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https://science.nasa.gov/universe/black-holes/supermassive-black-holes/new-nasa-black-hole-visualization-takes-viewers-beyond-the-brink/

Credit: NASA's Goddard Space Flight Center/J. Schnittman & B. Powell

First, let us consider astrophysical
black hole “anatomy”
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First, let us consider astrophysical
black hole “anatomy”

accretion disk
Astrophysical black holes
consume matter from this hot,
bright, rapidly spinning disk.

singularity

Shielded from view by the event
horizon, and beyond the predictive
power of general relativity, the
curvature singularity could be the
site of new physics...

Credit: NASA's Goddard Space Flight Center/]. Schnittman & B. Powell

photon sphere

Photons become trapped
into unstable circular orbits,
forming a “surface”.

event horizon

There is no escape from within
the black hole boundary.
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First, let us consider astrophysical
black hole “anatomy” - and the formal

Inci 1 hot h
GR principles governing causal structure photon spaere

Photons become trapped

into unstable circular orbits,
forming a “surface”.

accretion disk
Astrophysical black holes
consume matter from this hot,
bright, rapidly spinning disk.

- - s event horizon
singularity | : wy

hielded iow by 1 — There is no escape from within
¥ wetae Jrom iy by the eve'nt. the black hole boundary.
horizon, and beyond the predictive

power of general relativity, the
curvature singularity could be the

Weak Cosmic Censorship: horizon must cloak singularity
> extremality bounds, Weak Gravity Conjecture, etc.

site of new physics...

Strong Cosmic Censorship: generic initial data should determine a unique spacetime evolution
L preserves determinism in GR; singularity is eeerdinate-artefact a genuine inextendible boundary
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With EHT, we can “see” black
holes(‘ photon rings, accretion disks, etc.)

accretion disk
Astrophysical black holes
consume matter from this hot,
bright, rapidly spinning disk.

singularity

Shielded from view by the event
horizon, and beyond the predictive
power of general relativity, the
curvature singularity could be the
site of new physics...

Credit: NASA's Goddard Space Flight Center/]. Schnittman & B. Powell

photon sphere

Photons become trapped
into unstable circular orbits,
forming a “surface”.

event horizon

There is no escape from within
the black hole boundary.


https://science.nasa.gov/universe/black-holes/supermassive-black-holes/new-nasa-black-hole-visualization-takes-viewers-beyond-the-brink/

With GWs, we can “hear” black

holes(‘ merger events) o :
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https://photos.google.com/share/AF1QipP-dHXamnGtn1SzCHqe9cfpzFuSLv56J6OXKiQGRNK5gRsM4qQtqsEKjnR0nbtXRA?key=ZTZIUTZxMm1UMElSVVNxUHJiQTVwSDVnd1dFa0VB

IRGQ/ types of gravitational wave sources

K GR%“
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[ | | [
compact binary inspiral Mvv\/\\]\p» : Inspital Werger Ring-

down

£ sisce

« Compact binary coalescence » (CBC)
~400 CBCs detected by LIGO-Virgo-KAGRA

| — Numerical relativity

I Reconstructed (template)
T T | |

LIGO and Virgo Collaborations, PRL 116 (2016)

(Shanika Galaudage)
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compact binary inspiral Mvv\/f\\]\/v : Inspital

« Compact binary coalescence » (CBC)
~400 CBCs detected by LIGO-Virgo-KAGRA
Post-merger « ringdown » phase dominated
by a superposition of damped frequencies
characteristic of their black hole source:
quasinormal modes (QNMs)

| — Numerical relativity
Reconstructed (template)

Merger

Ring-
down

~
I
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m=—{ n=0

(Shanika Galaudage}
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compact binary inspiral M\’\/\/W\”’ Inspital Werger] Ring-

down

« Compact binary coalescence » (CBC)
~400 CBCs detected by LIGO-Virgo-KAGRA
Post-merger « ringdown » phase dominated
by a superposition of[damped frequencies]
characteristic of their black hole source:
quasinormal modes (QNMs)

| — Numerical relativity
Reconstructed (template)

(Shanika Galaudage}
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compact binary inspiral /W\f\/\/f\\]\/\f :

Perfect/extreme GR laboratories

Simple in theory
Uniqueness theorems: M, Q, a
— ringdown well-modelled in GR

- —- MODELLED ----

Rich in data
- SHORT DURATION ----------- QNMs encode mass, spin, geometry, stability ...

Singularities, horizon(s) ; therm. — constraints

« Compact binary coalescence » (CBC)
~400 CBCs detected by LIGO-Virgo-KAGRA
Post-merger « ringdown » phase dominated
by a superposition of[damped frequencies]
characteristic of their black hole source:
quasinormal modes (QNMs)

Precision testing & EFT validation
Deviations from GR predictions — new physics

Black holes: “perfect” labs to test strong-field GR
(Shanika Galaudage)
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Black holes & their perturbations

Quasinormal modes + their excitations : a Schwarzschild example

)


https://journals.aps.org/prd/abstract/10.1103/PhysRevD.111.064030

A quick GR primer: the Schwarzschild black hole

Stationary, neutral, spherically-symmetric black hole

Quudxtdx? = —f(r)d + f(r)~1dr* + 1 (d02 + sin? 0d¢2)

The “no-hair" conjecture (Schwarz.):

Einstein field equations Isolated, stationary BH in GR is fully characterised by M. All other info is lost
1 2M
Ruu_igpuR‘f'M:% f(}’):1—7

all isolated, stationary black hole
solutions of the Einstein-Maxwell
equations in GR are fully characterised

by their mass (M), electric charge (Q),
and angular momentum (a) [Israel, Carter]|

for flat space-time, in vacuum
JUE S ’ event horizon: r4 =2M

length scale: M = Gmppc ™2 (G=c=1)

Black hole perturbation theory

RIS R R T |
[G] = M—1I3T~2, [] = LT Suv = 8uy =8uv +huw Qv > huy)

[mpy] = M

A. Chrysostomou | PBH2026 @ MITP 17




Black hole quasinormal modes

Quasinormal mode (QNM)

= /cll —1
\Il(x/") = Z Z 1,{+(I’)e thYEm(e,*(b)

n=0 ¢,m

m: azimuthal number for spherical harmonic decomposition in 8, ¢
¢: angular/multipolar number for spherical harmonic decomposition in 6, ¢

| s: spin of perturbing field
E n: overtone number labels w by a monotonically increasing |Jm{w}|

Quasinormal frequency (QNF)

Wsne = WR — LWy

NRe{w}: physical oscillation frequency — Re{w} oc £

: JIm{w}: damping — dissipative, "quasi" — limy_,o |[Im{w}| = constant

A. Chrysostomou | PBH2026 @ MITP 18




Quasinormal mode eigenvalue problem: boundary conditions

Black hole wave equation

d2

e+ [ -vile=0, = =f0

e.g. Vs(r) =f£(r) [€(£+1) +f’(r) (1 —52>] ; §=0.1.2

72 r

purely ingoing:  ¢(r) ~ e~ "’ r—=r

purely outgoing: o (r) ~ e r — 400

Waves escape domain of study at the boundaries = dissipative

Subjected to QNM boundary conditions: .

