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My motivation

PBH formation always (?) accompanied by secondary GW background
The GW background is detectable by future GW detectors

So we must understand secondary GWs very well

But there are two issues: 1. Gauge ambiguities

2. “Wave-effects” not understood for GWBs



1. Standard picture

2. The gauge issue

3. Scalar-tensor induced GWs



Standard picture
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Standard picture

Primordial fluctuations “Source” of induced GWs

Normalized density ratio d/dmax
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The gauge issue



The gauge issue

So many wonderful cosmic sources of GWs: (TT = Transverse-Traceless)

~— ~ Quadratic source
“ —> Second order fluctuations?

= Quadratic in 4, quartic in v

—> Is PGws. weII deflned’?

/_ e — = _——— _ _— — ———

/ (Dramatlc mode) Are theoretlcal predlctlons even rellable’? |
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. SIGWs Review:
The gauge issue GD, 2109.01398

Timeline: 2015, First GW detection —> PBH revival —> | got interested in SIGWs
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What IS the "gauge” issue?

The issue: (Observable) GWs =TT part in (which) spatial hypersurface?

Flat spacetimes Cosmological spacetimes

Time direction (intuition: Very short distances ~ Flat spacetime)

Time directions
No Far-zone

Far-zone Time killing vector

. No time killing vector
(radiation zone) 5

Discrete Universe filled

sources with fluctuations

Spatial hypersurface

t=t+T(t,x) - patial hypersurfaces

GWs & density fluctuations non-linearly intertwined



Our resolution:
compute observable GW strain at second order

GD, Pi & Wang, 251215704 (PRL, Editor’s suggestion)



Ideal experiment Flat Spacetime,

ds? = — dt?* + dx?

no GWs
&
B A NS N "SNPV
At =L
GW detectors

exchange EM signals
(LVK, PTAs, etc.)

We consider geodesic
emitter and detector

XZ:.XI+L



Ideal experiment  FlatSpacetime, o _ oy guge
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Synchronized geodesic clock: initially on constant proper time hypersurface



Cosmological Spacetime + Fluctuations

Take a general perturbed FLRW metric: Y, =h;+20,0FE
ds* = a” (—ez(ﬁdnz + eV (eY) ij(dxi + Bldn)(dx’ + ,Bjdn))
— 2 (—(1 + 20)dn® + 2Bdndx’ + (5, + 2y, + 200,E + hy)dx'dx ) b

First order (proper) time delay: Ar= A7+ AzD 4+ AP 4 .

First order redshift:



Cosmological Spacetime + Fluctuations

First order (proper) time delay: Ar= A7+ AzD 4+ AP 4 .

L L L

1 .. .
ArD = arfJ dA (— n'n/h') — o) — T(l)) + arfJ dn n’Vr(? + I dn a®V

2 J o
0 GWSs Shapiro time delay 0 Detector m%tion

First order redshift:



Cosmological Spacetime + Fluctuations

First order redshift:

(1) L / / L /
R i e i

0 0
Sachs-Wolfe Int. Sachs-Wolfe Dipole GWs

1 +Z



Observable GW strain at second order

Spacetime shear:

Second order (proper) time delay: c=pf—FE
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TT-component in Newton gauge: 7Y® =1 + PZ?( 6 Vo) + E%E%)
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A question for future work

What about ambiguities in the energy density of GWs???

- ——— ()
PGWs = 302G a2 Jj iy

Not important for GW detectors but important for BBN and CMB bounds



Scalar-tensor induced GWs?

GD, 2510.26883
Bari, Bartolo, GD & Matarrese, 2307.05404 and preliminary results (BBGM + Tasinato)



Scalar-tensor induced GWs
Metric: ds® = —a’e*Pdr? + a’e?Y (eM);;da’ da?

The standard (scalar-scalar) induced GWs:

(024290, — A)h; ~ TT jj (0,20,P)

Scalar-tensor induced GWs:

hi; + 2Hh;; — Ahi; = 4®'h;; + 4D Ahy;

But very different physical interpretation, and STIGWs are weird
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The “divergence” issue

Treat as source, solve with Green’s function v: vector momentum

Uu: scalar momentum

dv du —
11— vOu?

