastrous behavior as attempts to
describe transient anions (e.g., N−2 , CO−2 ) by standard bound-state
methods.257,346 In both cases, the solutions depend strongly on
basis set (which affects how the continuum is discretized),346 and
in the limit of a complete basis set, these states dissolve into the
continuum.257,346,347

The ionization continuum can be projected out using the
core/valence separation (CVS) scheme,348 which entails pruning the
target Fock space by removing the configurations that do not engage
the core electrons. By doing so, CVS effectively blocks the ion-
ization channels, artificially making core-excited states bound with
respect to electron loss. In addition, CVS removes the large man-
ifold of valence excited states so that core-level excitations appear
at the bottom of the excited-state manifold, within easy reach of
standard iterative eigensolvers. Uncontracted or otherwise special-
ized basis sets are sometimes required,192,197,349–354 because stan-
dard Gaussian basis sets are designed for valence chemistry and
may not describe the strong orbital relaxation induced by the cre-
ation of the core holes. (TDDFT is considerably less sensitive in this

FIG. 13. Schematic illustrations of core-level phenomena. The XAS and XPS
processes involve excitation into a virtual bound molecular orbital or into the con-
tinuum, respectively, whereas the XES signal is produced by radiative relaxation
of a valence electron into a core hole. The nonlinear RIXS phenomenon can be
described as a coherent combination of XAS and XES transitions.
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FIG. 16. Exemplary applications of CVS-EOM-CCSD methods to x-ray spectroscopy. (a) Sulfur L-edge XPS spectra of thiophene with and without spin–orbit coupling
computed at the fc-CVS-EOM-CCSD/u6-311+G(3df) level. The notation u6-311+G(3df) indicates an uncontracted version197,353 of 6-311+G(3df).396–398 (b) Oxygen
K-edge XAS spectra of uracil in its S0, S1, and S2 states computed at the fc-CVS-EOMEE-CCSD/6-311++G∗∗ level. Intensity of the excited state bands has been
reduced assuming 15% population. NTOs of the 1s → SOMO transition in S1 are also shown. (c) RIXS/REXS two-dimensional energy-loss spectrum of benzene vs
pumping frequency ωex computed at the fc-CVS-EOM-CCSD/u6-311(2+,+)G∗∗ level. Intensities are on a logarithmic scale. (d) Illustrations of various Auger effects: (1)
regular Auger decay, (2) resonant (participator) decay, and (3) resonant (spectator) decay. Regular Auger decay is relevant for XPS, whereas resonant Auger processes
occur in XAS. These processes can be modeled within the Feshbach–Fano framework using CVS-EOM-CC to describe the initial core-excited or core-ionized state and
EOM-IP-CC or DIP-CC to describe the final state. Panel (a) is adapted with permission from Vidal et al., J. Phys. Chem. Lett. 11, 8314 (2020). Copyright 2020 American
Chemical Society. Panel (b) is adapted from Vidal et al., J. Chem. Theory Comput. 15, 3117 (2019). Copyright 2019 American Chemical Society. Panel (c) is reproduced
with permission from Nanda et al. Phys. Chem. Chem. Phys. 22, 2629 (2020). Published by the PCCP Owner Societies. Panel (d) is reproduced from W. Skomorowski and
A. I. Krylov, J. Chem. Phys. 154, 084124 (2021) with the permission of AIP Publishing.

bound states. Naïve application of bound-state quantum chem-
istry to metastable states does not capture genuine resonances but
rather “orthogonalized discretized continuum states,”346 where the
metastable state behaves like a poor approximation to a plane wave,
trapped by a finite Gaussian basis set, with properties that are arti-
ficial and prone to change erratically as the basis set is changed,
especially if additional diffuse functions are introduced.

This computational predicament is elegantly circumvented
within non-Hermitian quantum mechanics based on complex-
variable techniques,345 which generalizes and extends concepts
from bound-state quantum chemistry to the case of electronic
resonances.257,345,346 Within this modified formulation, electronic

resonances can be described as square-integrable quasi-stationary
states albeit with complex-valued energies, E = ER − iΓ�2, where ER
is the resonance position and Γ is the resonance width, the latter of
which arises from lifetime broadening.

Q-Chem offers three different complex variable techniques:
complex coordinate scaling (CS),346,404–409 complex basis functions
(CBFs),410–413 and complex absorbing potentials (CAPs).414–417 The
CS approach regularizes the resonance wave function by rotating all
coordinates in the Hamiltonian into the complex plane, x → xeiθ.
This approach has a rigorous mathematical foundation but is not
compatible with the Born–Oppenheimer approximation, limiting its
applicability to atoms, whereas CBFs and CAPs are applicable to

J. Chem. Phys. 155, 084801 (2021); doi: 10.1063/5.0055522 155, 084801-21
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X-ray spectroscopies exploit transitions involving core electrons 

Auger and  Interatomic Coulomb Decay 



Electronic spectroscopies in the X-ray domains 
1. Need to compute different electronic states (initial and final) 

2. In some cases, need to describe states in the continuum (free-electron states, 
decaying states) 

3. Need to compute transition probability (transition moment, intensity, cross-section) 

4. Need to compute optimized geometries of initial and final states  

5. Often need to compute vibrational structure (FCFs, Franck-Condon Factors, vibronic 
effects) 

Which method to use?    

