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Motivations
► Light-cone distribution amplitudes (LCDAs) : 

Universal key ingredient to parameterize non-perturbative dynamics in exclusive B decays ! 

►  Describe long-distance dynamics at large recoil for exclusive decays (QCDF, LCSRs) : 

‒ Soft momentum distribution for light quark and gluons inside the B-meson along a single 

       light-cone direction ( ), b quark described via HQET 

‒ Studied extensively over the past decades and classified using twist counting 

→

nμ
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        ∼ ∫

dω
2π

eiωz⟨0 |q(zn) Γ hv(0) | B̄(v)⟩

Two-particle LCDAs : ϕB
+(ω; μ), ϕB

−

(  for gauge invariance! )q(z1n) → q(z1n)[z1n,0], Gμν(z2n) → [0,z2n]Gμν(z2n)[z2n,0]

→
[Grozin, Neubert 97], [Beneke, Feldman 01], [Lange, Neubert,03],…
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Why/When do we need a generalization to multi-light-cone functions ?  

  In various processes involving multiple energetic directions !→
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► (QED) Two-particle DLCDAs : 

‒ QED corrections to  

‒ QED factorization of non-leptonic  decays   

‒ QED corrections to  

Bq → μ+μ−

B → M1M2

B̄ → μ−νμ

[Beneke, Böer, et al. 20, 22]

[Cornella, Ferré, et al. 26]

[Beneke, Bobeth, et al. 19]

Why/When do we need a generalization to multi-light-cone functions ?  

  In various processes involving multiple energetic directions !→
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► (QED) Two-particle DLCDAs : 

‒ QED corrections to  

‒ QED factorization of non-leptonic  decays   

‒ QED corrections to  

Bq → μ+μ−

B → M1M2

B̄ → μ−νμ

► (QCD) Three-particle DLCDAs : 

‒ Charm loop contributions in rare  decays,… 

‒ …, and  ! 

‒ Subleading shape function in inclusive  and  

‒ Soft-gluon contribution to  and   

‒ Non-factorizable contribution to rare   

Bd,s → γγ

B → K (∗)ℓ−ℓ+

B̄ → Xsγ B̄ → Xsℓ+ℓ−

B̄0
s → D+

s π− B̄0 → D+K−

Λb → Λℓ+ℓ−

[Beneke, Böer, et al. 20, 22]

[Cornella, Ferré, et al. 26]

[Beneke, Bobeth, et al. 19]

[Qin, Shen, et al. 23]

[To be done !!!!]

[Piscopo, Rusov 23]

[Feldmann, Gubernari 24]

[Bartocci , Böer, et al. 24]

Why/When do we need a generalization to multi-light-cone functions ?  

  In various processes involving multiple energetic directions !→
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► (QCD) Four- and five-particle DLCDAs : 

‒ Weak annihilation amplitudes 

[Qin, Shen, et al. 23]
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This talk !

Why/When do we need a generalization to multi-light-cone functions ?  

  In various processes involving multiple energetic directions !→

► (QED) Two-particle DLCDAs : 

‒ QED corrections to  

‒ QED factorization of non-leptonic  decays   

‒ QED corrections to  

Bq → μ+μ−

B → M1M2

B̄ → μ−νμ
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The plan : discovering those new DAs ! 

3

Goal : Systematic study of three-particle  DLCDAs 

►Classification of the three-particle DLCDAs 

►Models and constraints  

►Radiative tail implementation 

B

n

vhv

q

n̄

G



Max Ferré (they/them)                          09.07.2026B-meson Di-Light-Cone Distribution Amplitudes

Classification
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⟨0 |q(z1n)[z1n,0] [0,z2n̄] gGμν(z2n̄) [z2n̄,0] Γ hv(0) | B̄(v)⟩

► Three-particle B-meson DLCDAs parameterises the trilocal hadronic matrix elements :

► Effective heavy-quark  static color source with velocity  

► The spectator quark and the gluon are displaced along two opposite light-cone 

directions by  and  

►Non-local fields are dressed with (implicit) gauge-link factor  gauge invariance 