A. Chrysostomou | PBH2026 @ MITP 19




How can we identify individual QNMs in the superposition?

In the GW context, strain is a function of the « excitation coefficient »
Oshita, Phys. Rev. D 104 (2021)

hy +ihx = Cou Yom (6, 9) 1”7@ g it
Imn

which is a product of a source factor (initial data) x an independent
« quasinormal excitation factor »

evaluated at the QNF.

QNFs = poles of f~domain retarded Green function
QNEF =residue at each pole, measuring intrinsic
weight with which each mode contributes to black
hole response

C@n = Bén X 7271

excitation coefficient

= QNEF x initial data 04,
Near a simple Ay~ (w—wp) &
QNM pole '“ o 0w

W=Win

A. Chrysostomou | PBH2026 @ MITP

S. Detweiler, Proc. R. Soc. A 352 (1977)
E. W. Leaver, Phys. Rev. D 34 (1986)
N. Andersson, Phys. Rev. D 51 (1995)

Formally, we model the QNM contribution to the black hole response through a
Green’s function analysis. This requires explicit expressions for the wavefunction,

BEH = [

_+_
Aéw
2w

(

0A,
ow

)]

W=Wen



https://arxiv.org/abs/2109.09757
https://royalsocietypublishing.org/doi/10.1098/rspa.1977.0005
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.34.384
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.51.353

How do we calculate these QNM frequencies, wavefunctions, excitation factors?

Glallenges: \

| * Non-Hermitian Operator: complex |
| eigenvalues; QNMs do not form a |
| complete set of eigenfunctions |
| * Boundary conditions: dissipative |
| system requiring semi-classical /
numerical treatment
| * Spectral instability: highly sensitive |
| - small perturbations alter, even |

\destabilise QNM spectrum /

A. Chrysostomou | PBH2026 @ MITP 21




How do we calculate these QNM frequencies, wavefunctions, excitation factors?

Dolan & Ottewill

Class. Quant. Grav. 26 (2009), Phys. Rev. D 84 (2011)

A new computation method for BH QNMs through a novel ansatz based on
, . - 2 Challenges:
null geodesics + expansion of the QNF in inverse powers of L = £ 4 1/2 L
* Non-Hermitian Operator: complex

eigenvalues; QNMs do not form a
complete set of eigenfunctions
* Boundary conditions: dissipative

system requiring semi-classical / |
numerical treatment |

@(r) — eiwl(r*)v(r) , W= Z ka—k

k=-1

« iterative procedure best performed in the eikonal limit
* Spectral instability: highly sensitive
- small perturbations alter, even

« can extend to compute QNM wavefunctions [¢ rare find!| \destabilise QNM spectrum /

~ more efficient means of calculating detectable QNMs?

A. Chrysostomou | PBH2026 @ MITP 22




How do we calculate these QNM frequencies, wavefunctions, excitation factors?

Dolan & Ottewill

Class. Quant. Grav. 26 (2009), Phys. Rev. D 84 (2011)
A new computation method for BH QNMs through a novel ansatz based on

null geodesics + expansion of the QNF in inverse powers of L = £ 4 1/2

@(r) — ein(r*)v(r) , W= Z ka—k

k=-1

_ 2
aHf (1)

’ kc(r)?_ . l f( )

r
b2 r2

c

b ,,2
ww’ N

r=re

v<r>=exp{ oosmr’f}, )= [ pdre = [ beke(rydr.
- oen{Es [ ro- | ;

A. Chrysostomou | PBH2026 @ MITP 23




How do we calculate these QNM frequencies, wavefunctions, excitation factors?

Dolan & Ottewill

Class. Quant. Grav. 26 (2009), Phys. Rev. D 84 (2011)
A new computation method for BH QNMs through a novel ansatz based on

null geodesics + expansion of the QNF in inverse powers of L = £ 4 1/2

@(r) — ein(r*)v(r) , W= Z ka—k

k=-1

_ 2
aHf (1)

’ kc(r)?_ . l f(r)

c

- b2 2

b ,,2
ww’ N

f017 (F05 ) +2iwpn G + [ 5 + (1= p()?) o2 = V()| () =0

r=re

We solve iteratively for wy and S;(r) and sub into w

v(r)=exp{ s (r)L_k}, it = | pinare= | br (i
g K / p / ;

A. Chrysostomou | PBH2026 @ MITP 24




How do we calculate these QNM frequencies, wavefunctions, excitation factors?

Dolan & Ottewill

Class. Quant. Grav. 26 (2009), Phys. Rev. D 84 (2011) ’}_’t’ﬂk ~ 3

A new computation method for BH QNMs through a novel ansatz based on

null geodesics + expansion of the QNF in inverse powers of L = £ 4 1/2 — Re{®(r)} ‘
Im{®(r)} | ‘
®(r) = e o(r), w= Y Wl | 1]
k=—1 ~ | |1
“—'{\ | 1‘()1“ [ B
‘ \
o9 T Tx *
o() =expd > S(LFP, z(r.) = / p(r)drs = / beke(r)drs

k=0 \

2f (1) ; r2 el )2 1 f(r) breakdown at photon orbit radius

N TR ) =t == v HEI) = et
f (M) =’ VfO) o 2~ 2

f017 (F05 ) +2iwpn G + [ 5 + (1= p()?) o2 = V()| () =0

We solve iteratively for wy and S;(r) and sub into w

A. Chrysostomou | PBH2026 @ MITP 25




Reminiscent of a scattering problem, subjected to QNM boundary conditions

QNM boundary conditions at the event horizon & spatial infinity

gt s — —0O0 L R —

1/)7‘+ ~ - ]
A e 4 AL et r 5 4o d T AVAvAY i

V()
R

-10 -5 0 5 10 15

Vi

A. Chrysostomou | PBH2026 @ MITP 26




Managing breakdowns in the DO method: QNM solutions

K 2 3+ /32L~1/2 +-12/3wnL 1 + 362wl —3/2

L+1 (r 11 — :
| V(r) =f(r) ( > ) +f 5 ) + [g + 34203 + 12\/§wl] L=2+... i
é 5 T T T T [ T T T 1 I V/\ T T L :
i Exterior Interior Exterior |
i QNM boundary conditions at the event horizon & spatial infinity r. < ppeak - r. > r,Peak |
i 4r- 1 |
| gty s — —00 i |
i 1!)r+ ~ , . | |
| Apge™ T + Al et e — foo 3 1
: S L ul’* - -0 Cin q)-f- ur* — +00 ~ Dl‘n q)— i Doutq)-_l :
| ~ i
| 2+ rroN1=1/2 1
| [ up ~ [f(2) §'@)] |
| X Dy [(i=1)g(2)] |
exterior: Dolan-Ottewill 1k . : : N
~ interior: WKB (DO breaks down at r~rP¢) [ parabolic cylinder function |
é 07 L L L L L L L L L L L L 1 L L I L 1 L I 1 1 | 1 :
@ -10 -5 0 5 10 15 |
é Iyer and Will, Phys. Rev. D 35, 3621 (1987) Ty :