• Multistate methods versus state-specific (Delta-SCF) approaches 

• DFT, TDDFT, …  

• CCSD, EOM-CCSD, ADC 

• RASCI, CASSCF, … My choice: Equation-of-motion coupled-cluster framework  



EOM-CC for bound states and resonances

EOM-CC ansatz:

Foundational papers: 

Rowe, Equations-of-motion method and the extended shell model, Rev. Mod. Phys. 40 153 (1968) 

Nakatsuji, Hirao, Cluster expansion of the wavefunction. Symmetry-adapted-cluster expansion, its variational determinantion, and 
extension to open-shell orbital theory, J. Chem. Phys. 68 2053 (1978) 

Sekino, Bartlett, A linear response, coupled-cluster theory for excitation energy. Int. J. Quant. Chem. Symp. 18 255 (1984) 

Koch, Jensen, Jørgensen, Helgaker, Excitation energies from the coupled clusters singles and doubles linear response functions 
(CCSDLR): applications to Be, CH+, CO, and H2O. J. Chem. Phys. 93 3345 (1990) 

Stanton, Bartlett, The equation of motion coupled-cluster method: a systematic biorthogonal approach to molecular excitation 
energies, transition probabilities, and excited state properties. J. Chem. Phys. 98 7029 (1993) 

Stanton and Gauss, Analytic Energy Gradients for the Equation-of-Motion Coupled-Cluster Method: Implementation and Application to 
the HCN/HNC System, J. Chem. Phys. 100 4695 (1994) 

Reviews: 

Krylov, Equation-of-motion coupled-cluster methods for open-shell and electronically excited species: The hitchhiker's guide to Fock 
space, Krylov, Ann. Rev. Phys. Chem. 59 433 (2008); Krylov, The quantum chemistry of open-shell species, Reviews in Comp. Chem. 30 
151 (2017); Jagau, Bravaya, Krylov, Extending quantum chemistry of bound states to electronic resonances, Ann. Rev. Phys. Chem. 68 
525 (2017).



Equation of motion coupled-cluster methods
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of adding an electron to a closed-shell reference and not to the states
produced by actual attachment of an electron to a molecule.

In this contribution, we focus on a variant of the EOM-
CC targeting electronic structure that can be described as a two-
electrons-in-many-orbitals pattern, as observed in diradicals and
molecules with small spectral gaps (often colloquially referred to
as HOMO–LUMO gaps). This approach, which was introduced16
by Nooijen and Bartlett for similarity transformed EOM in 1997,
was later further developed17,18 and used in several illustrative cal-
culations.18–21 However, its full potential has not been appreciated
by the computational chemistry community. Here, we report an
efficient implementation, including energies and properties, and
illustrate the capabilities of this method by a broad set of exam-
ples. The examples highlight the ability of EOM-CC to treat a vari-
ety of situations, often described as “multi-reference,” in an effi-
cient and robust single-reference framework.12,14,18,22 In particular,
we show that EOM-DEA is a useful tool for treating diradicals,
doubly excited states, bond-breaking, and some types of conical
intersections.

II. THEORY
The EOM-CC wave function is expressed as

�Ψ� = ReT �Φ0�, (1)

where the linear operator R acts on the reference CC wave function,
eT |Φ0�. The operator T is an excitation operator satisfying the CC
equations for the reference state,

�Φ��–H�Φ0� = 0, (2)

where –H = e−THeT and Φ� are the �-tuply excited determinants
with respect to the reference determinant Φ0. In EOM-CCSD, the
CC operator is truncated as3

T ≈ T1 + T2, (3)

where T1 and T2 are spin- and particle-conserving single and double
excitation operators of one-hole-one-particle (1h1p) and two-holes-
two-particles (2h2p) types,

T1 =�
ia
tai a

†i, T2 = 1
4�ijab t

ab
ij a

†b†ji, (4)

and the truncation of R is done in a consistent manner. Here and
below, p† and q are electron creation and annihilation operators
corresponding to orbitals ϕp and ϕq (following the standard con-
vention, indices i, j, k, . . . denote orbitals occupied in Φ0, a, b, c,
. . . denote virtual orbitals, and p, q, r, . . . denote orbitals from both
subspaces).

Different variants12–14 of EOM-CC are defined by different
choices of the reference state and the type of EOM operators R, as
illustrated in Fig. 1. The focus of this work is on EOM-DEA.17,18,21,24
In this method, the operators R1 and R2 are of 2p and 1h3p types,

R1 =12�ab r
aba†b†,

R2 =16�iabc r
abc
i a†b†c†i.

