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Nuclear landscape

Proton number

Plenty of interests:

* Nuclear forces

* Emergence & evolution of shell structure

* Emergence of shape
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Many opportunities for interdisciplinary studies!

« Astrophysics

* Neutron star

* Nucleosynthesis

 Particle physics

* Neutrinoless double-beta decay

*  WIMP neutrino-nucleus scattering
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Motivations

Proton number

Plenty of interests:

* Nuclear forces

* Emergence & evolution of shell structure“}‘

* Emergence of shape
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Neutron number

Many opportunities for interdisciplinary studies!

» Astrophysics

* Neutron star

* Nucleosynthesis

 Particle physics

* WIMP nucleus scattering

* Neutrinoless double-beta decay
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- How can we make a prediction’P *If the importance of models is known, combining models should also be possible.

+ A probability distribution of target unknown data D conditioned on known data D, based on a model I:
P(D|D,I)
+ It can be realized with the help of model predictions:
P(D|D, 1) /d@@ DI, I)P(6|D, 1))

f

Model parameters  Model prediction Posterior parameter dist.

. Posterior parameter distribution Likelihood  Prior parameter dist.

= One can use Bayes’ theorem: OC(H)‘/

= In practice, a sampling method is needed, for example Markov-chain Monte Carlo (MCMC) method.
= Uncertainty quantification is necessary in model predictions and Likelihood evaluations!

« Systematically improvable theory is required.
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Weinberg, van Kolck, Kaiser, Epelbaum, Glockle, Meil3ner, Entem, Machleidt, ...

= Lagrangian ConStI’UCtion Two-nucleon force Three-nucleon force Four-nucleon force
+ Chiral symmetry L0 (@) >< H _ _
+ Power counting
. . NLO (Q?) X {:jj: |-1 [::{1 [1 — _—
= Systematic expansion
+ UnknOWH LECS N2LO (Q3) + ;{ . + ,-_.X X -

+ Many-body interactions
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Figure is from E. Epelbaum, H. Krebs, and P. Reinert, Front. Phys. 8, 1 (2020).
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Nuclear currents from Chiral EFT

- Electroweak properties are related to current operators. H o lu
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« Chiral EFT allows us a systematic expansion for charge and current operators.
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E. Epelbaum, arXiv:1908.09349. 9
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- Having a Hamiltonian, we need to solve the non-relativistic Schrodinger equation H|YW,) = E_|V,)
= Hamiltonian in the 2nd quantization form

H = Z Z alala.a +i Zv aatala aa. + -
pqpq Vogrs@p 4qdsdy 36 parstulp Qg dr Ay, A g
pqrs pqrstu

= Single-particle index: the eigenstate of the spherical harmonic oscillator (HO) Hamiltonian

Odas2 5
e=2n+|= 2{ - — 15172 <r|aJr \O) x xlpL(lp+1/2)(:p e ® /Zlejpmp( )
— O — @ Odsp2 iom,

0 lejpmp ch my 5 sYl mi )X
e=2n+|=1{ — @ P12 my s
C ® Op3s2 , 2
— — aj —
e—2n+|—0{ -0 O 0s1/2 mw

m=-5/2 -3/2 -1/2 1/2 3/2 5/2 10
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~ Astraightforward way is to expand the wave function |¥,) = Z c,;|DP;) , where | D,) is the single
i
Slater determinant state built with the HO single-particle state (full configuration interaction, FCI)

= Applications are limited to A ~ 20.

s A
— 2{ 0day2 x10°q_aN //// /
e=2n+l|=

_._ 1s1/2

_ g modaN 27 S/ "
— O — ¢ Ods2 107
A 1x10°7
£ 1x1057 = O -~ 2Mg
e=z2n+l=1 { o ¥ Op112 2 ity ~ 10— 28gj
—@- —@- Opsr2 1X10° ~ 120 - 32g
_ _ 1x10? + 1609 — 40¢
e—2n+|—0{ - - - = 0s1/2 1X10! )
m=-512 32 -1/2 112 312 5/2 TR TR 4



Valence-space approach

= Valence-space (or active-space) problem

= Hamiltonian is adjusted to reproduce the
known experimental data

+ e=1 space: Cohen-Kurath potential, ...