A. Chrysostomou | PBH2026 @ MITP 27



https://journals.aps.org/prd/abstract/10.1103/PhysRevD.35.3621

Managing breakdowns in the DO method: QNM solutions

: 72 .
lim  up(e¥® /%) ~ lim
Vs« —>+00 i _peak

with the perturbation w ~ Z wilTF + €
k=—1

A. Chrysostomou | PBH2026 @ MITP

Exterior

r, < rpeok

U7 e ~ Cin O

T T T T T
Interior
r, peak

Te ~

up ~ [f(2) §' @)1

X Dyipl(i—-1)8(2)]

I T

Exterior

r, > r*peak

U7 ~ Dy @ + Dy @

-10 -5
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Schwarzschild QNEFs for n = 0 and increasing £

Results:
i $Br—— 3+ + v v 7 v * ® ¥ F t & ¥ % '® 'MS'T * For n = 0, larger excitation for lower |
! F S &V |
: o 0L harmonics: |B| ¢ L™ L=t+%
| G10r- owy1 | *Excellent agreement with |
i /=8 . R ) ® OL?) ] analytical formalism developed by
; 005 o ® % ] Mano, Suzuki and Takasugi at |
| =1 " 'y 1| NNLO |
' r ® = & « =.n . '
| I ® 1 | % As a “no-hair" quantity, QNEFs to be |
- . 0.00F ® 4 |
| = — Feil ] \used as a new test for mod-GR? / |
. m L = | |
! - (=3 = ® |
| E I % £<9 ] |
! -0.05- ® ] |
: i f=5% @f e ® 1 t-dependent scattering & matching phase accumulated
i - by wave around photon-sphere potential barrier |
@ ~0.101 1 Recall: QNEF = residue of Green function at QNM pole |
: i => naturally contains amplitude + phase |
| -0.15} 1 :
i ® |
i -0.20 L 1 1 L | 1 1 L | | L 1 | L | L L 1 | | L L L 1_ :
! -0.1 0.0 0.1 02 |
; Re(By) é
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Schwarzschild QNEFs for n = 0 and increasing £

Results:
| e P L B B L L A R L o T * For n = 0, larger excitation for lower
! F — -1
: o 0L harmonics: |B| ¢ L™ L=t+%
| 0.19- owy1 |*Excellent agreement with
i /=8 . R ) ® OL?) ] analytical formalism developed by
; 005 o ® % ] Mano, Suzuki and Takasugi at
| L =1 s il ] NNLO
! L ® £=2 : T .
ool * 1 | *Asa “no-hair” quantity, QNEFs to be
E ol gt . \used as a new test for mod-GR? /
! —— f = 3 - ®
| E L % {=9 |
! -0.05}- ® ]
: i f=5% @f e ® 1 {-dependent scattering & matching phase accumulated
i - by wave around photon-sphere potential barrier
@ ~0.101 1 Recall: QNEF = residue of Green function at QNM pole
: i => naturally contains amplitude + phase
| ~0.15F i
é i @ 1 NB: closely related to greybody factors that
g i 1 contribute to Hawking radiation
! -0.20 ! ! I 1 1 ! I I | I 1 I I | I I ! I | I I I ! 9
| -0.1 0.0 0.1 0.2 - T d2E B i i fic Ng T
| Re{By,} =7 dtdw ~ 4= Ze o7 cholReT E 1 bosons
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Black holes & their interiors

Strong Cosmic Censorship, probed using quasinormal frequencies for Q, A >0



https://doi.org/10.1088/1361-6382/add5b4

A quick GR primer: the Reissner-Nordstrom black hole

Stationary, charged, spherically-symmetric black hole

Quudxtdx’ = —f(r)d + f(r)~1dr* + 1 (d92 + sin? 0d¢2)

Einstein-Maxwell field equations

The “no-hair" conjecture

Rp,u

1
a Eg#,,R + M ;
f— 167\' I:FHPFUP T Zg;,u/Fpo’FpU
VUF;U/ =4 , v[uFup]z()

2M  Q?
] e
f=1-="+%
horizons: Py Fep
length scale: M = Gmpyc ™2

Black hole perturbation theory

gﬁ“/ — g,/ul/ :gul/ +huu

A. Chrysostomou | PBH2026 @ MITP
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A quick GR primer: the Reissner-Nordstrom de Sitter black hole

Stationary, charged, spherically-symmetric black hole

Quudxtdx’ = —f(r)d + f(r)~1dr* + 1 (d92 + sin? 0d¢2)

Einstein-Maxwell field equations

The “no-hair" conjecture

Black hole perturbation theory

gﬁ“/ — g,/ul/ :gul/ +huu

A. Chrysostomou | PBH2026 @ MITP

(uv > huv)

1 M 2 2
Ry — Egsz + Aguv i f(r)=1—- — + Q—Z — LrT
F r
— 167\' I:FHPFUP T Zg;,u/Fpo’FpU as
v —
VI u =0, ViuFyp=0 horizons: Py Py 75
in de Sitter space-time length scale: M = GmBHc_2

Q — Gl/ZqBHC—2
Lis = (3/A)'/? =1

re #M? 4 /M2 — Q2




A quick GR primer: the Reissner-Nordstrom de Sitter black hole

The RNdS “sharkfin” phase space

[ f) T 4 72 (467 + sin? 0dg?)

030~—A=0 U(\E ;)
3437 243
e M = Q
0.25} 11
: E (3 3)
0.20}
Extremal (AdS, x )
0.15[
@ |
Charged Nariai (dS, x §?)
0.10f ro~Te
0.05L
0.00L O (0, 0) N (ﬁ 0)
I Schwarzschild dS R
B S Y R | & I 1 03 04
M

A. Chrysostomou | PBH2026 @ MITP

The “no-hair" conjecture

2M Q2 r2
=1-""—4+=_
) r + 2 [
horizons: Py Py o
length scale: M = GmBHc_2
Q — Gl/ZqBHC—2
Lis = (3/AM)Y?2 =1
0 . re # M £ /M2 — Q2
-1 < 1+3(M’ A) + ...



https://doi.org/10.1088/1361-6382/add5b4

Formal GR theory: massive scalar QNMs in a Reissner-Nordstrom de Sitter black hole

conformal diagram:
Schwarzschild black hole

I

Coordinates

Symbol . . : : ;
: Schwarzschild Eddington-Finkelstein
I~ , Ty = —0C v — —oo, finite u
FCT , Ty = —00 finite v, u — +oc
F— , Ty = +00 finite v, u© — —00
FT , T — +00 v — +00. finite u
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Formal GR theory: massive scalar QNMs in a Reissner-Nordstrom de Sitter black hole

Problem: Cauchy horizon = boundary of domain of
dependence of an initial data.