FIG. 1. Different types of target states can be accessed by a different combina-
tion of the reference state and EOM operators. Reproduced with permission from
D. Casanova and A. I. Krylov, Phys. Chem. Chem. Phys. 22, 4326–4342 (2020).
Copyright 2020 Royal Society of Chemistry (Great Britain).

The EOM amplitudes and the corresponding energies are found by
diagonalizing the matrix of the similarity transformed Hamiltonian,–H, in the basis of determinants generated by the EOM operators R
acting on the reference Φ0. Since

–H is a non-Hermitian operator, its
left and right eigenstates are not Hermitian conjugates but form a
biorthonormal set,

–HR�Φ0� = ER�Φ0�, (5)

�Φ0�L–H = �Φ0�LE, (6)

�Φ0�LMRN �Φ0� = δMN , (7)

whereM and N denote theMth and Nth EOM states and

L = L1 + L2 = 1
2�ab l

abba +
1
6�iabc l

abc
i i†cba. (8)

For energy calculations, right eigenstates are sufficient, but for
property calculations, both left and right eigenstates need to be
computed.

The left and right amplitudes are found by diagonalizing the
corresponding matrix representation of –H. For example, an EOM-
EE-CCSD calculation entails the diagonalization of the effective
Hamiltonian –H in the basis of the reference and singly and dou-
bly excited determinants, in an EOM-DEA-CCSD calculation, –H is

J. Chem. Phys. 154, 114115 (2021); doi: 10.1063/5.0041822 154, 114115-2

Published under license by AIP Publishing

EOM-CC ansatz:

Equation-of-motion coupled-cluster methods for electronically excited and open-shell species: The Hitchhikers guide to Fock space, Krylov, Ann. Rev. Phys. Chem. 59 433 (2008)

REE = r0 +
X

ia

rai a
†i+ ...
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X

i
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REA =
X

a

raa† + . . .
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Choice of reference and operator R opens access to different target states:

EOM-CC eigenproblem:

�


< �0L|H̄|R�0 >

< �0L|R�0 >

�
= 0
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EOM-CC bi-variational principle:

E0 X  X
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EOM-CC methods: 

• Size-intensive 
• Bi-variational 
• Systematically improvable 
• Include dynamic and non-dynamic correlation in the same framework 
• Treat open-shell states without spin-contamination 
• Describe multi-configurational wfns in a single-reference formalism 
• Multi-state  
• Correctly treat many types of electronic degeneracies  
• Treat different states on the same footing (balance, transition properties) 
• Elegant formalism facilitates calculation of properties

• Scaling: N6 for EOM-CCSD, N8 for EOM-CCSDT… 

• Medium-sized molecules (~1000 b.f.) are doable 

• Cost-saving techniques are being actively developed



EOM-IP-CC (EOM-CC for ionization potentials)

Φ0  =

Φi Φija

• Naturally spin-adapted 
• Does not suffer from artificial  symmetry breaking 
• Correctly describes charge localization patterns in ionized systems 
•  Describes both the ground and excited states 
• Correctly describes degenerate states (e.g., Jahn-Teller problem)

N-electron reference N-1 electron target states



(H-H….H-H)+            H—H+.…H-H   

Ψ1=

Ψ2=

Fig. 8: Molecular orbitals in symmetric and asymmetric (H2)2. By virtue of Koopmans’ theorem,
the shapes of the MOs represent the charge localization in the two electronic states of the ionized
dimer, (H2)

+
2 (the electronic configurations of the two cationic states are shown in the box). When

the two H2 molecules are identical (left), the charge is equally delocalized in the ground ( 1)
and lowest excited ( 2) states of the cation. When the bond is stretched in one H2, the MOs
become localized, i.e., in the ground state of the cation, the positive charge is localized on the
stretched H2 moiety. At low symmetry,  1 and  2 can mix resulting in multi-configurational
wave functions.

act solution, practical DFT implementations with various representations of the
exchange-correlation functional are very useful. The success of the Kohn-Sham
formulation of DFT stems from the same fundamental reason, that the mean-
field description captures ⇠90 percent of the physics in normal molecules. Con-
sequently, although formally exact for any type of wave functions, in the case of
open-shell species Kohn-Sham DFT experiences problems similar to those of the
wave function based methods.

Below we consider di↵erent types of open-shell species and explain the key
methodological challenges and solutions. This Chapter focuses on the CC/EOM-
CC methods whose elegant formalism, attractive mathematical properties and ro-
bust performance is now well recognized.10,15–20 We note that the so-called linear-
response CCSD (LR-CCSD) methods21–23 yield identical equations for the ener-
gies, but employ slightly di↵erent expressions for calculating molecular proper-
ties.24 The SAC-CI (symmetry-adapted cluster CI) methods25,26 can be described
as EOM-CC in which threshold-based selection of configurations is employed.
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of adding an electron to a closed-shell reference and not to the states
produced by actual attachment of an electron to a molecule.