+ e=2 space: USD series, ...
+ e=3 space: KB3G, GXPF1, ...
= Methods:
+ Lanczos
+ DMRG
+ Monte-Carlo shell model (MCSM)

+ ...

E. Caurier et al.,
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Odsy2
e=2n+|=2{ 18172
Ods/2
e=2n+1=1{ o o Opi
Op32
e=2n+1=01 - o 051

m=-5/2 -3/2 -1/2 1/2 3/2 5/2

Issues:

Connection to starting Hamiltonian
Effective operators

Valence-space IMSRG

Rev. Mod. Phys. 77, 427 (2005).



sy Nl with %Ca core, FPDG int.

Eigenvalue problem of 7.1x107-dimension matrix

Valence-space approach

= Monte-Carlo shell model (MCSM)
= Variational method (NOT QMC)

= Good approximation for the exact shell-
model diagonalization

= Wave function

(n)pJ
| Pymcsm) = Z Z 8x Pui Deformed SD

Angular momentum and parity projection

Superposition

= Extrapolation wrt energy variance

= More than 1020 dimension problem is
accessible

N. Shimizu et al.,

¢== 2" order polynomlal fit + extrapolation
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: : 1 1
= Hamiltonian: H = thqa;;aq + 1 Z qursa;ga;asar + — Z qurstua;aga;[auatas
pq

e 36
1N 2N 3N (HF|{a] ...a,}[HF) = 0
= Normal ordering Residual 3N
1 y 1 N
H = Fo+ Z fp’p{a;ap} + 1 Z Fp’q’pq{a;;/a;/aqap} + 36 Z Wp’q’r’pqr{a;/a;ai'araqap}
p'p p'q’'pq p'q’'r'pgr

_ Input of post mean-field calc. (NO2B)
- Effect of residual 3N CC calculations from S. Binder et al., Phys. Rev. C 87, 021303 (2013).

56N 1 Solid: with W term
nQ =28MevV | Dashed: without W term

1 W term: only ~ 1% of the total gs energy!

v

8 10 12 NO2B approximation (neglect W term) 14

PR — - - ——




WBKF

In-medium similarity renormalization group approach & stHE#¥mELY 5

= Similarity renormalization group

H(s)=U
n(s) = s
M) _ (s, H(s)

= The anti-Hermitian generator n(s) is arbitrary.

Center for Computational Sciences

H. Hergert et al., Phys. Rep. 621, 165 (2016).
S. R. Stroberg et al., Annu. Rev. Nucl. Part. Sci. 69, 307 (2019).

Hq Hod —0

>

= How can we choose the functional form to suppress the off-diagonal MEs?

15
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TURTR At H. Hergert et al., Phys. Rep. 621, 165 (2016).
’ Slmllarlty renormalization group S. R.eg%t?obzrgaet al.?/znnﬁ.pRev. Nucl. fDart. %ci. 69, 307 (2019).
H(s) = U(s)H(s = 0)U' (s) Hos 20
dU (s)
= Ul (s
n(s) = — —U'(s)
dH (s)
= n(s), H(s
= = n(s), H(s)
= A simple example: 4 i x(s)
- H(s) = ( C:UZ sz ) = cl + 2(s)a3 +x(s)os 77(8)25%02
+ 2 x 2 Hamiltonian
dig) = —x(s) — z(s) = z(0) exp(—s) Exponential decay of the off-diagonal ME.

note : (o9, 03] = 2ioy

16
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= Similari i~ ati H. Hergert et al., Phys. Rep. 621, 165 (2016).
Slmllarlty renormalization group S. R.eégt?obzrgaet al.?/znnﬁ.pRev. Nucl. fDart. %Ci. 69, 307 (2019).
H(s) = U(s)H(s = 0)U" (s) Hos 20
dU (s)
= UT(s
n(s) = — —U'(s)
dH (s)
= n(s), H(s
= = [n(s), H(s)
= A simple example: 4 i x(s)
o HO=(07 L) @ ) - e
+ 2 x 2 Hamiltonian
dZiS) = —x2(s) = x(s) = z(0) exp(—s) Exponential decay of the off-diagonal ME.