Before reaching it, every event is fixed by initial data

Beyond it, causal curves can enter from regions not

controlled by those data, so different continuations of the
metric may all satisfy Einstein’s equations while agreeing
on everything before the horizon.

Strong Cosmic Censorship ensures that for
generic initial data, the maximal future Cauchy

past the singularity
— rigorously approached from 2003 [Dafermos] (!)
— no formal universal proof, many revisions

e.g. Sbierski (2018): proved Co—inextendability of the
metric beyond the r = 0 singularity in Schwarzschild

development is inextendible, at the specified regularity,
= SCC preservation under strongest criteria |
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Strong Cosmic Censorship (SCC) in Reissner-Nordstrom de Sitter black holes

For our purposes: SCC requires that the metric (M, g), as a well-defined solution to the
vacuum Einstein field equations, cannot be extended past the Cauchy horizon (CH)

Different SCC versions distinguished by smoothness level required at CH

C° version (strongest SCC): generically no continuous extension exists across CH
= singularity exists before Cauchy horizon forms

Christoffel sym.)
= Cauchy surface is a weak null singularity % strength

C? version: generically no extension in C?

For Einstein-Maxwell(-massless scalar) theory, with A = 0:
C° version is false [Christodoulou; Dafermos-Luk]
Christodoulou version believed to be true [Dafermos-Rothman; Luk-Oh]

Scalar field is used as a proxy
for the full nonlinear solution

| Christodoulou version: generically no weak extension (with loc. sq. integrable |
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Reissner-Nordstrom de Sitter black holes: blueshift vs redshift

For A = 0, consider two time-like observers:
A: remains in [ — reaches « at infinite proper time
B: falls into 11 — reaches CH at finite proper time

If observer A sends periodic (in A’s time)

signals to observer B, observer B will perceive

them as incoming with greater frequency

= energy of an oscillating @ entering the black
hole will increase infinitely as it approaches r = r.

Infinite energy at Cauchy horizon = curvature divergence
“Blueshift instability” rescues SCC for A = 0 [Penrose 1978]

 determinism fails past CH
i signals emitted over infinite
 exterior time are received within
- a finite proper time, causing their

 frequencies & energies to diverge
]
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Reissner-Nordstrom de Sitter black holes: blueshift vs redshift

For A = 0, consider two time-like observers:
A: remains in [ — reaches « at infinite proper time
B: falls into 11 — reaches CH at finite proper time

If observer A sends periodic (in A’s time)

signals to observer B, observer B will perceive

them as incoming with greater frequency

= energy of an oscillating @ entering the black
hole will increase infinitely as it approaches r = r.

Infinite energy at Cauchy horizon = curvature divergence
“Blueshift instability” rescues SCC for A = 0 [Penrose 1978]

 determinism fails past CH

I . . . " .

 signals emitted over infinite
' exterior time are received within
: a finite proper time, causing their

 frequencies & energies to diverge
]

For A > 0, perturbations decay rapidly (exponentially).
Is there enough energy to lead to blueshift instability?
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Formal GR theory: massive scalar QNMs in a Reissner-Nordstrom de Sitter black holes

Two competing behaviours:
redshift at 7% P ~ e ™ [quasinormal mode]

Blueshift at ‘K%RJF Y ~ e/t

infalling fields as they accumulate along the inner Cauchy horizon

1
SCC preservation: b= —ﬁ < 5
. - K—
 determinism fails past CH [Hintz & Vasy 2017]
i signals emitted over infinite
' exterior time are received within
' a finite proper time, causing their

 frequencies & energies to diverge
]

A blueshift amplification phenomenon characterises the dynamics of
where Im{w} < 0 is a necessary condition for black hole stability
an upper bound on the damping rate of the |
incoming scalar field ® above which the
. red-shift effect will overcome the blue-shift
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blueshift dominates
local energy diverges at the Cauchy horizon
= Christodoulou SCC preserved

SCC violations in Reissner-Nordstr

too damped to trigger
blueshift instability

g exterior decay dominates
the scalar can remain weakly extendible across the Cauchy horizon

= Christodoulou SCC potentially violated

I
.e

0.30 —

M M
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Reissner-Nordstrom de Sitter black holes: violations in SCC

To summarise:
linearised massive + charged Klein-Gordon eq. 0.30 —

BE_M >l

1 1 .
Lo = — (D, ®)" (Do) — Elfqﬂq) D, = (8, —iqA,)

V. VF® — 1’® =0, G+ Agu, =87GT, 0.25

Suv = v = 8Guv +huw  (Quv > )

o,

Result: Do large, cold BHs fail to
respect cosmic censorship?

0.20

1
B> 3 consistently for Q= M

Ldas=1
g=0.17

w=1

increasing ¢, q leads to further failures of SCC within 015
the RNdS solution space

Can non-linear/quantum
effects save SCC? 0.15 0.20 0.25 0.30
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Black holes & their throat deformations

Succumbing to non-vanishing scalar potentials in Einstein-Maxwell-dilaton theory


https://arxiv.org/abs/2607.05488

Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,
- we now consider black holes as probes of moduli space

Can a black hole create a macroscopic region in which
the local effective theory differs from the theory at infinity?
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,
- we now consider black holes as probes of moduli space

Can a black hole create a macroscopic region in which
the local effective theory differs from the theory at infinity?

Sen 2025:

R, F?2, (Vo) k1

Ad ~ O(1)
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,
- we now consider black holes as probes of moduli space

Can a black hole create a macroscopic region in which
the local effective theory differs from the theory at infinity?

Sen 2025:

R, F?2, (Vo) k1

A¢ ~ O(1)
1 2
N——
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure, |
we now consider black holes as probes of moduli space |

Can a black hole create a macroscopic region in which
| the local effective theory differs from the theory at infinity? |

Sen 2025:
R, F?, (V¢)’ k1 - - -
| ’ ’ adding a potential changes horizon structure, |
; modifies extremal limit, |
& casts doubt on whether infinite near-horizon
throat of the massless solution survives
| Ap~ O (1) |
1 For example:
| _ 2 1 |
; Op= -BeF*  + Vg V= Smd (6 go)”
| N—— |

stabilising potential
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,

- we now consider of moduli space
Can a black hole create a macroscopic region in which -
the local effective theory differs from the theory at infinity? = "¢"BH ™ "L =
Sen 2025: Considered by Harvey&Gregory in 1993!
R, F?, (V¢)’ <1 rg K md—,1 = dilatonic/GHS-like
A¢ ~ O(1) TBH > mgl = pinned/RN-like
O¢ = "B 4F? 1% L2 3
¢» = Z ol W o V:§m¢(gb—gb0) |
. , ~— r

stabilising potential
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,
~ we now consider of moduli space

Can a black hole create a macroscopic region in which o |
the local effective theory differs from the theory at infinity? = "¢"BH ™ "L =

Sen 2025: Considered by Harvey&Gregory in 1993!
R, F?, (V¢)’ <1 rg K md_,1 = dilatonic/GHS-like
Ag ~ O(1) rpu > m, ' = pinned/RN-like |
> quadratic stabilising Here: :

> shifted exponentials
1 5 > exponential runaways

Llp = - B . F + V > inverse-power runaways
o o :
\ ’ > racetrack barriers
S > axion-like periodic |
—starbiising potern . supergravity-inspired corrections
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Black holes as probes of field space

- Instead of scalar test-fields as probes of black hole structure,
~ we now consider of moduli space

Can a black hole create a macroscopic region in which e |

the local effective theory differs from

the theory at infinity? =~ ™¢"BH ~

Sen 2025: Considered by Harvey&Gregory in 1993!

