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Chiral ring of GLSMs

@ The chiral ring of a GLSM is the OPE ring of the half-BPS
operators.

@ If the Higgs branch of the GLSM has target space X, then:

@ For 2D theory defined on X, the BPS operators are of the form

OR = TI’RJ,

the chiral ring is the quantum cohomology of X.
@ For 3D theory defined on ¥ x S!, the BPS-operators are the

Wilson lines [Kapustin, Willett *13]
Wg = TrgPexp <17{ (A dxt — iadl)),
Sl

the chiral ring is the quantum K theory of X [Jockers, Mayr '18].
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@ If the gauge group of the GLSM is G, then the chiral ring is a
quotient of the representation ring of G: R(G) /Iy, where Iy is
determined by the effective superpotential W through the relations

exp (gW) =1, a=1,--- rank(G).

Oq
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@ The index and correlation functions can be computed by
localization method on the Coulomb branch of the A-twisted
theory [Closset, Kim *16].
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@ If the gauge group of the GLSM is G, then the chiral ring is a
quotient of the representation ring of G: R(G)/Ly, where Iy is
determined by the effective superpotential W through the relations

exp (gW) =1, a=1,--- rank(G).

Oq

@ The index and correlation functions can be computed by
localization method on the Coulomb branch of the A-twisted
theory [Closset, Kim *16].

@ In particular, the quantum cohomology/K theory of the flag variety
Fl(ky, ko, - , ks, N) is the chiral ring of the 2D/3D GLSM with
gauge group U(k;) x --- x U(k,). [Donagi, Sharpe
’07],[Gu,Mihalcea,Sharpe,Xu,Zhang,Zou '23]
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e Quantum cohomology and K-theory of flag varieties
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Flag variety

Flag variety: Given a positive integer N and k = (k;,kp,- -+ ,k,) such
that 0 < k; < ky < --- < k, < N, the flag variety Fl(k, N) is defined to be
the set consisting of the flags

Vi CV2C~"CVnC(CN

such that dim(V;) = k; for all i.
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Flag variety

Flag variety: Given a positive integer N and k = (k;,kp,- -+ ,k,) such
that 0 < k; < ky < --- < k, < N, the flag variety Fl(k, N) is defined to be
the set consisting of the flags

Vi CV2C~-'CVnCCN
such that dim(V;) = k; for all i.

Tautological bundles: There is a sequence of vector bundles on
Fl(k,N):
S] CSzC-"CSnCO@N,

the fibre of S; atagivenflagV, c V, C--- C V, is V..
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Schubert varieties: Given a fixed complete flag
F\CF,C---CFy_; C CNand w € Sy with descents in
{ki,kz,--- ,kn}, the Schubert variety 2, is defined to be

X, ={Ve € FI(k; E) | dim(V; N Fp,) > #{t < k; : w(t) > N —p}, Vi, p}.
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Schubert varieties: Given a fixed complete flag
F\CF,C---CFy_; C CNand w € Sy with descents in
{ki,kz,--- ,kn}, the Schubert variety 2, is defined to be

X, ={Ve € FI(k; E) | dim(V; N Fp,) > #{t < k; : w(t) > N —p}, Vi, p}.

The codimension of the Schubert variety is
codim(Xy,) = I(w),
which is the length of w.

Let 2,, denote the cohomology class dual to the Schubert variety &,
then the Schubert classes 2, form a basis of the cohomology ring
H*(Fl(k,N),Z).
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Let FI(N) = FI(1,2,--- ,N — 1,N) denote the complete flag variety. The
cohomology of FI(N) has the following presentation

H*(FI(N)) = Z[xh"' 7xN]/(e]1Vv"‘ 78%)7

where eV = ¢;(x1, -+ ,xy) is the ith elementary symmetric polynomial
in N variables. x; is identified with the Chern class ¢;(S;/S;—1) and the
Schubert class €2, is represented by the Schubert polynomial
Xw(xl, s ,xN_l).
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Let FI(N) = FI(1,2,--- ,N — 1,N) denote the complete flag variety. The
cohomology of FI(N) has the following presentation

H*(FI(N)) = Z[xh"' 7xN]/(e]1Vv"‘ 78%)7

where eV = ¢;(x1, -+ ,xy) is the ith elementary symmetric polynomial
in N variables. x; is identified with the Chern class ¢;(S;/S;—1) and the
Schubert class €2, is represented by the Schubert polynomial

Xw(x17 e ,XN_l).