In this contribution, we focus on a variant of the EOM-
CC targeting electronic structure that can be described as a two-
electrons-in-many-orbitals pattern, as observed in diradicals and
molecules with small spectral gaps (often colloquially referred to
as HOMO–LUMO gaps). This approach, which was introduced16
by Nooijen and Bartlett for similarity transformed EOM in 1997,
was later further developed17,18 and used in several illustrative cal-
culations.18–21 However, its full potential has not been appreciated
by the computational chemistry community. Here, we report an
efficient implementation, including energies and properties, and
illustrate the capabilities of this method by a broad set of exam-
ples. The examples highlight the ability of EOM-CC to treat a vari-
ety of situations, often described as “multi-reference,” in an effi-
cient and robust single-reference framework.12,14,18,22 In particular,
we show that EOM-DEA is a useful tool for treating diradicals,
doubly excited states, bond-breaking, and some types of conical
intersections.

II. THEORY
The EOM-CC wave function is expressed as

�Ψ� = ReT �Φ0�, (1)

where the linear operator R acts on the reference CC wave function,
eT |Φ0�. The operator T is an excitation operator satisfying the CC
equations for the reference state,

�Φ��–H�Φ0� = 0, (2)

where –H = e−THeT and Φ� are the �-tuply excited determinants
with respect to the reference determinant Φ0. In EOM-CCSD, the
CC operator is truncated as3

T ≈ T1 + T2, (3)

where T1 and T2 are spin- and particle-conserving single and double
excitation operators of one-hole-one-particle (1h1p) and two-holes-
two-particles (2h2p) types,

T1 =�
ia
tai a

†i, T2 = 1
4�ijab t

ab
ij a

†b†ji, (4)

and the truncation of R is done in a consistent manner. Here and
below, p† and q are electron creation and annihilation operators
corresponding to orbitals ϕp and ϕq (following the standard con-
vention, indices i, j, k, . . . denote orbitals occupied in Φ0, a, b, c,
. . . denote virtual orbitals, and p, q, r, . . . denote orbitals from both
subspaces).

Different variants12–14 of EOM-CC are defined by different
choices of the reference state and the type of EOM operators R, as
illustrated in Fig. 1. The focus of this work is on EOM-DEA.17,18,21,24
In this method, the operators R1 and R2 are of 2p and 1h3p types,

R1 =12�ab r
aba†b†,

R2 =16�iabc r
abc
i a†b†c†i.

FIG. 1. Different types of target states can be accessed by a different combina-
tion of the reference state and EOM operators. Reproduced with permission from
D. Casanova and A. I. Krylov, Phys. Chem. Chem. Phys. 22, 4326–4342 (2020).
Copyright 2020 Royal Society of Chemistry (Great Britain).

The EOM amplitudes and the corresponding energies are found by
diagonalizing the matrix of the similarity transformed Hamiltonian,–H, in the basis of determinants generated by the EOM operators R
acting on the reference Φ0. Since

–H is a non-Hermitian operator, its
left and right eigenstates are not Hermitian conjugates but form a
biorthonormal set,

–HR�Φ0� = ER�Φ0�, (5)

�Φ0�L–H = �Φ0�LE, (6)

�Φ0�LMRN �Φ0� = δMN , (7)

whereM and N denote theMth and Nth EOM states and

L = L1 + L2 = 1
2�ab l

abba +
1
6�iabc l

abc
i i†cba. (8)

For energy calculations, right eigenstates are sufficient, but for
property calculations, both left and right eigenstates need to be
computed.

The left and right amplitudes are found by diagonalizing the
corresponding matrix representation of –H. For example, an EOM-
EE-CCSD calculation entails the diagonalization of the effective
Hamiltonian –H in the basis of the reference and singly and dou-
bly excited determinants, in an EOM-DEA-CCSD calculation, –H is
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as HOMO–LUMO gaps). This approach, which was introduced16
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was later further developed17,18 and used in several illustrative cal-
culations.18–21 However, its full potential has not been appreciated
by the computational chemistry community. Here, we report an
efficient implementation, including energies and properties, and
illustrate the capabilities of this method by a broad set of exam-
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ety of situations, often described as “multi-reference,” in an effi-
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. . . denote virtual orbitals, and p, q, r, . . . denote orbitals from both
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Different variants12–14 of EOM-CC are defined by different
choices of the reference state and the type of EOM operators R, as
illustrated in Fig. 1. The focus of this work is on EOM-DEA.17,18,21,24
In this method, the operators R1 and R2 are of 2p and 1h3p types,
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The EOM amplitudes and the corresponding energies are found by
diagonalizing the matrix of the similarity transformed Hamiltonian,–H, in the basis of determinants generated by the EOM operators R
acting on the reference Φ0. Since
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whereM and N denote theMth and Nth EOM states and
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For energy calculations, right eigenstates are sufficient, but for
property calculations, both left and right eigenstates need to be
computed.