R, F?2, (Vo) k1

rgy <K md_,1 = dilatonic/GHS-like

A¢p ~ O(1) TBH > My 1 = pinned/RN-like
1 Gauge-induced & potential-induced .
|:|¢ — — B ¢F2 + qu forces are in competition. |
71 s What determines whether the
N, e’ S o black hole-induced modulus
—stebiising pote excursion survives?
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Can a black hole change the local effective theory?

e SO ; .
' |
"+ | ' |
| ' |
| ' 1
r—rg ! I '
b _ — I l |
o | | |
asymptotic region
-
interior
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Can a black hole change the local effective theory?

event horizon

04— T — T | I |
! [
"+ | ' |
| ' [
| ' 1
| ' 1
T l |
| ' [
T=7r4 ’
|
|
|
| ) .
| asymptotic region
|
>
interior B oy
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Can a black hole change the local effective theory?

event horizon outer edge of throat

a — ’r_i_ - T— | | 1
r . |
+ | ' |
| ' [
| ' 1
| ' 1
T l |
| ' [
T=7r4 I
: A e
| f
| | ) .
| | asymptotic region
| |
>
interior b= ry
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Can a black hole change the local effective theory?

event horizon outer edge of throat

near-horizon scale

. |
N i il | : :
"+ | ' |
| ' |
| ' 1
| ' 1
T ! |
| ' |
L =17y ’]"N?"+(a—"—1) |
: a ' ; P 2P
L, \J |
I\ fl ] ]
| | | | _ _
| | | | asymptotic region
| | | |
-
b~ —a b=20 b~ a b~1 . r—ry
interior N P
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Can a black hole change the local effective theory?

event horizon outer edge of throat ()  1+b|

g |

" - near-horizon scale oo a+b |

= i P ;

|
4= f | _ . _ Mp (140
r i | AG(b) = by (0) — Boo = - L log (a ! b)
| : |
| 1
, ! | Massless
: | : benchmark
’I"NI’I"_ T:|T+ 'r'Nfr'+(aJ,_]_) |2
Iy & Al | i r\.J i
A g A y
I | I . | ) )
| | | throat region | asymptotic region
| | | |
b~ —a b=0 b~ a b~1 r—f,:
interior b= P
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Can a black hole change the local effective theory?

event horizon outer edge of throat

near-horizon scale

| |
i P, = P ;
g= T = ! ' " Mpy, 1 |
| r 5 | | Ap(b) ~ —— log — |
| T | ! | a1l 20 a |
| | | ! |
: | ! | |
| | | | Massless |
| ; | : benchmark i
i | |
| reN~T. T =Ty r~ry(a+1) | |
f o ; o 2r %
! y Al - |
| N ‘I N ~ A |
| | | | : | , , |
| | | throat region | asymptotic region i
| | | | | |
| b~ —qa b=20 b~ a b~1 Approaching extremality results |
| . . in a parametrically long scalar |
. Iinterior a <1 (near-extrema]): long throat <‘ excursion outside the horizon :
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Quantifying survival

; Flux |
~ radial operator takes the 1 ad do : 1 |
| _Liouvi / — 2 V., =B 4(¢)F,, FH ;
Sturm-Liouville form - ( D) 7l [})( ) (lb] Ty |V ( )+ = 1 ( ) ¢

wb) =(1+b)(a+b)  pb)=0bla+b)

For each case, we proceed in two stages: ;
1. With V=0 geometry & scalar profile fixed, analyse deformation via set diagnostics:
! pointwise; local; cumulative |
- 2. Compare against corresponding back-reacted check

e.g. pointwise diagnostic | threshold
i _ i w(®) [Vig(dv=0 (B))] —_—
: TISI'C (I)) — ‘ 7)51'(, ~Y ]_ :
g d (Z ) (]C)V 0 |
| ) |
db db |
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Example: racetrack potential AXbar = Xbar — Xoo

V'crit. (X)

Vie(; T) = Tvrt(X)~

Vet (x) = Wet () + Ue™97%0), — (0)
- Wi(x) = Ko+ Ae~1:{(x~%0) _ Be~aa({x=%0), Ax;, pure V = 0 estimate

0.3
0.2
0.1

0.0

AXh = Xh — Xoo

szeg = Axfbxed fixed-throat solution
szaCk local back-reacted solution

Axpar 2, AX) ° = metastable vacuum survives

Axpar S szeg = barrier crossing/runaway

Xbar 7]

0
%




Summary of results

Potential Physics tested Main result

Quadratic (p=mry) Benchmark stabilisation Mild throat deformation for p < O(0.1—1);
modulus pinned for g 2 O(1)

Shifted exponential (,u‘: m7‘+) Saturating restoring force Same order-one crossover; p ~ 0.3 gives a ~10%

gauge-coupling deformation

Exponential runaway (q:)\/ZQ) Monotonic force along throat  Favourable roll protects throat. For dangerous wall,
local source enhanced for ¢ > 1, cumulative bottom

impulse enhanced for ¢ > 2; global UV matching can fail

Inverse-power runaway (q. A) Force weakening toward IR No deep-throat instability: critical amplitude
approaches O(1) as a — 0 Large amplitudes can still
deform outer matching region

Racetrack (L) Trapping behind finite barrier Survival is essentially geometric: Lcrit = Axflo)/AXba,-
Potential force & back-reaction give only

per-mille corrections

Axion-like periodic (A, :mi fa) Sign-changing, oscillatory force A:]l_‘:fi";t ~1071; for f, < Mp), oscillatory cancellation

suppresses deformation
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Summary & conclusions

Black hole perturbations
QNMs encode the geometry & stability of the remnant;
their excitation factors retain the amplitude & phase info associated with the photon-sphere potential barrier

Black hole interiors
In RNdS, the exterior decay rate competes with blueshift at the Cauchy horizon.