►  spans the basis of Dirac matrices  defines linear combinaisons of DLCDAs 

→ vμ

z1 z2

→

Γ →

Definition
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►DLCDAs basis :  derived from the general decomposition the matrix elements for  

 and imposing the Chilshom identity  

► Like the single light-cone case , we find a basis of 8 independent DLCDAs :

Γ = γ5γρσαβ [Geyder,Witzel, 05]

 [Braun, Ji, et al. 17]



09.07.2026B-meson Di-Light-Cone Distribution AmplitudesMax Ferré (they/them)                          

                      
        

Parameterization of the DLCDAs

5

⟨0 | q̄(z1n) gGμν(z2n̄) Γhv(0) | B̄(v)⟩ =

+
1
2

mBFB(μ) Tr{γ5ΓP+[(nμγν − nνγμ) Yx + (n̄μγν − n̄νγμ) Yy

+i ϵμναβ nαγβγ5 Ỹx + i ϵμναβ n̄αγβγ5 Ỹy

+(nμγν − nνγμ) /n Zx + (n̄μγν − n̄νγμ) /̄n Zy

−i ϵμναβ nαn̄βγ5 X̃ xy − (nμn̄ν − nνn̄μ) /n Wxy]}(z1, z2; μ) ,

P+ :=
1 + /v

2

►DLCDAs basis :  derived from the general decomposition the matrix elements for  

 and imposing the Chilshom identity  

► Like the single light-cone case , we find a basis of 8 independent DLCDAs :

Γ = γ5γρσαβ

 [Braun, Ji, et al. 17]

[Geyder,Witzel, 05]
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► This analysis can be generalized for two arbitrary light-cone vector  

 27 independent generalised DLCDAs  (still holds for ) 

xμ, yμ

→ Φi(v ⋅ x, v ⋅ y, x ⋅ y) x2, y2 ≠ 0

►DLCDAs basis :  derived from the general decomposition the matrix elements for  

 and imposing the Chilshom identity  

► Like the single light-cone case , we find a basis of 8 independent DLCDAs :

Γ = γ5γρσαβ

 [Braun, Ji, et al. 17]

                      

                      

[Geyder,Witzel, 05]
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►One can construct DLCDAs of definite (anti)-collinear twist  

 classification following the SCET power-counting rules 

► Light-quark have leading and subleading projections 

→

Twist counting 

6

 [Braun, Ji, et al. 17]



09.07.2026B-meson Di-Light-Cone Distribution AmplitudesMax Ferré (they/them)                          
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→

Twist counting 

6

 [Braun, Ji, et al. 17]

τ = d − s s : Spin projection on the light-cone
d : Dimension

                      
        

τq̄ = 1

q̄(z1n)
/̄n /n
4

q̄(z1n)
/n /̄n
4

τq̄ = 2
hv(0)

 (convention)τh = 1
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τG = 1

n̄μGμν⊥
(z2n̄) nμGμν⊥

(z2n̄)n̄μnνGμν(z2n̄) , Gμ⊥ν⊥
(z2n̄)

τG = 2 τG = 3

                      
        

►One can construct DLCDAs of definite (anti)-collinear twist  

 classification following the SCET power-counting rules 

► Light-quark have leading and subleading projections 

→

Twist counting 

6

 [Braun, Ji, et al. 17]

τ = d − s s : Spin projection on the light-cone
d : Dimension

                      
        

► Similar for the gluon field-strenght tensor  

τq̄ = 1

q̄(z1n)
/̄n /n
4

q̄(z1n)
/n /̄n
4

τq̄ = 2
hv(0)

 (convention)τh = 1
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2mBFB(μ) Φ(nn̄)
3 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄ν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩

                      
        

                      
        

►One can construct DLCDAs of definite (anti)-collinear twist  

 classification following the SCET power-counting rules 

► Light-quark have leading and subleading projections 

→

Twist counting 

6

 [Braun, Ji, et al. 17]