For general k, 2,, is represented by the Schubert polynomial
X (x1, -+, xy—1) symmetric in {x,,_, 41, - , %} forall 1 <p <I+1.
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Quantum cohomology

Classical cohomology:

0, -0, = Z cr QY

uv w)
weSy

where Cy;, is the intersection number of the Schubert varieties indexed
by u, v, w such that /(u) + I(v) + I[(w) = dim Fl(k, N).
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Quantum cohomology

Classical cohomology:

0, -0, = Z cr QY

uv w)
weSy

where Cy;, is the intersection number of the Schubert varieties indexed
by u, v, w such that /(u) + I(v) + I[(w) = dim Fl(k, N).

The (small) quantum cohomology ring is a deformation of the
classical cohomology ring

Q,xQ, = Z Z qd<Qu7 Q,, Qw>dQv\/va
WESy deH (FI(k,N), )

where (Q,,Q,, Q)4 is the 3-point, genus-zero Gromov-Witten invariant
of degree d.
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Quantum K-theory

The K-theory ring of the flag variety K(Fl(k, N)) is the Grothendieck
group of the coherent sheaves of Fl(k, N).
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Quantum K-theory

The K-theory ring of the flag variety K(Fl(k, N)) is the Grothendieck
group of the coherent sheaves of Fl(k, N).

The set of the structure sheaves of the Schubert varieties

{Ox, = O,|w € Sy(k)} constitute a basis of K(Fl(k,N)). These
Schubert classes are represented by the Grothendieck polynomials
Gy (x1, -+ ,x,) Symmetric in {x,,_, 41, -+, %, } forall 1 <p </+1.

Let (O, -+, Ou,.)a denote the K-theoretic Gromov-Witten invariant.
The quantum K-theory ring is a deformation of the K-theory ring:

(0w 0,0 = > %04, 0,,04)a,
deH,(Fl(k,N),Z)

where the pairing is defined by (0, 0,) = 3", ¢%(Oy, O,)q, i.€. the
2-point correlation function.
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Equivariant quantum cohomology/K-theory

Given the T = (C*)" action on E = CV with weights (z;,--- ,ty), one
can define the equivariant quantum cohomology ring QH;(Fl(k,N))
and the equivariant quantum K-theory ring QK7 (Fl(k,N)).
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can define the equivariant quantum cohomology ring QH;(Fl(k,N))
and the equivariant quantum K-theory ring QK7 (Fl(k,N)).

The representatives of the Schubert classes in the equivariant
cohomology and K-theory rings are given by the double Schubert
polynomials X,,(x,--- ,xy;11,- -+ ,ty) and the double Grothendieck
polynomials G, (x;,- - ,xy;t1,-- - ,ty) respectively.
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Equivariant quantum cohomology/K-theory

Given the T = (C*)" action on E = CV with weights (z;,--- ,ty), one
can define the equivariant quantum cohomology ring QH;(Fl(k,N))
and the equivariant quantum K-theory ring QK7 (Fl(k,N)).

The representatives of the Schubert classes in the equivariant
cohomology and K-theory rings are given by the double Schubert
polynomials X,,(x,--- ,xy;11,- -+ ,ty) and the double Grothendieck
polynomials G, (x;,- - ,xy;t1,-- - ,ty) respectively.

The double Schubert and double Grothendieck polynomials are
special cases of a one-parameter family of polynomials called the
double 3-Grothedieck polynomials G\”, w € Sy [Fomin, Kirillov '93].
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e The integrable model in the Grassmannian case
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Integrable model in the Grassmannian case

The quantum integrable model for the quantum cohomology and

quantum K-theory ring of Grassmannians has R-matrix [Gorbounov, Korff
'14]

1 0 0 0
0 0 10

Rxy) =1y 1+8>yex) yex 0 |’
0 0 0 1

wherexcy = 1+6 , Which satisfies the Yang-Baxter equation

Ri2(x,y)R13(x, 2)R23(y, 2) = Ra3(y, z)R13(x,2)Ria(x,y).
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Integrable model in the Grassmannian case

The quantum integrable model for the quantum cohomology and

quantum K-theory ring of Grassmannians has R-matrix [Gorbounov, Korff
'14]

1 0 0 0
0 0 10
Rxy) =1y 1+8>yex) yex 0 |’
0 0 0 1

wherexcy = 1+6 , Which satisfies the Yang-Baxter equation

Ri2(x,y)R13(x, 2)R23(y, 2) = Ra3(y, z)R13(x,2)Ria(x,y).