The left and right amplitudes are found by diagonalizing the
corresponding matrix representation of –H. For example, an EOM-
EE-CCSD calculation entails the diagonalization of the effective
Hamiltonian –H in the basis of the reference and singly and dou-
bly excited determinants, in an EOM-DEA-CCSD calculation, –H is
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EOM-CC for multi-configurational wave-functions: Examples from chemistry

Method o-C6H4 m-C6H4 p-C6H4

SF-CCSD 1.58 0.78 0.164

SF-CCSD(dT) 1.62 0.89 0.17

Exp-t. 1.66 0.87 0.14

204103-5 Bernard, Shao, and Krylov J. Chem. Phys. 136, 204103 (2012)

For standard TD-DFT/TDA, the last term in Eq. (14) is

!µν,λσ = ∂Fxc,µν

∂Pλσ
=

∫ ∑

ξ,ξ ′

∂2fxc

∂ξ∂ξ ′
∂ξ

∂P µν

∂ξ ′

∂P λσ
dr, (17)

where µ, ν, λ, σ denote atomic basis functions, ξ and ξ ′ refer
to independent variables such as density (ρα , ρβ) and their
first derivatives (ρx

α , ρ
y
α , ρz

α, ρx
β , ρ

y
β , ρz

β ).
For non-collinear SF-TDA, the functional second deriva-

tives are replaced with the non-collinear kernel in Eq. (13),

∂2fxc

∂ξ∂ξ ′ −→ 1
ρα − ρβ

(
δExc

δρα

− δExc

δρβ

)
, if ξ = ξ ′ = ρα

0, otherwise. (18)

As noted before,23, 44 the denominators involving the
spin-density (ρα − ρβ) that appear in the non-collinear GGA
kernels in Eq. (18) may lead to numeric instabilities. Thus, a
tighter grid is usually required for non-collinear SF-TDDFT
with GGA. In energy calculations, we observed stable behav-
ior with the SG-1(50,194) grid, e.g., the results with the (100,
302) grid were very similar to the SG-1 ones. In the case
of analytic gradient calculations, which are more sensitive to
these instabilities, using tighter grids does not help. Li and
Liu44 proposed a simple approximation (called ALDA0) that
removes most problematic terms. Their benchmarks indicate
that errors introduced by ALDA0 are about 0.15 eV. As the
numerical instabilities are more severe in the analytical gradi-
ent calculations (see Appendix A), which in our implementa-
tion makes geometry optimization feasible only with the LDA
functional.

III. COMPUTATIONAL DETAILS

To calibrate the performance of SF-TDDFT with differ-
ent functionals, we consider the following benchmark sets:

1. Multiplet separation (ST and doublet-quartet gaps) in
atomic systems (C, N, O, Si, P, and S).

2. Adiabatic energy gaps between the lowest electronic
states (3B1, 11A1, 1B1, and 21A1) in carbene-like diradi-
cals (CH2, NH+

2 , SiH2, and PH+
2 ).

3. Vertical energy gaps between the lowest electronic states
in diradicals derived by the ring opening in cyclohex-
ane and methyl-cyclohexane (two types of diradicals are
considered—carbene-like and 1,6 ones, with unpaired
electrons on different ends of the molecule, see Fig. 4).

4. Adiabatic energy gaps between the electronic states
(3B1, 1B1, 11A1, and 21A1) in trimethylmethane (TMM),
see Fig. 5.

5. Adiabatic ST gaps in σσ , σπ , and ππ diradicals (ben-
zynes, didehydrotoluenes (DHT), and MX, see Fig. 5).

The mean average deviation (MAD) is computed versus
EOM-SF-CCSD(dT)21 values calculated with at least the 6-
311G(d) basis (cyclohexane and methyl-cyclohexane dirad-
icals). Much larger basis sets were used in atoms and in
small diradicals (aug-cc-pVQZ). For all other diradicals, the
cc-pVTZ basis was used. The EOM-SF-CCSD(dT) method,
which includes perturbative triples correction, has been cali-

FIG. 4. Structures of diradicals derived by the ring opening in cyclohex-
ane and methyl-cyclohexane. The unpaired electrons are denoted by “r,” e.g.,
rC6r is a 1,6 diradical, whereas C6rr is a carbene-like diradical.

brated against available experimental values for selected di-
radicals and was shown to further improve the accuracy of
EOM-SF-CCSD.19 We estimate the error bars for this method
to be below 1 kcal/mol (chemical accuracy). Unrestricted
triplet references were used in most coupled-cluster calcu-
lations, except for selected cases with large reference spin-
contamination. The details of the EOM-SF-CCSD and EOM-
SF-CCSD(dT) calculations for each system are summarized
in the supplementary material.48

For molecular systems, we compute adiabatic gaps using
the same geometries for all methods (i.e., the best available
equilibrium geometries for the singlet and triplet states of a
given diradical) in order to eliminate the uncertainties due to
different structures and focus on energy differences only. We
assess the quality of optimized structures separately. We fo-
cus on electronic energy differences and do not include zero-
point energy corrections. We used the same geometries as
in previous benchmark studies when possible. For carbene-
like diradicals and TMM, the same equilibrium geometries
as in the previous benchmark study,19 i.e., full configura-
tion interaction (FCI)/TZ2P optimized geometries49 for CH2,
and CISD/TZ2P(f,d) optimized geometries for NH+

2 , SiH2,
and PH+

2 (Refs. 50–52), and SF-TDDFT/50-50/6-311G(d) for
TMM.