τ = d − s s : Spin projection on the light-cone

► Similar for the gluon field-strenght tensor  

d : Dimension

► At twist three, we find a single operator

Φ(nn̄)
3 = 2(Yx − Ỹx)

τq̄ = 1

q̄(z1n)
/̄n /n
4

q̄(z1n)
/n /̄n
4

τq̄ = 2
hv(0)

 (convention)τh = 1

                      
        

τG = 1

n̄μGμν⊥
(z2n̄) nμGμν⊥

(z2n̄)n̄μnνGμν(z2n̄) , Gμ⊥ν⊥
(z2n̄)

τG = 2 τG = 3
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Twist counting 

7

► Followed by 3 twist four operators

2mBFB(μ) Φ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /̄n n̄ν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνgGμν(z2n̄) γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ̃ (nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνig G̃ μν(z2n̄) hv(0) | B̄(v)⟩,
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► 3 twist five operators

► Followed by 3 twist four operators

2mBFB(μ) Φ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /̄n n̄ν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνgGμν(z2n̄) γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ̃ (nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνig G̃ μν(z2n̄) hv(0) | B̄(v)⟩,

2mBFB(μ) Φ(nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n nν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ(nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνgGμν(z2n̄) γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ̃ (nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνig G̃ μν(z2n̄) hv(0) | B̄(v)⟩,
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2mBFB(μ) Φ(nn̄)
6 (z1, z2; μ) = ⟨0 | q̄(z1n) /̄n nν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Φ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /̄n n̄ν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ(nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνgGμν(z2n̄) γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ̃ (nn̄)
4 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνig G̃ μν(z2n̄) hv(0) | B̄(v)⟩,

2mBFB(μ) Φ(nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n nν gGμ⊥ν(z2n̄) γμ

⊥γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ(nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνgGμν(z2n̄) γ5 hv(0) | B̄(v)⟩,

2mBFB(μ) Ψ̃ (nn̄)
5 (z1, z2; μ) = ⟨0 | q̄(z1n) /n n̄μnνig G̃ μν(z2n̄) hv(0) | B̄(v)⟩,

► And a single twist six operator 

                      
        

                      
        

► 3 twist five operators

► Followed by 3 twist four operators

                      
        



09.07.2026B-meson Di-Light-Cone Distribution AmplitudesMax Ferré (they/them)                          

                      
        

Twist counting 

7
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► And a single twist six operator 
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 [Lee, Neubert 05]

►We assume positive support for the DLCDAs :  

 In factorization theorems, negative values of light-cone momentum can be 

avoided once convoluted with the hard-scattering kernel   

(see the one-loop RGE study                                   )  

►We neglect radiative corrections, spoiling the consistent normalisation of 

the DLCDAs (radiative tail                          )  

 « Tree-level » models  (*see later) 

► We omit contribution from four-particle DLCDAs 

→

→

 [Lee, Neubert 05]

 [Bartocci, Böer, et al.  24]

Phenomenological models
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► Defining the Fourier transform,  

    we model the DLCDAs by a factorized ansatz : 

► We introduce a class of exponential models with a polynomial prefactor:

9

f (nn̄)(ω1, ω̄2) = N[F] φ[ f ]
1 (ω1) φ[ f ]

2 (ω̄2) F ∈ {Φ3, …, Φ6}, f ∈ {ϕ3, …, ϕ6}

F(nn̄)(z1, z2) := ∫
∞

0
dω1 ∫

∞

0
dω̄2 e−iω1z1−iω̄2z2 f (nn̄)(ω1, ω̄2)

Phenomenological models
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f (nn̄)(ω1, ω̄2) = N[F] φ[ f ]
1 (ω1) φ[ f ]

2 (ω̄2)

φ[ f ]
1 (ω1) =

1
k! ( ω1

ω0 )
k

e− ω1
ω0

ω0

1 + b[ f ] ω1/ω0

1 + (1 + k) b[ f ]
θ(ω1)