The lax operator is defined by

Lir.t) = < octo”+(xot)e ot (1+B(xot)ot >

o~ o ot

with each entry acting on C2.
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For an auxiliary V, = C2, the monodromy matrix acting on V, @ (C?)®V
is

C(x) D(x)
which satisfies the RTT relation

T(x) = < Alx) - B(x) ) — Lan( 1) - Laa (1)L (1),

Ri2(x,9)T1(x)T2(y) = T2(y)T1 (x)Ri2(x, ).
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For an auxiliary V, = C2, the monodromy matrix acting on V, @ (C?)®V
is

o) = () o ) = L)+ L)),

which satisfies the RTT relation
Riz(x,y)T1(x)T2(y) = T2(y)T1 (x)Ri2(x, ).
The transfer matrix is defined by
t(x) = Tr, (diag(1, q)Ta(x)) = A(x) + ¢D(x),
which satisfies the commutation relation

[#(x), 1(y)] = 0.
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Let vo = (1,0)T,v; = (0,1)T and define the pseudo vacuum
|2) =vo ® - - - @ vy, then the Bethe ansatz state

B(x1)B(x2) - - Blo)[2)

is a common eigenstate of #(x) if x;, - - - , x; satisfy the Bethe ansatz
equations

2

k
[T+ [[een) = (=) "q(1 + Bx)", a=1,--- k.

b=1 i=1
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equations

2

k
[T+ [[een) = (=) "q(1 + Bx)", a=1,--- k.

b=1 i=1

B =0: e(xy, - ,x) ~ ci(S) = ring relations of the equivariant
quantum cohomology of the Grassmannian Gr(k,N).
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Let vo = (1,0)T,v; = (0,1)T and define the pseudo vacuum
|2) =vo ® - - - @ vy, then the Bethe ansatz state

B(x1)B(x2) - - Blo)[2)

is a common eigenstate of #(x) if x;, - - - , x; satisfy the Bethe ansatz
equations

2

k
[T+ [[een) = (=) "q(1 + Bx)", a=1,--- k.

b=1 i=1

B =0: e(xy, - ,x) ~ ci(S) = ring relations of the equivariant
quantum cohomology of the Grassmannian Gr(k,N).
B=—1: ej(x1,--- ,x;) ~ ALS = ring relations of the equivariant

quantum K-theory ring of the Grassmannian Gr(k,N).
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@ The expansion coefficients of the Bethe state in the spin basis are
the factorial 5-Grothendieck polynomials (double 5-Grothendieck
polynomials corresponding to permutations with one descent),
which can also be computed by the partition functions of the
corresponding 2D lattice model [Motegi, Sakai '13].
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polynomials corresponding to permutations with one descent),
which can also be computed by the partition functions of the
corresponding 2D lattice model [Motegi, Sakai '13].

@ Integrable systems for the quantum cohomology/K-theory ring of
the cotangent bundles of flag varieties had been constructed, and
the fibre decoupls in certain limits [Givental, Kim *93][Givental, Lee
‘01][Koroteev, Pushkar, Smirnov, Zeitlin '17].
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@ The expansion coefficients of the Bethe state in the spin basis are
the factorial 5-Grothendieck polynomials (double 5-Grothendieck
polynomials corresponding to permutations with one descent),
which can also be computed by the partition functions of the
corresponding 2D lattice model [Motegi, Sakai '13].

@ Integrable systems for the quantum cohomology/K-theory ring of
the cotangent bundles of flag varieties had been constructed, and
the fibre decoupls in certain limits [Givental, Kim *93][Givental, Lee
‘01][Koroteev, Pushkar, Smirnov, Zeitlin '17].

@ Double 5-Grothendieck polynomials can also be obtained from 2D
lattice models [Brubaker, Frechette, Hardt, Tibor, Weber, '20].

@ Question: What is the quantum integrable model for general flag
varieties and general double §-Grothendieck polynomials?
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e The GL(n) asymmetric five-vertex model
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The R-matrix

Let V = C". Under the decomposition V = C @ C"~!, the R-matrix of
the GL(n) asymmetric five-vertex model R™ (x, y) € End(V ® V) can be
defined recursively as

R®)(x,y) =

)
—_ O
-0 O O
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The R-matrix

Let V = C". Under the decomposition V = C @ C"~!, the R-matrix of

the GL(n) asymmetric five-vertex model R™ (x, y) € End(V ® V) can be
defined recursively as

1 0 0 0
0 0 1 0
R —

(x,) 0 1+p(x5y) xoy 0 |’