For sufficiently rapid decay, B> Y2, linear perturbations can remain extendible, threatening SCC

Black holes as probes of field space

Near-extremal magnetically-charged black holes generate long throats in which the gauge-field source can
compete with moduli stabilisation, producing an O(1) scalar displacement while curvature & gradients remain
parametrically controlled

Exterior: QNMs & their excitation factors probe black hole geometry, stability, & scattering
Interior: QNM decay rates determine whether blueshift destabilises the Cauchy horizon & preserves SCC
Field space: near-extremal throats can support controlled, macroscopic excursions of stabilised moduli
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1 00 4 00 . .
o o . \I] = — A s —1Wemnt S —_ 0’ zm¢>
compact binary inspiral M,\/\/\\]\M : r Z ; Z tmn € tmn (6, w) €

_ R | I
Wemn = Womn + YWomn s Wemn <0

(spherically-symmetric)

QNM eigenvalue problem CZ“* _ %
r r
d*(r,)
oz (w* = V) ¥(r.) =0
—————————— V= f(r) E(ﬁ; 1) i flfnr)(l _ )| s=012

« Compact binary coalescence » (CBC)
~400 CBCs detected by LIGO-Virgo-KAGRA
Post-merger « ringdown » phase dominated
by a superposition of damped frequencies
characteristic of their black hole source:
quasinormal modes (QNMs)

QNM boundary conditions : purely ingoing/outgoing
Y(r,) ~e ™™ | r, = —00

(Shanika Galaudage)
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https://photos.google.com/share/AF1QipP-dHXamnGtn1SzCHqe9cfpzFuSLv56J6OXKiQGRNK5gRsM4qQtqsEKjnR0nbtXRA?key=ZTZIUTZxMm1UMElSVVNxUHJiQTVwSDVnd1dFa0VB
https://photos.google.com/share/AF1QipP-dHXamnGtn1SzCHqe9cfpzFuSLv56J6OXKiQGRNK5gRsM4qQtqsEKjnR0nbtXRA?key=ZTZIUTZxMm1UMElSVVNxUHJiQTVwSDVnd1dFa0VB
https://arxiv.org/abs/2605.27225

Reminiscent of a scattering problem...

symmetries: w — —w

= 1), 1 solve the wave eq.

"

Te k47« e = —00 T ] |
i ¢ ~ r R o 1 |
| —iky 7 +ik 7y I ] |
| Te + Re rx — +00 s T /\/\/\/ 1 |
@ | s | W e ]
| W re——oo —2ik+ [T g 2r \/\/\/\ 3 |
| _ i 2 2 » |
| Wi, 1o = 2ikeo [IR1? — |Z)?] _ :
i it i
i 0- L L L Il L L L L | L L L L Il L L L L | L L L L | 1 :
| -10 -5 0 5 10 15 |
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DO method: details

| rc:3,bc

i V' 27wen

A. Chrysostomou | PBH2026 @ MITP

Components of the ansatz

’ For a scalar fields =0,N =n+1/2,and L = £+ 1/2,

3 36 432 9

1 2 1 1
L—iN+[——ﬂ——5]L_1—iN[—+

235N2 1415

3888 15552

|-

N [_ 1 204N2+211  854160N* — 1664760N? — 776939] -
o7 3888 40310784

P [ 1, 100N - 2719 | 11273136N* — 52753800N” + 66480535
27 46656 2902376448



From black hole theory to ringdown observables

High-SNR black hole ringdown detections = measure subdominant harmonics & overtones

What this means for phenomenologists:
spacetime structure — ringdown spectrum — detector tests

excitation factors as detector-facing observable [direct]
greybody factors & Hawking radiation [indirect] — test semiclassical limits

? &2E
dt dw

Z

Beyond-GR compact objects:
e.g. black holes coupled to additional DoF

QNM frequencies tell us what modes exist;

5 r—

excitation factors tell us what detectors can measure. Both can be used to test GR.
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fermions

V(r)

-10 -5 0 5 10 15
e

greybody factor boundary conditions
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Quasinormal excitation factor via semi-classical methods - spherically-symmetric case

' GW strain is a function of the excitation coefficient

| h+ + lhx = Z Cen ng(e, ¢)

C@n = Bén X 7271

- excitation coefficient

= QNEF x initial data

exterior: Dolan-Ottewill

wén

SN, e—iwent 1/)’.+ ~
of - -1
AL (o4
B = _tw —ftw
n = p
2w ow
W=Wen
2
R~ Z ka_k + €
k=-1

interior: WKB (DO breaks down at r~rP¢a)

5 T T T T
Exterior Interior Exterior
r, < r*pzuk r, ~ r*peak r, > r*peak
4+
R —
3,
S uh T~ Cin (D+ u” e~ Din o + Dout(b-
B
2t 1oN1-1/2
up ~ [f(2) §'2)]
—T X Dy l(i=1)g()] Ie—
1

QNM boundary conditions at the event horizon & spatial infinity

e—iwr*

A+ Dout
'y — —00 b Cin
ey el P D:
M_f_ A;zt,,,e—i_m’* v — 400 Ae_w x Czn —0
in -
j —w, e—0
N T e
0.15 : : I—
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Higher harmonics and overtones

“the fundamental (¢, m,n) = (2,2,0) mode dominates ringdown"
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Higher harmonics and overtones

2

. (2, -20)
- (2, -1,0)

(2,0,0)
(2,1,0)
(2,2,0)

(3, -3,0)
(3, -2,0)
(3, -1,0)

(3,0,0)
. (3,1,0)
. (3,2,0)
. (3,3,0)

AN\

100

150

200

250
f(Hz)

300 350 400

a multimodal analysis of the GW150914
data using PYRING, see Carullo et al.
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Im{w}

-10

-15

“the fundamental ({,m,n) = (2,2,0) mode dominates ringdown"

(=0
L % |
o"&x,(<,~f t=:l..
=1 s ”
2 TR (=2
X
xX x {=3
E 5 X n 2
4 X
>
n 5 i
b4
e 6 3
1 ' s n s 1 s s n ' | n ' s n | L s s L | L n ' L 1 s s n s 1 n s n ' |
0.0 0.5 1.0 15 2.0 2.5 3.0 35
Re{w}

first 10 overtones for s = 0 QNFs for increasing n



https://arxiv.org/abs/1902.07527

Higher harmonics and overtones

“the fundamental ({,m,n) = (2,2,0) mode dominates ringdown"

. (2, -2,0) [T Fr * T~ T+ ¢ 117 & 7+ v+ v ¢+ 71 P v voa 7 7.7 1]
- (2, -1,0) i
(2,0,0 OF o %o % X (‘_0_
21,0 |0 % R0 % F=i.]
(2,2,0 = X =
6 1 (3, -3,0 ( \ x £=2
(3, -2,0) . . .
(3,-1,0) ..By modelling the ringdown of accurate numerical % r=3
(3,0,0) . . . . 3 . .
— relativity simulations, we find, in agreement with ]
3 el previous findings, that the fundamental mode alone is n

insufficient to recover the true underlying mass and spin,
unless the analysis is started very late in the ringdown.
\ ﬂ Including higher overtones associated with this { =m =2