φ[ f ]
2 (ω̄2) =

1
k̄! ( ω̄2

ω̄0 )
k̄

e− ω̄2
ω̄0

ω̄0

1 + c[ f ] ω̄2 /ω̄0

1 + (1 + k̄) c[ f ]
θ(ω̄2)
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0
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0
dω1 ∫

∞

0
dω̄2 e−iω1z1−iω̄2z2 f (nn̄)(ω1, ω̄2)

Two distinct reference 

scales  and  
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Phenomenological models
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► The local limit  defines the normalisation of the DLCDAs  

► Expressing the gluon field-strength tensor as       

    Local limit related to matrix elements with two covariant derivatives  

z1, z2 → 0

igGμν := [iDν, iDμ]

→

10

Normalisation constraints f (nn̄)(ω1, ω̄2) = N[F] φ[ f ]
1 (ω1) φ[ f ]

2 (ω̄2)

N[F] = ∫
∞

0
dω1 ∫

∞

0
dω̄2 f (nn̄)(ω1, ω̄2) = F(nn̄)(0,0)

 [Grozin, Neubert 97],[Braun, Ji, et al. 17]
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2 (ω̄2)

N[F] = ∫
∞

0
dω1 ∫

∞

0
dω̄2 f (nn̄)(ω1, ω̄2) = F(nn̄)(0,0)

 [Grozin, Neubert 97],[Braun, Ji, et al. 17]

⟨0 | q̄ [iDν, iDμ] Γ hv | B̄(v)⟩ = −
i
6

mBFB(μ) Tr{γ5ΓP+[i λ2
Hσμν + (λ2

H − λ2
E)(vμγν − vνγμ)]}

► The local limit  defines the normalisation of the DLCDAs  

► Expressing the gluon field-strength tensor as       

    Local limit related to matrix elements with two covariant derivatives  

z1, z2 → 0

igGμν := [iDν, iDμ]

→
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Normalisation constraints f (nn̄)(ω1, ω̄2) = N[F] φ[ f ]
1 (ω1) φ[ f ]

2 (ω̄2)

► The local limit  defines the normalisation of the DLCDAs  

► Expressing the gluon field-strength tensor as       

    Local limit related to matrix elements with two covariant derivatives  

z1, z2 → 0

igGμν := [iDν, iDμ]

→

N[F] = ∫
∞

0
dω1 ∫

∞

0
dω̄2 f (nn̄)(ω1, ω̄2) = F(nn̄)(0,0)

⟨0 | q̄ [iDν, iDμ] Γ hv | B̄(v)⟩ = −
i
6

mBFB(μ) Tr{γ5ΓP+[i λ2
Hσμν + (λ2

H − λ2
E)(vμγν − vνγμ)]}

►  completely parameterized by  and  !N[F] λ2
E λ2

H

NΦ3
=

1
3

(λ2
E + λ2

H), NΦ4
=

1
3

(λ2
E − λ2

H), …

 [Grozin, Neubert 97],[Braun, Ji, et al. 17]
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► The powers  and  are chosen to reproduce the  limit   

► Restricting ourselves to the positive support 

limit is dictated by the conformal spin of the fields !

k k̄ ω1, ω̄2 → 0

→

                      
        

11

Low momentum limit 

 [Braun, Filyanov 90], [Bartocci, Böer, et al.  24]

j =
d + s

2

φ[ f ]
1 (ω1) =

1
k! ( ω1

ω0 )
k

e− ω1
ω0

ω0

1 + b[ f ] ω1/ω0

1 + (1 + k) b[ f ]
θ(ω1)
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        j =

d + s
2

jG =
3
2

n̄μGμν⊥
(z2n̄) nμGμν⊥

(z2n̄)n̄μnνGμν(z2n̄) , Gμ⊥ν⊥
(z2n̄)q̄(z1n)

/̄n /n
4q̄(z1n)

/n /̄n
4

jG = 1 jG =
1
2jq̄ = 1                       

φ[ f ]
1 (ω1) =

1
k! ( ω1
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e− ω1
ω0

ω0
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θ(ω1)
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Low momentum limit 