0 0 0 1
and
1 0 0 0
0 0 I, 0
R — n
D=0 (4 preh e 0 ’
0 0 0 R (x,y)

for n > 2.
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Monodromy matrix

Take the auxiliary space to be V, = C @ C"*~!, and define the
monodromy matrix as

T (u) = R (1, 1) - - R (1, )R (u, 1)

al
A(u) Bi(u) -+ Bu_i(u)
Ci(u)  Du(u) -+ Din-1(u)
Cor(W) Docra(W) - Dyoryr ()

with A(u), Bi(u), Ci(u), Dij(u) actingon H =V, @ V, ® --- @ Vy (V; =2 C").
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Monodromy matrix

Take the auxiliary space to be V, = C @ C"*~!, and define the
monodromy matrix as

T (u) = R (1, 1) - - R (1, )R (u, 1)

AW Biw) - By
_| @ (w)  Du(w) -+ Din-1(u)
Cor(W) Docra(W) - Dyoryr ()

with A(u), Bi(u), Ci(u), Dij(u) actingon H =V, @ V, ® --- @ Vy (V; =2 C").

Pseudo vacuum: |Q©) = vy @ --- ® vo, vo = (1,0,---,0)T.
N
Aw)Q©) = 10O, )| ) H o 1)|Q0).
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Commutation relations and transfer matrix

The RTT relation yields the following commutation relations:

AWBI) = [BOIAC) ~ BIAD).
D) = 3 | BOIDuREE 5| + L B0,
5,0

B(x)Bi(y) = 3 B,(y)B,(x)R" ;" (x, ).
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Commutation relations and transfer matrix

The RTT relation yields the following commutation relations:

AWBI) = [BOIAC) ~ BIAD).
D) = 3 | BOIDuREE 5| + L B0,
5,0

B(x)Bi(y) = 3 B,(y)B,(x)R" ;" (x, ).

Let M = diag(by, by, - - - ,b,—1), and define the transfer matrix
1) () = Try(MT) (u)).

We have [ (u), 1" (v)] = 0.
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e Bethe ansatz equations and the quantum cohomology/K-theory
ring of flag varieties
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Bethe ansatz equations

The eigenvalues and common eigenstates of ) (u) can be solved by

the algebraic Bethe ansatz method for the GL(n) systems [Kulish,
Reshetikhin *83].

Take the Bethe ansatz state to be of the form

= 3wy 02 ol B (o)) Bi(of))IQO),

i1y ik
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Bethe ansatz equations

The eigenvalues and common eigenstates of ) (u) can be solved by

the algebraic Bethe ansatz method for the GL(n) systems [Kulish,
Reshetikhin *83].

Take the Bethe ansatz state to be of the form

1 n
= 3wl R ol (o)) Bilol )00,

i1y ik

where a&i) are parameters to be determined, oy = 1,2, -+ k.
cr,(f) ;éal(f)fora;ébandlgsgn—l.
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Bethe ansatz equations

The eigenvalues and common eigenstates of ) (u) can be solved by
the algebraic Bethe ansatz method for the GL(n) systems [Kulish,
Reshetikhin *83].

Take the Bethe ansatz state to be of the form

= 3wy 02 ol B (o)) Bi(of))IQO),

i1y ik

where aéi) are parameters to be determined, oy = 1,2, -+ k.
U,(f) ;éal(f)fora;ébandlgsgn—l.

’f’z'(ll)ikl are the expansion coefficients of the Bethe state of a GL(n — 1)
system with k; sites:

Q/)i(ll'?'ikl = <i1i2 o 'ik1’¢(1)>7 iS = 1a HRIEY (S L.

Jirui Guo July 1, 2026 22/36



We can continue to reduce the dimension until we get a GL(2) system.
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We can continue to reduce the dimension until we get a GL(2) system.

Eventually, the Bethe ansatz equations read

Bethe ansatz equations

ki N ky

[T+ 8@ e cN [ en) = (-0 'q [[(os? © o)),

a=1 i=1 b=1

km km—1 Kot

[T+ 8@ e o) [T 00" ") = (=1) g [] (0" © &),
a=1 i=1 b=1

kn_1 kn—2

[T +80rDeei=D) [0l o) = (1),

a=1 i=1

wherem=2,--- . n—2, ay=1,--- ks, ¢q5:=bs_1/bs,
s=1,--- ,n—1.
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We can continue to reduce the dimension until we get a GL(2) system.