= An expected form

x(s)os Off-diagonal MEs need to be suppressed _ B
» : (Anti-Hermitian)
Energy gap from the diagonal MEs 1

DO | =
N
/N
VA
N——"
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dU (s)
ds

U'(s) , instead of dzgs) = [n(s), H(s)]

- One can solve 7(s) =

- Exponential ansatz: U(s) = e2*) — flow equation for €(s)

df;iS) - Z %[9(3)777(3)]("), [Q(s), n(s)] @ =n(s), [Qs),n(s)]™ =[Qs),[Qs), n(s)] "]

= Hamiltonian and other operators can be obtained as

H(s) = e28) [ro—2(s) Z E[Q(S)’H](n)
n=0

S — S 1 n

O(s) = e"0e7 = 3 —110(s), 0™
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ds 2 [ref> |1p1h> |2p2h> Iref> |1p1h> |2p2h>

H(s) =" H(s = 0)e ) ~ )+ Z Fia(s){alas} + = Z T'1034(s){alalasas}

1234
27712 {a1a2} + Z M1234(s {a a2a4a3} ’

1234

N2 = larctan ( 212 )
2 fi1 — fo2 + 1212

G. Tenkila et al., arXiv:2212.08188

s = Larctan ( 211234 ) ~128.64r —
' 2 f11 + fo2 — f33 — faa + A1234 g Ne atom - cesnm
Ar23a = Ti212 + T'saza — Tiz13 — T'oaoa — Dia1a — Tasos 5 ~128.72r - e::)és
g, - -A- €na =10
> | e e ¢+t ¢ o 1 e ¢ ¢ o e+ m # o ¢ m #  # e+ e+ -
g —128.80; 0:\(1\o IMSRG CesSD
& i .
Ne atom example g -128.88F >0
P o lp o 7 f-‘:—t-“* A-ﬁ—t “?"@Q‘Q—WQ‘—%—R
: . g _ ;
+ Basis function: ¢,(r) x <?> L@t ( : ) “EQy (1) E 12896 ccsD(T)
5 i
_129.04_ ------------------------------------------------------------------------------
+ €max = maX(n+|) - o EXpt

30 33 36 39 42 45 48
Clau.™] 19
Basis parameter
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Outside Valence Core
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frozen core

//,//’—‘\\\:\ :

’ \\

;! '\ —1valence

W ;| ---:outside 10 .

\\\\ o R — _ Q “e
\\1\5-_—/:,’ dS n(s) 2[ (S)7n(8)]%_

Core Valence Outside Core Valence Outside
evolution

-

Similarity transformation

n(s) =Y ma(s){alas} + Y niosils){alalasas}

12 1234
Mo = 1arctan ( 212 )
12 = =
2 fi1 — foo + 1212 + A
n _ ] arctan ( 2Lz )
1234 = =
fi1 + fo2 — fa3 — faa + Ajoza + A

Aqo34 = F1212 + I'sq34 — I'1313 — D'og94 — 1414 — 2303

H H(s) = ™5 He=) fi12,T1234 - matrix elements to be suppressed
H(S) + Z f12 {alaz} T Z F1234 ){a1a2a4a3} O(s) = 20 ~ O[O )+ ZO {a az}+ Z 01234 {a a2a4a3}
12 1234 4
S. ﬂOW parameter H. Hergert, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tsukiyama, Phys. Rep. 621, 165 (2016). 20

S. R. Stroberg, H. Hergert, S. K. Bogner, and J. D. Holt, Annu. Rev. Nucl. Part. Sci. 69, 307 (2019).
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= IMSRG flow with valence-space formulation
Eo(s) (MeV)