 [Braun, Filyanov 90], [Bartocci, Böer, et al.  24]

                      
        j =

d + s
2

jG =
3
2

n̄μGμν⊥
(z2n̄) nμGμν⊥

(z2n̄)n̄μnνGμν(z2n̄) , Gμ⊥ν⊥
(z2n̄)q̄(z1n)

/̄n /n
4q̄(z1n)

/n /̄n
4

jG = 1 jG =
1
2jq̄ = 1

► For our twist definite basis of DLCDAs, we find 

                      

(k, k̄)
                      
        

ϕ3 ϕ4 ψ4, ψ̃ 4 ϕ6ϕ5 ψ5, ψ̃ 5

(1, 2) (0, 2) (1, 1) (1, 0) (0, 1) (0, 0)
ϕi ∼ ω2jq−1

1 ω̄2
2jG−1

φ[ f ]
1 (ω1) =

1
k! ( ω1

ω0 )
k

e− ω1
ω0

ω0

1 + b[ f ] ω1/ω0

1 + (1 + k) b[ f ]
θ(ω1)

► The powers  and  are chosen to reproduce the  limit   

► Restricting ourselves to the positive support 

Limit dictated by the conformal spin of the fields !

k k̄ ω1, ω̄2 → 0
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►  and  encode polynomial deviations from the exponential model 

► The moments of the DLCDAs 

depend on those shape parameters,  and the reference scales  and  ! 

Our model parameters are not independent and follow EOMs constrains!

b[ f ] c[ f ]

NF ω0 ω̄0

→

                      
        

12

Shape parameters φ[ f ]
1 (ω1) =

1
k! ( ω1

ω0 )
k

e− ω1
ω0

ω0

1 + b[ f ] ω1/ω0

1 + (1 + k) b[ f ]
θ(ω1)

⟨ωm
1 ω̄n

2⟩[F] := ∫
∞

0
dω1 ∫

∞

0
dω̄2 ωm

1 ω̄n
2 f (nn̄)(ω1, ω̄2)

⟨ω1⟩[F] = ω0 N[F]
(1 + k)(1 + (2 + k) b[ f ])

1 + (1 + k) b[ f ]
, ⟨ω̄2⟩[F] = ω̄0 N[F]

(1 + k̄)(1 + (2 + k̄) c[ f ])
1 + (1 + k̄) c[ f ]
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13

First moments constraints

2iFB ⟨ω1⟩[F] = ⟨0 q̄ iDρ [ iDν, iDμ ] Γμν
F hv B̄(v)⟩ nρ

2iFB ⟨ω̄2⟩[F] = ⟨0 q̄ [[ iDρ, iDν ], iDμ] Γμν
F hv B̄(v)⟩ n̄μ

[[iDρ, iDν], iDμ] := − g 𝒟adj
μ Gνρ .

► First moments related to local matrix elements with three covariant derivatives 

      Parameterized by 14 independent structures !→
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2iFB ⟨ω̄2⟩[F] = ⟨0 q̄ [[ iDρ, iDν ], iDμ] Γμν
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► 8 exact constraints from the quark EOMs  depend on  , , → Λ̄ = mB − mb λ2
E λ2

H

► First moments related to local matrix elements with three covariant derivatives 

      Parameterized by 14 independent structures !→

First moments constraints [[iDρ, iDν], iDμ] := − g 𝒟adj
μ Gνρ .