Garmonic resolves this... — Teukolsky et al. PRX 9 (2019) )

[ 1 X
|

=151
2100 15'() 3(‘)0 Zé() 3(')() 3%0 4(|)0 450 0.0 0.5 L0 L5 2.0 2.5 3.0 3.5
(Hz) Re{w}
a multimodal analysis of the GW150914
data using pyRing, see Carullo et al.

first 10 overtones for s = 0 QNFs for increasing n
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https://arxiv.org/abs/1902.07527
https://doi.org/10.1103/PhysRevX.9.041060

Schwarzschild QNEFs for various £ and increasing n

gesults: \

* Larger excitation for higher |
harmonics/overtones, beyond |
“fundamental mode” |

* For n = 0, excellent agreement with |
analytical formalism developed by
Mano, Suzuki and Takasugi at
NNLO with rel. ease |

* As a “no-hair" quantity, QNEFs to be

\used as a new test for mod-GR?/
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Leveraging ringdown data in the search for new physics - e.g. compact extra dimensions

Chrysostomou et al. EPJC 83 (2023) -
: dwnzp = @ Motivation: Y jesst ) |
| If gravity propagates beyond 4D — GWs appear su resse |
. w = %1+ ) gravity propagates bey ppear suppressed(‘leak’) i
E T = TGR(l +071) . My questions: E
. Measurable imprints in ringdown? Is LVK sensitive? |
| H Model: :
| Black hole embedded in 4D x compact negatively curved space* |
' ' ' ' ' OTa20 m — numerics: Veff (1), shifted spectra |
: S " :
| & o = o= (1 + sw) T = =0 (1 4+ 87)
| o] Test GR: |
: o Bayesian ringdown analysis [PyRing] on public GW150914 LVK data: |
: [ GR = null hypothesis vs GR + parametric deviations |
: o \// LLHH,\ :
| N N o Sy NN ® (¥4 o® N |

*D. Andriot, A. Cornell, A. Deandrea, F. Dogliotti, D. Tsimpis, JHEP 05 (2020)
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https://inspirehep.net/literature/1782382

Quasinormal mode eigenvalue problem: charged, massive scalar on RNdS

Black hole wave equation:

Waves escape domain of study at the boundaries = dissipative

& 10\’ dr
e+ | (o-B) —vole=0, = =s0
i gy i
: eg. V.o =f0) (F5 + L 2) :
p=qoce (W=L7" =1
: Subjected to QNM boundary conditions: :
~iw-22)
| purely ingoing: (1) ~e " ik |
g purely outgoing: () ~ e+’( re )r r—re |
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Semi-classical analysis of the RNdS QNFs

For L = /4(¢{+ 1), as a series expansion w = Z o e

k=-1

we =/ V(rma) —2iU, U=Uv® ve v yvo ve)
;.  AVET) d d dV(r)
P N K - -
% 1 f(r) P {f(r) P { [f(r) e L

P v+ LT+
V(Im™y ~ Vo4 ViL7% + ..

g # 0 = two sets of solutions:

w4 (black-hole family) & w. (cosmological-horizon family)

For a fixed q, |Re{w }| < |[Re{w} & |[Tm{ws }H < |[Tm{w,}|
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Reissner-Nordstrom de Sitter black hole

| O e A=0 ( V2 _1_) ] Schwarzschild modes (I) & de Sitter modes (I1): |
| 3437 243 |
; — 1 (I.7) photon-sphere modes: beneath line M = Q, approaching NU :
E 0.25F E (3 3) 1 large IJm{w}, Re{w} ~ O(0.01) for Q < 0.1 |
5 Im{wps} ~ —i (n + —) ky onNU |
| 0.204 1 2 |
| EemAlAds, Si3 ] (I.ii) near-extremal modes: branch OU (r_ ~ r,) |
o 0~15:- 1 wNe = —i(f+n+ 1)k =—i(l+n+ kg ;
| _ Charged Nariai (dS, x $?) (II) dS modes: along branch OU (k; ~ 1/Lgs) |
| 0108 LA ] Was,_y = —ilkc , Wi, & —i(0+ 1+ 1)k ; |
| 0.05} ] |
| 0.00L O (0, 0) 4 AN (1,0 ] |
: [ Schwarzschild dS (3 V3 ) |
| 01 00 o1 o0z 03 04 : |
i M Q 2, |
: B o 14+ - (M“A) + |
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Anomalous decay rates for massive, charged scalar fields in charged de Sitter black holes

e.g. for the Nariai case (M, Q) = (L\/ﬁ 0) :

001141 ——————— T

0.01141

Recall: i T = |Im{w}| | & €1 = |Im{w}| 1

T T

L — i.e. only for p > e is |[Im{we=10}| < [Im{we=30}|

0.01141 |

~Im|w]

0.01141 |
0.01141 |

0.01141 |

0.01141Ff

0.0 0.5 1.0 1.5 2.0 25 3.0

anomalous decay precedes “critical mass” - intersection
higher multipoles decaying slower than lower multipoles
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Anomalous decay rates for massive, charged scalar fields in charged de Sitter black holes

e.g. for M= Q = 0.104,

Increasing the charge from q = 0 to g = 0.1 displaces the intersection
— Uerir can only be found in the pM > qQ regime.

i |
] |
i |
] |
g |
: 0.8730 . . . . . 0.8730 : : : T |
| —_—=1 ] |
| ) |
| 0.8725 0.8725 - — £=10] |
| o F g |
; f=20 |
| 1 |
| —_— 08720} — 08720 —_— =30 ] |
3 3 - '
| — = 1 |
' : : B

| — | — I ] |
| I oanst I 048715 4 |
] I R 1 |
| r \J\ |
] L - 4 |
g 0.8710 0.8710 - |
| i i T |
i I ] |
: Uu?us [ 1 T ] I R | 1 [N T | i Lo " I ) P " UHTUS L i I R ) UM T T | T B T T Ty [N U W US| TSI TN U | PR Tt i ] :
| 0.0 . ] K 2. 2.5 3. 0.0 05 1.0 15 2.0 25 3.0 |
] |
| H H |
g i
] |
i |
] |
] |
i |
] |
i |
i |
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Strong Cosmic Censorship (SCC) in RNdS

For our purposes: SCC requires that the metric (-7 g), as a well-defined solution to the
vacuum Einstein field equations, cannot be extended past the Cauchy horizon (%)
Theorem A.5 (Maximal future Cauchy development). Ler X be a three-dimensional C™

manifold, let h,, be a smooth Riemannian metric on %, and let Ky, be a smooth symmetric
tensor field on X. Suppose that the initial data (X, hgyp,Kap) satisfies the vacuum constraint

equations,
0=D,K?, —D,K?, , (A.6)
1
0= (<3>R (k% P K(,,,K“”) , (A7)

] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
| |
: where D, is the derivative operator associated with the metric h,,. Then there exists a unique |
é C*° space-time (M, gq,) known as the maximal future Cauchy development of (2, hap, Kap) :
| that satisfies the following properties: |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |

(1) (M, gap) is a solution to the Einstein field equations.