! 4 1o A2 (uk)AZ , (vk)
0

X T%(u,v) ((1 3 uz)

(=17 )]

But the kernel is divergent for long-wavelength scalar modes

1%(u,v) ~ —, u — 0, v — 1.
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The “divergence” issue

All fine for peaked scalar and tensor spectrum (same peak location)

30 -25 —-20 —-15 —1.0 =05 0.0
10g1o(k/k*)

Note the Universal unpolarized IR tail (paper in preparation)
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The “divergence” issue

Strange for separate peak positions

| — ks,*=kt,*=k*

1 _
10 Ks ./Ike ., = 0.5, krx = 105
ks, */kt, ,=0.7, kr« =2 X 105

ind
QGW
A(D AYO
=
o

102 10°1 100
k/k., kikt .



The origin of the “divergence”

The long-wave length (“constant”) scalar acts as a constant source

hij + 2Hhi; — Ay = 49'hy; + 40 Ahy

The kernel just grows

—1.0 —0.5 0.0 0.5 1.0 1.5 2.0
10%100‘”)



Apparently not a gauge issue

Suppression of the induced
gravitational wave background due
to third-order perturbations

Raphaél Picard,® Luis E. Padilla,” Karim A. Malik,’ and David
J. Mulryne“

Abstract. In this work, we revisit and evaluate new source terms which contribute to
the induced gravitational wave background. We study their respective contributions to the
stochastic gravitational wave background by computing their spectral densities in a radiation-
dominated universe. These terms appear at third order in cosmological perturbation theory,
however, their correlations with primordial gravitational waves are non-trivial and appear at
the same order as so-called scalar induced and scalar-tensor induced gravitational waves. We
find that these gravitational wave sources suppress the spectral density at the scales we con-
sider. Furthermore, similarly to scalar-tensor source terms at second order, we find that some
terms are enhanced when the input primordial power spectrum of scalar fluctuations is not
sufficiently peaked. Hence, where possible, we show that under certain limits the integrands
of these terms diverge in the UV sector.

We also agree...



Look at the action
The fully non-linear action is
S = /dga?d’r%z (6_4(I)h2jh;j + hijAh?;j) + ...

This is a wave in a random, spacetime dependent, refractive index.

Time-independent refractive index —> Preserves power
Also, in geometric optic limit: " et k, = V.0,
e 1*w? — |k|*= 0, =0 w = e*®|k|~ |k|(1 + 2®).

Modulation of frequency, not amplitude.



Exact solution in Matter Domination

In MD, In Fourier space:

B!+ 2HB,  + KPhop = —42/

Exact solution:

% titorl dptkrii g

Strange frequency of oscillations



Exact solution in Matter Domination

g~k limit:

d3
hil,i e T;’L(kT)hg,k/ =

soft (27'(')3 i

which looks like

3,
d p‘ (I)p,

Thlk(1 = o)1 =Th(kT) — 04 kT T, (ET) + - - -, 0y = 2 .
soft (27’(')3

Again, a change of frequency (not in geometric optics now)



We don’t know how to solve it yet, but one can
absorb the “divergence” in a redefinition of
frequency for a scale invariant spectra

Namely, you remove all 1/u powers and get a finite reasonable number

But there must be a way to do better



Connection to gas of gravitons o, 2s10.268s

LOcal diStribUtiOn fu nCtiOn: dN = f(xll, PI)dmldxzdmgdPA1dPA2dPAa :

Local vs Global momenta in EMT:

1% = —a~t [ dRdQ™ (@) (F(Q™) + 6£(%, QY, P4)), Local

NP PaPp = —P3, + 6 Pa,Pa, = 0.

1
T = ——e 2% / d*plplf(z7, pgs) - Global p’ = e (®TY) |5



Connection to gas of gravitons

Non-adiabatic initial conditions?

p=a’ / dQdQ™ (Q4)3 f(Q%) and Sp=a* / dQ dQA° (Q4°)? 6 f (x, QA PAi) . Local

1 1
p= g [ PSR and Sp=—(28+aW)p+ ;[ APl ps). Global

?

Yes. Redefinition of frequency: 1’ =¢ Y|



Future work

Green function method not suitable for
propagation in inhomogeneous background

How to solve ], +2Hh,;, — Ah;; = 49'h;; + 4® Ah;; in general?
Probably not possible, but perhaps we can say something about power spectrum

Any feature in the power spectrum of any cosmic GWB will
probe the small-scale power of ®



Conclusions

Secondary GWs are a crucial test of the PBH scenario

But there are some issues it their theoretical foundations

Gauge issue of strain —> observable GW strain

Gauge issue of energy density —> ?

Scalar-tensor induced or not?
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