⟨0 | q̄ i /D iDν iDμ Γ hv | B̄(v)⟩ = 0

⟨0 | q̄ iDν iDρ i(v ⋅ D) Γ hv | B̄(v)⟩ = Λ̄ ⟨0 | q̄ iDρ iDν Γ hv | B̄(v)⟩
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► 8 exact constraints from the quark EOMs  depend on  , , → Λ̄ = mB − mb λ2
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► 2 more approximate contraints from gluon EOM 

⟨0 | q̄ i /D iDν iDμ Γ hv | B̄(v)⟩ = 0

⟨0 | q̄ iDν iDρ i(v ⋅ D) Γ hv | B̄(v)⟩ = Λ̄ ⟨0 | q̄ iDρ iDν Γ hv | B̄(v)⟩

i𝒟adj
μ Gμρ ≈ 0

All first moments parameterized by  and  !!!→ ⟨ω1⟩[ϕ3],[ϕ4],[ψ4],[ϕ5] Λ̄, λ2
E, λ2

H

First moments constraints [[iDρ, iDν], iDμ] := − g 𝒟adj
μ Gνρ .

► First moments related to local matrix elements with three covariant derivatives 

      Parameterized by 14 independent structures !→
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Illustration for ϕ3

φϕ3
1 (ω1) =

ω1

ω2
0

e− ω1
ω0

1 + bϕ3
ω1/ω0

1 + 2 bϕ3

θ(ω1) φϕ3
2 (ω̄2) =

1
2

ω̄2
2

ω̄3
0

e− ω̄2
ω̄0

1 + cϕ3
ω̄2 /ω̄0

1 + 3 cϕ3

θ(ω̄2)

                      ϕ(nn̄)
3 (ω1, ω̄2) = Nϕ3

φϕ3
1 (ω1) φϕ3

2 (ω̄2)
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Radiative tails of ϕ3
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d
d ln μ

Φ3(z1, z2; μ) = ∫
1+

0
dt G1(t, z1; μ) Φ3(tz1, z2; μ) + ∫

1+

0
dt G2(t, z2; μ) Φ3(z1, tz2; μ)

+g3(z1, z2; μ) Φ3(z1, z2; μ)

[Beneke , Böer  to appear]

[Huang , Ji, et al. 23],[Bartocci , Böer, et al. 24]► The RGE of  is know at one-loop in momentum-space  

     and can be translated in position space 

Φ3

One-loop RGE for Φ3
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One-loop RGE for Φ3

d
d ln μ

Φ3(z1, z2; μ) = ∫
1+

0
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1+

0
dt G2(t, z2; μ) Φ3(z1, tz2; μ)

+g3(z1, z2; μ) Φ3(z1, z2; μ)

G1(t, z1; μ) = −
αsCF

π
ΓLN(t, z1; μ) G2(t, z2; μ) = −

αsCA

π
t ΓLN(t, z2; μ)

[Beneke , Böer  to appear]
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 Independent Lange-Neubert evolution for quark and gluon part !→

[Huang , Ji, et al. 23],[Bartocci , Böer, et al. 24]► The RGE of  is know at one-loop in momentum-space  

     and can be translated in position space 

Φ3

One-loop RGE for Φ3
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► (Partonic) final-state interactions generate (perturbatively) an imaginary part ! 

► We set , reflected by assuming  in momentum space ! 

 Reduces RGE, preserving the « tree-level »  factorized form 

 

θ(z1) θ(z2) = 1 ω1, ω2 ≥ 0

→
ϕ(nn̄)

3 (ω1, ω̄2) = Nϕ3
φϕ3

1 (ω1) φϕ3
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► This RGE can be solved iteratively : 

►Tree-level solution (discussed previously) with   finite  
    well-defined positive moments ! 

►One-loop correction given by the RGE:

Φ(0)
3 (0, 0), ∂z1

Φ(0)
3 (0, 0), ∂z2

Φ(0)
3 (0, 0), …

→

                      
        

16

Iterative solution 

Φ3(z1, z2; μ) = Φ(0)
3 (z1, z2) +

αs

4π
Φ(1)

3 (z1, z2; μ) + 𝒪(α2
s )

[Feldmann, Vladimirov 25]

L1 = ln(iz1 ̂μ) L2 = ln(iz2 ̂μ) ̂μ = μ eγE
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Iterative solution 

Φ(1)
3 (z1, z2; μ)

G1

= − CF ((4L1−2 ln
μ

μ1(z1)
+ 2) ln

μ
μ1(z1)

+ c1(z1)) Φ(0)
3 (z1, z2)

+CF (4 ln
μ

μ1(z1)
+ c2(z1))∫

1

0
dt [ t

1 − t ]
+

Φ(0)
3 (tz1, z2) ,

Φ(1)
3 (z1, z2; μ)

g3

= CA
1 − iπ

2 (4 ln
μ

μ3(z1, z2)
+ c5(z1, z2)) Φ(0)

3 (z1, z2) .