For benzynes, we employed SF-TDDFT/50-50/6-
311G(d) geometry from Ref. 14. For didehydrotoluenes, we

FIG. 5. Structures of selected diradicals.
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EOM-CC for bound states and resonances
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Figure 3: When combined with the CS or CAP technique, EOM-CC methods (implemented
using standard gaussian basis sets) can describe resonances as bound L2-integrable states, but
with complex energies. Owing to the versatility of the EOM-CC approach, such complex-
valued EOM-CC methods can treat different types of resonances. EOM-EA can tackle
electron-attached states, such as transient anions or excited states of stable anions; EOM-
IP/EOM-DIP are appropriate for core-ionized states, whereas EOM-EE can describe highly
excited states of closed-shell systems. Importantly, these methods describe resonances and
bound states on the same footing and are capable of treating interactions between the states
of different character. redo figure.

HF method has been applied to describe doubly-excited resonance states in Be.48 Fock-space
multireference coupled-cluster methods combined with CAPs have been developed by Pal and
co-workers.49,50 Recently, a CAP version of EOM-CCSD for electron attachment (EOM-EA-
CCSD) has been reported by Ghosh et al.51 and applied to study electron-attached states of
neutral molecules. Finally, production-level implementation of CS and CAP within EOM-CC
suite of methods have been developed by our group.14,52–54 A promising new development
addressing some of the issues with complex scaling, an implementation using mixed basis sets
in which only the diffuse basis functions are scaled,55 has been reported recently.56end

The structure of the review is as follows. We begin by discussing the requirements of
underlying electronic structure methodology (Section 2). We then briefly describe CS and
CAP approaches (Sections 3 and 4). We then proceed to practical considerations of imple-
menting these methods and describe the implementations within EOM-CC. Finally, we discuss
interpretation of resonance wave functions.

5

Excited and highly  
excited  states

Electron-attached 
states, transient anions

Ionized and core-ionized 
states

Doubly ionized states

�0

EOM-CC ansatz:

Equation-of-motion coupled-cluster methods for open-shell and electronically excited species: The hitchhiker's guide to Fock space, Krylov, Ann. Rev. Phys. Chem. 59 
433 (2008); Extending quantum chemistry of bound states to electronic resonances, Jagau, Bravaya, Krylov, Ann. Rev. Phys. Chem.  68 525 (2017).

Extension of EOM-CC for 
resonances via non-Hermitian 
quantum mechanics 

- Complex absorbing potential;  
- Complex basis functions; 
- Feshbach-Fano formalism.



Calculation of properties within EOM-CC 

Key equations can be derived by time-dependent PT using EM field as perturbation 

First order: Linear response (e.g., UV-vis absorption) 

Transitions occur when occur when                             (resonance) and   

Two-photon absorption (2PA)
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Higher orders: Non-linear optical properties (e.g., two-photon absorption or RIXS) 
Resonance condition:  

2PA moments:

! = Ek � E0 � ⇠ |h0|µ|ki|2

Two-photon absorption (2PA)
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Using atomic units, the rotationally averaged 2PA strength,
⌦
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↵
, reads:
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where F , G, and H are integer constants, which depend on the polarization of the incident

light. F=G=H=2 for parallel linearly polarized light, whereas F=-1, G=4, H=-1 for per-

pendicular linearly polarized light. We caution that these coe�cients, which were originally

derived by Monson and McClain[39], are sometimes reported incorrectly in the literature

(sign error for perpendicularly polarized light). The macroscopic 2PA cross-section, �2PA, is

measured in GM (Göppert-Mayer) units. It is related to the molecular transition strength

in the degenerate case[19] (!1 = !2 =
Eexc
2 ) through the following expression:
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S(2!,!0,�), (13)

where ↵ is the fine structure constant, a0 is the Bohr radius, ! is the photon energy for

excitation of 2!, c is the speed of light, and S(2!,!0,�) is the line-shape function describing

spectral broadening e↵ects. In the non-degenerate case, i.e., when two di↵erent frequencies

are used, the macroscopic cross-section reads:
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where !� = !1 + !2. Note that the expression in Eq. (13) is multiplied by the factor of

two because when two lasers are used as the photon sources, the photon dissipation rate

of each laser equals the 2PA rate in the sample[19]. The line-shape function introduces a

phenomenological broadening for the computed stick spectrum. It includes an empirical

damping parameter �, which describes the spectral broadening due to rovibrational exci-

tations and collisional dynamics. The Lorentzian line-shape function is usually used for

gas-phase calculations:

L(!�,!0,�) =
1

⇡

�

(!� � !0)2 + �2
, (15)

2PA cross section:

How to compute these effectively?