—'90 T T T T T T T T
H(s)~ E f L$r fal 05 |9 20
(5) = E(s) + Zf12(8){a1a2} +7 1234(s8){alabasas} 100 1 Example: 20Ne |
12 1234 — 1
> 105 | -
v 1
= 110 F 4 g
1
© & -115} ;
N=4 lGap category 2 —120f |\ !
— e S -7 \
B = LI/ Bt BN 1
‘18—\\ SO -130 } FEOEGESAEESREEERAESESRORNEESEAEEEEEESESGEEEEY
N— 1g9/2t _135 1 1 1 1 1 1 1 1
N= 2pind HO 0 5 10 15 20 25 30 35 40
AN iz s
fia(s) (MeV) . M234(s) (MeV) .
0.0 ' 10 0 ST TR | 1O
-. 10° : i | 10°
25 01 2} 10-1
5.0 5 =2 -2
| (1)0 0| (1)0
75+ - 3
.. ‘|4 —10-2 : ~10-2
| 60 =
100 | Wl -10! -107!
125t W -100 g -10°
[ | . TS A _anl
0 5 10 10 0 20 40 60 80 10
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H. Hergert, Front. Phys. 8, (2020).

_40F 1 | l I | | | | -
: o B Ground-state energies of O isotopes B IT-NCSM

-60F O MR-IMSRG(2) -
_8ok O VS-IMSRG(2) ]

[ v CCSD '

>" _100F oo A A-CCSD(T) A
é 1205 © ADC(3) !
LLJ [ oo 1 Lattice EFT ]
-140} @) -

: C :

1605 o)y ooyl —0-B 0Oy
-180F | | 1 | | | 1 1 | -

12 14 16 18 20 22 24 26 28
A

H(s) and n(s) are two-body operators.
22

A few % error in the ground-state energy and radius



In-medium similarity renormalization group approach @

Ground-state energy
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First 2+ excitation energy
AEx(48Ca,2+) <

< 0.01

-

—413

—~ —41

E (MeV

—414

5

—416
—417
—418
—419

a

< 0.25 (?)

Ex(#8Ca,2%t)

—+ VS-IMSRG(2)

*

o

IIIIIllllllllllllllllllllllllllllll

|l o n

ISRG |-

* €max,3b — 4
* €max,3b = )
* €max,3b = 6

- IMSRG(2)
' I T IR I I

[VS-IMSRG]

EOM-CCSD
= = EOM-CCSD(T)
— Expt.
A

o)

AN EEENE NN

1 1 I | I
“ok- €max,3b = 4

-9 €max,3b — 5
" ‘ * €max,3b = 6

IIIIIIIIIIIIIIIIIIIIIII

VS-IMSRG(3)-N7

lllllllllllllllllllIII|II

BN EEEEE R
'Rl FEREE NN

oy =

10 12 14 16 18
E3max

10 12 14 16

+

M. Heinz et al., Phys. Rev. C 111, 034311 (2025).

E3max

*4-5% in 92Ca 23



Application of VS-IMSRG

Proton number Z
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e
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Prob. Bound

1.0

0.8

0.6

0.4

0.2

0.0

50
Neutron number N
S. R. Stroberg et al., Phys. Rev. Lett.

24
126, 022501 (2021).




R PR BRI e Solarr NSM

.. 107 F M —— FRDM2012
Application of VS-IMSRG == VS-IMSRG
AN W AME2020 pg | it
AV 2 4} 7/ * New exp. |
= Separation energies are
adjusted to the last known
AME2020.
= Uncertainty: VS1 and VS2
Q
results - e
> 1 <
S \ =
é. = NECQ LS é
. & 0 ——i F——t——t——
= The rest is FRDM12 + ;
5 -
AME2020 [ —— FRDM2012
[ = VS-IMSRG =
0 f———+—— F——t——t—
i AV VAV Validation " 1
= Ab initio masses makes r- i —— ]
process slower oeovs2 | RTOIRCNEOAE N
076 78 80 82 84 86 88 90
J. Kuske et al., Phys. Rev. Lett. 137, 052701 (2026). N 120 140 160 180 200



Capturing collective phenomena is challenging

= The collective nature of the wave function can be measured as
Proton/neutron effective charge

Y T~
<Jfo‘ Z eiri2Y2,Mf_Mi (rz)|J2M1> = Apep + Anen
)
Proton/neutron amplitude

= Dimensionless amplitudes indicate that one needs to include up
to 4p4h contributions.