Φ3(z1, z2; μ) = Φ(0)
3 (z1, z2) +

αs

4π
Φ(1)

3 (z1, z2; μ) + 𝒪(α2
s )

►The choice of the integration constants  defines a renormalization scheme for μi, ci Φ(0)
3

                      
        

16

[Feldmann, Vladimirov 25]
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►The short-distance expansion can be obtained from a partonic one-loop matching to local operators 

►  Standard 2-particle LCDAs kernel leading to 

   (on general ground)  

►  Similar expression 

►  : Non-trivial analytic structure only involving the gluon separation   

 (structure of the partonic diagrams)

G1 :

→ μ1(z1) = e−γE /(iz1), c1(z1) =
5π2

12
c2 = cst

G2 :

g3 z2

→μ3(z1, z2) = μ2(z2) → e−γE /(iz2)

                      
        

                      
        

17

Short distance limit 

Φ(1)
3 (z1, z2; μ)

G1

= − CF ((2L1+2) L1+
5π2

12 ) (NΦ3
− iz1 ⟨ω1⟩Φ3

− iz2 ⟨ω̄2⟩Φ3
+ …)

+CF (4L1+c2) ( i
2

z1 ⟨ω1⟩Φ3
+ …)

Φ(1)
3 (z1, z2; μ)

g3

= CA
1 − iπ

2 (4L2+c5) (NΦ3
− iz1 ⟨ω1⟩Φ3

− iz2 ⟨ω̄2⟩Φ3
+ …)

[Feldmann, Vladimirov 25]

[Kawamura, Tanak 09], [Feldmann, Lüghausen 23]

L1 = ln(iz1 ̂μ) L2 = ln(iz2 ̂μ) ̂μ = μ eγE
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►To interpolate the short distance limit with a generic hadronic model for finite  , we 
modify the value of the integration constants  

New auxiliary scale  introduced to adjust to the shape of   for large value of  

►This choice preserves the analytic properties of the DLCDAs in position space but remains 

somewhat arbitrary and part of the modelling   numerical dependence on  

►For finite , the short distance expansion is modified :

z1, z2
μi, ci

→ μF Φ0
3 |z1 | , |z2 |

→ μF

μF

̂μ1(z1) =
1 + i ̂μFz1

iz1
, c2(z1) =

c2

1 + i ̂μFz1
, ̂μ = μeγE

18

Interpolation 

                      
        

NΦ3
(μF) = NΦ3

(0)

⟨ω1⟩Φ3
(μF) = ⟨ω1⟩Φ3

(0) +
αsCF

2π
̂μF NΦ3

(0) + …

⟨ω̄2⟩Φ3
(μF) = ⟨ω̄2⟩Φ3

(0) +
αsCA

2π
(1 + iπ) ̂μF NΦ3

(0) + …

Induces an  shift in the shape parameters → 𝒪(αs) bϕ3
(μF), cϕ3

(μF)

[Feldmann, Vladimirov 25]

                      → ω0 ≠ ω̄0
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(0) + …

Induces an  shift in the shape parameters  !→ 𝒪(αs) bϕ3
(μF), cϕ3

(μF)

[Feldmann, Vladimirov 25]

                      suggests → ω̄0 > ω0

►To interpolate the short distance limit with a generic hadronic model for finite  , we 
modify the value of the integration constants  

New auxiliary scale  introduced to adjust to the shape of   for large value of  

►This choice preserves the analytic properties of the DLCDAs in position space but remains 

somewhat arbitrary and part of the modelling   numerical dependence on  

►For finite , the short distance expansion is modified :
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→ μF Φ0
3 |z1 | , |z2 |