Linear properties: Easy 

Need to compute transition density matrices 

For one-electron properties such as dipole moment only one-particle TDM is needed

hk|µ|0i = Tr[�k0µ]
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For two-electron properties such as SOC, two-particle TDM is needed (but in some cases 
its separable part may suffice (mean-field approximation or normal-ordering)



Beyond linear response

Because of sum-over-states, one cannot compute 2PA moments as simple matrix 
element between the initial and final state 

Strategy: Convert SOS into a tractable form by using resolvent

X
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Response vectors Z can be computed with the same effort as the 
states |k> and |0>
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Two-photon absorption (2PA)
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One- and two-electron transition involving continuum (free electrons)

Auger

XPS

DIF
k = u

�
ΨN

I |r|ΨN−1
F ·Ψel

k

�
= u

�
φd|r|Ψel

k

�
Probability of photoionization

Dyson orbital: 

Photoionization:

Auger decay:

Krylov, From orbitals to observables and back, JCP 153 080901 (2020); Skomorowski, Krylov, JCP 154 084124 (2021); 
Jayadev, Skomorowski, Krylov, JPCL 14 8612 (2023)
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FIG. 2: Initial and final states in regular (a) and resonant (b) Auger decay.

to non-linear properties, such as 2PA or RIXS, by using perturbed transition density

matrices? ? , and so on? ? .

Here we introduce molecular orbitals related to two-electron processes, such as Auger–

Meitner decay? ? and related phenomena—Interatomic Coulomb decay (ICD)? and

electron-transfer-mediated decay (ETMD)? . Auger decay accompanies many X-ray induced

processes and entails filling a core vacancy by a valence electron with a simultaneous ejection

of the second valence electron (Fig. 2). This is the main relaxation channel of core-excited

or core-ionized states in molecules composed of light atoms. It is exploited in many spectro-

scopies and in applications (e.g., in radiotherapy and precision medicine? ? ? ? ). ICD and

ETMD operate in a similar way, the only di↵erence being that the core hole and the two

electrons involved in the relaxation process belong to the two nearby molecules, for example,

the two valence hole states in the final ICD state are located on two di↵erent molecules.

Although primary Auger processes—such as shown in Fig. 2—result in ejection of

one electron, they cannot be described by the Dyson orbitals suitable for photoioniza-

tion/photodetachment, Eq. (1). This is because Auger decay is an inherently two-electron

processes—to connect the initial core-hole state and the final state, two electrons need to

change their states (Fig. 2). Mathematically, it means that this transition requires three

creation/annihilation operators, giving rise to two-body Dyson orbitals? ? ? ? :

�p

qr
= h F |p†qr| Ii (8)

�pq

r
= h I |p†q†r| F i , (9)

where  I is the initial core-hole state and  F is the final state. In Hermitian theories,

�p

qr
and �pq

r
are conjugates of each other, but in EOM-CC the two objects are distinct and

both need to be computed for evaluation of decay rates? . For non-resonant Auger decay

(Fig. 2a)  I is a core-ionized state and  F is a valence doubly ionized state. For resonant

�̃ =
⇡

2

Z
d⌦k

 
X

pqr

hpq||kri�pq
r

! 
X

pqr

hkr||pqi�r
pq

!
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Decay width:
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FIG. 2: Initial and final states in regular (a) and resonant (b) Auger decay.

to non-linear properties, such as 2PA or RIXS, by using perturbed transition density

matrices? ? , and so on? ? .

Here we introduce molecular orbitals related to two-electron processes, such as Auger–

Meitner decay? ? and related phenomena—Interatomic Coulomb decay (ICD)? and

electron-transfer-mediated decay (ETMD)? . Auger decay accompanies many X-ray induced

processes and entails filling a core vacancy by a valence electron with a simultaneous ejection

of the second valence electron (Fig. 2). This is the main relaxation channel of core-excited

or core-ionized states in molecules composed of light atoms. It is exploited in many spectro-

scopies and in applications (e.g., in radiotherapy and precision medicine? ? ? ? ). ICD and

ETMD operate in a similar way, the only di↵erence being that the core hole and the two

electrons involved in the relaxation process belong to the two nearby molecules, for example,

the two valence hole states in the final ICD state are located on two di↵erent molecules.

Although primary Auger processes—such as shown in Fig. 2—result in ejection of

one electron, they cannot be described by the Dyson orbitals suitable for photoioniza-

tion/photodetachment, Eq. (1). This is because Auger decay is an inherently two-electron

processes—to connect the initial core-hole state and the final state, two electrons need to

change their states (Fig. 2). Mathematically, it means that this transition requires three

creation/annihilation operators, giving rise to two-body Dyson orbitals? ? ? ? :

�p

qr
= h F |p†qr| Ii (8)

�pq

r
= h I |p†q†r| F i , (9)

where  I is the initial core-hole state and  F is the final state. In Hermitian theories,

�p

qr
and �pq

r
are conjugates of each other, but in EOM-CC the two objects are distinct and

both need to be computed for evaluation of decay rates? . For non-resonant Auger decay

(Fig. 2a)  I is a core-ionized state and  F is a valence doubly ionized state. For resonant
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(a) (b)

FIG. 2: Initial and final states in regular (a) and resonant (b) Auger decay.

to non-linear properties, such as 2PA or RIXS, by using perturbed transition density

matrices? ? , and so on? ? .