= 4p4h naively corresponds to IMSRG(4). Maybe possible?
Rongzhe Hu et al., arXiv: 2607.08830.
= Alternative approaches
+ Starting from a deformed reference?

+ Alarger valence space?

E(MeV)

=70

1.64

total Ny, p - sd
0 2 4 6 8 10

VS-IMSRG(2)

CC(T3/T)
CC(D/D)
VS-IMSRG(2)

CCT3/M) |y

0 2 4 6 8 10

S. R. Stroberg et al., Phys. Rev. C 105, 034333 (2022). total Npn p - sd




Toward a larger valence space

= In general, our lab-frame wave function should be

) =) e T) @ [UF™)
11

= Earlier CC and IMSRG works suggest that the CM wave

function is factorizable

G. Hagen et al., Phys. Rev. Lett. 103, 062503 (2009).
H. Hergert et al., Phys. Rep. 621, 165 (2016).
N. M. Parzuchowski et al., Phys. Rev. C 96, 034324 (2017).

) ~ [T @ |5

= To impose the CM wave function as Gaussian, one can
add the CM term to the starting Hamiltonian
D. H. Gloeckner and R. D. Lawson, Phys. Lett. B 53, 313 (1974).

P> 1, 5, 5, 3 _
H — H + BHcw, HCM:—+—Ame—§hw

2Am 2

= Increase B until we find the B-independent results.

(@) [MeV]

E(ill

®) (MeV)

ol

B® (MeV) E
[\®]
[e]

0.1E

> » :
S -120F oo oo :
K ;
_125 |||||||||||||||||||||||||||||||||||||||
20 30 40 50 60
o (MeV)
FT I I I I T T 1 I I I ] U'z_l I T I
X 4He_: C 1 - 40Ca
hw =23 MeV { ™

Lhw =20 MeV g

ok 3
16 20 24 28 32 36

016 20 24 28 32 36

016 20 24 28 32 36

hw [MeV] hw [MeV] hw [MeV]
h B=0 (@) | g=3 (b)
‘\
he = 16
A\x \\\\
1e \\\V\\\\v ------- . ;
.\z;\_‘& --------
- Gem = (RGP )R- =0. =4
hw (MeV) hw (MeV)
27
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—A— pdsp —o— psd

Toward a larger valence space 10 Y _
S -140} 5;_125 ° ° 3\5\: ! =
85 -160F _ Wﬁ ]
= Keep increasing the size of the valence space = —180F _132 e -
= Restore the original Hamiltonian. = 20t ; ) (He ) :
s ok . G = -
= Collective phenomena should be captured 5201 (1, \o\
at some point. I 3 | '
0 5
* If we take the full 2 HO-shell valence space, we
cannot find a plateau anymore.
: s e=2n+1= 2{
* Also, the Hcm expectation value indicates a

breakdown of the IMSRG(2) approximation.
e=2n+1=1{

+ A similar issue in quantum chemistry? e=2n+1=0 {

m=-5/2 -3/2 -1/2 1/2 3/2 5/2
TM et al., Phys. Rev. C 102, 034320 (2020).
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= Nuclear ab initio calculations are promising in many applications.

= Valence-space in-medium similarity renormalization (VS-IMSRG) is a powerful method to address
open-shell systems and excited states.

+ VS-IMSRG(2) is the workhorse approximation

= Collective physics is difficult to capture within the 2-body level approximation
+ Starting from a deformed reference state
+ Higher-order approximation

+ A larger valence space

= The center-of-mass issue in an arbitrarily large valence-space decoupling. .