(ii) (M, gap) is globally hyperbolic'® with a Cauchy surface'' 3.

(iii) hqy and Ky, are the induced metric and extrinsic curvature, respectively, of X..

(iv) A space-time (M, g, ) satisfying properties (i) — (iii) can be mapped isometrically into
a subset of (M, ga). To elaborate, suppose (X, hap, Kap) and (X', h), . K!,) are initial data
sets with maximal developments (M, gq») and (M',g!,), respectively. Suppose also that
there is a diffeomorphism between S C ¥ and S’ C ¥/ that carries (hay,Kap) on S into
(h!,.K!,) on S'. Then D(S) in (M,ga) is isometric to D(S") in (M’,gl,). Finally, the
solution g, on M depends continuously on the initial data (hay,Ka,) on 3.

/
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Strong Cosmic Censorship (SCC) in RNdS

For our purposes: SCC requires that the metric (-7 g), as a well-defined solution to the
vacuum Einstein field equations, cannot be extended past the Cauchy horizon (%)

Theorem A.5 (Maximal future Cauchy development). Ler X be a three-dimensional C™
manifold, let h,, be a smooth Riemannian metric on %, and let Ky, be a smooth symmetric
tensor field on X. Suppose that the initial data (X, hgyp,Kap) satisfies the vacuum constraint
equations, [[A set N is said to be globally hyperbolic if for any two points p,g € N, Jt(p) N J(q) is
0=D.K" —D K" compact and contained in N'. In other words, J¥(p)N.J~(g) does not contain any points on the edge

— b at™ p s Pagbe atipeca S  pan szcpan T secag s s iasc g oo s R g o Peype

of space-time i.e. at spatial infinity or at a singularity [ho].
*xx A Cauchy surface ¥ in M, gap) is a surface that is intersected exactly once by every inextendible

1 2
0= 5 ((3)R + (Kuu)- — KabKab) s null and time-like curve in (M, gq) [3].

] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
| |
: where D, is the derivative operator associated with the metric h,,. Then there exists a unique |
é C*° space-time (M, gq,) known as the maximal future Cauchy development of (2, hap, Kap) :
| that satisfies the following properties: |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |
] |

(1) (M, gap) is a solution to the Einstein field equations.

(ii) (M, gap) is globally hyperbolic'® with a Cauchy surface'' 3.

(iii) hqy and Ky, are the induced metric and extrinsic curvature, respectively, of X..

(iv) A space-time (M, g/,
a subset of (M, ga). To elaborate, suppose (X, hap, Kap) and (X', h), . K!,) are initial data
sets with maximal developments (M, gq») and (M',g!,), respectively. Suppose also that
there is a diffeomorphism between S C ¥ and S’ C ¥/ that carries (hay,Kap) on S into
(h!,.K!,) on S'. Then D(S) in (M,ga) is isometric to D(S") in (M’,gl,). Finally, the
solution g, on M depends continuously on the initial data (hay,Ka,) on 3.

) satisfying properties (i) — (iii) can be mapped isometrically into
/ /
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Strong Cosmic Censorship (SCC) in RNdS

Definition A.3 (Weak partial derivative) Let us suppose that u and v are locally

1

summable on the Lebesque space L' (i.e. uw,v € L} (U)). Suppose also that a is a

loc
multi-index such that a = (ay,...,a,) and |a| = ay + ... + a,. Then we can say that
v is the a'M-weak partial derivative of u,
D=9 (A.2)
provided that for all test functions ¢ € C2*(U),

The “strong” solution to a (partial) differential equation is expected to be smooth,
and to hold point-wise for every point in U. The “weak” solution, on the other hand.
satisfies the equation without meeting the same strict criteria (e.g. the solution can
only be integrable rather than continuously differentiable). In this way, we generalise
or broaden the class of functions that can serve as solutions to the equation.

It becomes useful to define a space in which these weak (partial) derivatives are

well-defined. This is the “Sobolev” space [57]:

: / dz uD%p = (-1)!° / dz vy . (A.3) :
i 8§ JU |
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Strong Cosmic Censorship (SCC) in RNdS

Definition A.4 (Sobolev space) Let us consider the open set U C R", the Sobolev
space WFP(U) then consists of all locally summable functions u: U — R such that
for each multi-index || < k, the weak derivative Du exists and belongs to the space
LP(U) for a firted1 <p<oc andk € Z™.

Upon introducing the norm to W#»(U),

||U‘|]“”"'"((.“') = Z ||D“u‘“1_p((f} ’ (‘)\4)

|a|<k

and W*P(U) becomes complete and Eq. (A.4) represents a Banach space. If we
impose p = 2, k € Ny, and U = R",

H*(U) = WR3(U) ; (A.5)

H*(U) is then a Hilbert space as well as a Banach space, and H°(U) = L?*(U).
Throughout this note, we discuss functions belonging to the space H ,10(7,((;"). This
implies that both the function and its first weak derivatives are square-integrable (i.e.
they are in L?(U)). The subscript loc conveys that the function need not be globally
regular, but retains local regularity properties.

The Sobolev space is ideal for defining (less regular) functions and their weak
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Strong Cosmic Censorship (SCC) in RNdS

For a scalar field, one finds near the Cauchy horizon
61"(1) ~ |V|VB_15

where V is a Kruskal-like coordinate that vanishes on the Cauchy horizon. The field belongs to the Sobolev

space Hlloc (i.e. has finite energy) provided
o [10v®2dV < .

Substituting the above behavior gives

/ |V[#-24v.
This integral converges only if
286—-2> -1,
which implies
1
B
p 2

Therefore:

o If B < 1/2:the energy diverges at the Cauchy horizon, and SCC is respected.
e If 8 > 1/2: the energy remains finite, and weak solutions may be extended beyond the Cauchy horizon.

So the 1/2 is not the blueshift factor itself. The blueshift is governed by K_. The 1/2 arises when you ask
whether the blueshifted perturbation remains square i~tegrable, i.e. whether it lies in Hl})c' Itis

fundamentally a consequence of the convergence coi.~.cion
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nature astronomy

Perspective Published: 08 January 2019
The many definitions of ablack hole

Erik Curiel. Nat Astron 3, 27-34 (2019)

Although black holes are objects of central imortance across many fields of physics, there

no agreed upon definition for them, a fact that does not seem to be widely recognized.
Physicists in different fields conceive of and reason about them in radically different, and

often conflicting, ways. All those ways, however, seem sound in the relevant contexts. After
\’


https://science.nasa.gov/universe/black-holes/supermassive-black-holes/new-nasa-black-hole-visualization-takes-viewers-beyond-the-brink/