Here we introduce molecular orbitals related to two-electron processes, such as Auger–

Meitner decay? ? and related phenomena—Interatomic Coulomb decay (ICD)? and

electron-transfer-mediated decay (ETMD)? . Auger decay accompanies many X-ray induced

processes and entails filling a core vacancy by a valence electron with a simultaneous ejection

of the second valence electron (Fig. 2). This is the main relaxation channel of core-excited

or core-ionized states in molecules composed of light atoms. It is exploited in many spectro-

scopies and in applications (e.g., in radiotherapy and precision medicine? ? ? ? ). ICD and

ETMD operate in a similar way, the only di↵erence being that the core hole and the two

electrons involved in the relaxation process belong to the two nearby molecules, for example,

the two valence hole states in the final ICD state are located on two di↵erent molecules.

Although primary Auger processes—such as shown in Fig. 2—result in ejection of

one electron, they cannot be described by the Dyson orbitals suitable for photoioniza-

tion/photodetachment, Eq. (1). This is because Auger decay is an inherently two-electron

processes—to connect the initial core-hole state and the final state, two electrons need to

change their states (Fig. 2). Mathematically, it means that this transition requires three

creation/annihilation operators, giving rise to two-body Dyson orbitals? ? ? ? :

�p

qr
= h F |p†qr| Ii (8)

�pq

r
= h I |p†q†r| F i , (9)

where  I is the initial core-hole state and  F is the final state. In Hermitian theories,

�p

qr
and �pq

r
are conjugates of each other, but in EOM-CC the two objects are distinct and

both need to be computed for evaluation of decay rates? . For non-resonant Auger decay

(Fig. 2a)  I is a core-ionized state and  F is a valence doubly ionized state. For resonant

�p = h N�1
F |p| N

I i
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Two-body Dyson orbital: 

 el =

s
k

(2⇡)3
eik·r

<latexit sha1_base64="/2OrhlT5S0KzkB2MZt6Z2pLVCLM="></latexit>



Example: Auger decay in benzene

Energy of Auger electrons:   

Peak intensity:  

Number of decay channels ~6x15x15=1,350 

143 DIP states between 24-43 eV 

Feshbach-Fano and complex basis functions 
approaches agree with each other and with 
exp-t 

Natural Auger orbitals help assign the peaks

Jayadev, Ferino-Prez, Matz, Krylov, Jagau, JCP 158 064109 (2023); Jayadev, Skomorowski, Krylov, JPCL 14 8612 (2023)
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FIG. 3: Occupied molecular orbitals of benzene. Symmetry labels are given for both D6h group (in

parenthesis) and for the largest Abelian subgroup (D2h, using Q-Chem’s symmetry notations76).

II. MOLECULAR ORBITAL FRAMEWORK

Fig. 3 shows occupied molecular orbitals (MOs) of benzene and their symmetries. The

ground state electronic configuration of neutral benzene is as follows (using D6h labels):

X1A1g = (core)12(2a1g)
2(2e1u)

4(2e2g)
4(3a1g)

2(2b1u)
2(1b2u)

2(3e1u)
4(1a2u)

2(3e2g)
4(1e1g)

4, (2)

26

core-hole state reported from these measurements vary significantly between 83 ± 10 meV

(7.9 fs) and 120± 10 meV (5.5 fs), which underpins our supposition that the Feshbach-Fano

calculations underestimate the total decay widths and the CBF results are more accurate.

F. Comparison to the experimental Auger spectrum

FIG. 10: The theoretical Auger spectra of benzene from Fig. ?? computed using Feshbach-Fano

and CBF approaches compared to the most recent experiment.? The experimental spectrum is

shifted by -1.60 eV to match the theory peak at 253.15 eV.

Fig. ?? compares the Auger spectrum from the most recent experiment? (see Fig. ??,

spectrum C) and our theoretical Auger spectra from Fig. ??. The experimental spectrum has

a broad structure with various unresolved bands. Eight distinct peaks can be distinguished,

two of which are in the high Auger electron energy regime above 262 eV. The latter two

peaks, which are relatively well resolved in the experimental spectrum, can be, on the basis

of our calculations, unambiguously assigned to final states arising from double ionization of

the HOMO and HOMO/HOMO-1, respectively.

However, the intensity pattern of these two peaks di↵ers between theory and experiment.

EDIP � Ecore
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Conclusions 

1. EOM-CC is an excellent framework for many-body calculations in the bound and unbound 
domains, expecially in the context of spectroscopy modeling 

2. Outstanding problems 

- Better treatment for free-electron states 

- Reduced cost/scaling for higher-order variants 

- Some multi-configurational cases are beyond reach of current methods 

- Some issues with conical intersections