→ μF

μF

̂μ1(z1) =
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c2

1 + i ̂μFz1
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Radiative tails 
►Our result can be translated in momentum space and takes the factorized form 

ϕ3(ω1, ω̄2) = NΦ3 (φ(0)
1 (ω1)+

αs

4π
φ(1)

1 (ω1)+…) (φ(0)
2 (ω̄2)+

αs

4π
φ(1)

2 (ω̄2)+…)
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φ1(ω1)
tail

=
αsCF

4π (4 ln
μ
ω1

+ 2) 1
ω1

+
αsCF

4π (4 ln
μ
ω1

+ 8) 1
ω2

1

⟨ω1⟩Φ3

NΦ3

+ … .

φ2(ω̄2)
tail

=
αsCA

4π (4 ln
μ
ω̄2

+ (2 + 2iπ)) 1
ω̄2

+
αsCA

4π (4 ln
μ

ω̄2
+ ( 22

3
+ 2iπ)) 1

ω̄2
2

⟨ω̄2⟩Φ3

NΦ3

+ …

Radiative tails 
►Our result can be translated in momentum space and takes the factorized form 

ϕ3(ω1, ω̄2) = NΦ3 (φ(0)
1 (ω1)+

αs

4π
φ(1)

1 (ω1)+…) (φ(0)
2 (ω̄2)+

αs

4π
φ(1)

2 (ω̄2)+…)
► For large momenta ,  develops radiative tails in both directions : ω1, ω̄2 ≫ μF ϕ3
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2 (ω̄2)+
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4π
φ(1)

2 (ω̄2)+…)
► For large momenta ,  develops radiative tails in both directions : ω1, ω̄2 ≫ μF ϕ3

                      Complex rescattering phases generated perturbatively!  →
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Radiative tail

Tree-level model  
( )bϕ3

(μF = 0) = 0

One-loop improvement   
( )μF = 1 GeV

μF = 0.7 − 1.4 GeV

►Input values :   and   (for simplicity)ω0 = 0.3 GeV, μ = 1.5 GeV, αs(μ) = 0.3 c2 = 0

Numerical illustration                       ϕ(nn̄)
3 (ω1, ω̄2) = Nϕ3

φϕ3
1 (ω1) φϕ3

2 (ω̄2)
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Radiative tail

Tree-level model  
( )cϕ3

(μF = 0) = 0

One-loop improvement   
( )μF = 1 GeV

μF = 0.7 − 1.4 GeV

►Input values : 

  

and  (for simplicity)

ω̄0 = 0.6 GeV, μ = 1.5 GeV, αs(μ) = 0.3

c4 = c5 = 0

Numerical illustration                       ϕ(nn̄)
3 (ω1, ω̄2) = Nϕ3

φϕ3
1 (ω1) φϕ3

2 (ω̄2)
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► We have initiated a systematic study of three-particle di-light-cone distribution amplitudes 
(DLCDAs) of the B meson in HQET  

 Generalization of conventional LCDAs where the light-antiquark and the gluon are separated 
along two back-to-back light-like directions. 

► B-meson DLCDAs can be expressed in terms of 8 independent distributions that can be 
organized in a basis of definite twist. 

► Using constraints on the moments, we constructed phenomenological models for the 
DLCDAs consistent with their expected low momentum behaviors and parameterized in 
terms of  ,  and two reference scales . 

► For  : radiative tails at large momenta modify this « tree-level » parameterization and  
generate (pertubative) complex rescattering phases  

New source of strong phases in exclusive B-decay observables! 

► First step towards implementing DLCDAs into concrete factorization formulas  will allow us 
to estimate soft gluons attached to charm loops in radiative B decays or energetic quarks in 
non-leptonic two-body decays ! 

→

⟨ω1⟩[ϕ3],[ϕ4],[ψ4],[ϕ5] Λ̄, λ2
E, λ2

H ω0, ω̄0

ϕ3

→

→
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Thanks for listening !