Eventually, the Bethe ansatz equations read

Bethe ansatz equations

2

ki ky

[0 +86" o)) o) = (1) a [[(0;” 00,

a=1 i=1 b=1

ki kin—1 ki1

[Ta +86M eoim) [T 66" ™") = (—1)~'gn [T (0" € 0&™),

a=1 i=1 b=1
kn—1 kn—2

[T +80rDeei=D) [0l o) = (1),

a=1 i=1

wherem=2,--- . n—2, ay=1,--- ks, ¢q5:=bs_1/bs,
s=1,--- ,n—1.

When3=0(8=-1),0<k,1 <--- <k < k; <N, these equations
reduce to the equations for the Coulomb vacua of the 2D (3D) GLSMs.
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When 8 = 0, The BAE reduces to

km,1 km+l
[L(ef = olr=D) = (=1 gn JL (04" — o)
a=1 y=1
fora=1,--- ,ky,,m=1,2,--- ,n—1, where a,.(o) =t,ko=N,k, =0.
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When 8 = 0, The BAE reduces to

km,1 km+l
[T —ol =) = (=0 q [T (o) = o)
a=1 y=1
fora=1,--- ,ky,,m=1,2,--- ,n—1, where a,.(o) =t,ko=N,k, =0.
afl’"),a =1,---,k,, are roots of the polynomial
km—l ) ) km+1 ) )
Z(_])lka—lflei(o-(mfl)) + (_l)kmfkm-&-lqm Z(_1)/_erm-',-]7jej(0-(7n*Fl))7
j=0

i=0
where ¢;(c(*)) is the ith elementary symmetric polynomial in the

variables a,§S>.

July 1, 2026
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When 8 = 0, The BAE reduces to

m—1 m+l

o O_&m—l)) _ km—lq H (m+1) )

>~

a=1

fora=1,--- k,,m=1,2,--- ,n—l,whereai( ) =t kg =N,k, = 0.

aflm),a =1,---,ky, are roots of the polynomial
km—1 km+1 . .
Z(_l)z kpp—1—1 ( (m— 1)) + (_l)km*km-&-lqm Z(_1)/ka_Hfjej(o,(m+1))7
i=0 j=0

where ¢;(c(*)) is the ith elementary symmetric polynomial in the
variables o).

Assume the other k,,_; — k,, roots are n,g’”),b =1, ,kp_1 — kn, then
Vieta’s formula yields

l

ei(o-(m))el_i(n(m)) — el(o.(mfl)) + (_1)km—l*kmqmek’”l_km_l+l(0,(m+1)).
i=0
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If ei(a(m)) = Ci(sn—m)a €i(77(m)) = ci(Sn—m-H/Sn—m)s then
o(Si) - e(Six1/Si) = c(Six1) + (—D)o—im17h—ig,_ie(Si—1),

fori=1,2,--- ,n— 1, which are the quantum Whitney relations of the
equivariant quantum cohomology ring QH;(Fl(ky—1,- - - , k2, k1, N)).
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If e,-(a(m)) = ¢i(Sp—m), ei(n(’")) = ¢i(Sn—m+1/Sn—m), then
e(S) - ¢(Sit1/Si) = c(Si1) + (—1)oim17hmig, ie(Simy),

fori=1,2,--- ,n— 1, which are the quantum Whitney relations of the
equivariant quantum cohomology ring QH;(Fl(ky—1,- - - , k2, k1, N)).

Similarly, for 5 = 1, if ;(1 — 0", |1 — 0™} = N(S,_n), then
Ay(Si) * Ay(Sig1/8i) =
A (Sier) + R TR (4(Si01) = A(8) # det(Sir1/S)
fori=1,2,--- ,n— 1, which are the quantum Whitney relations of the
equivariant quantum K-theory ring OKr(Fl(k,—1,- - - ,k2,k1,N))
proposed in [Gu, Mihalcea, Sharpe, Xu, Zhang, Zou, 23] and proved in
[Hug-Kuruvilla, '24], where the A-class is defined by

rank(

£)
ME) = D YANE.
i=0
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@ Relationship with the double 5-Grothendieck polynomials
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Double g-Grothendieck polynomials

Define the s-divided difference operator 81.6 acting on Zixy, - -+ , x,] by

(1 + Bxip)f (X1, -+ 5 x0) = (1 + Bxi)f (X1, - -+ Xip1, Xiy -+, Xn)
Xi — Xit1 ’

611‘8f(x17"' ,Xn) =
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Double g-Grothendieck polynomials

Define the s-divided difference operator aﬁ acting on Zixy, - -+ , x,] by

(1 + Bxip)f (X1, -+ 5 x0) = (1 + Bxi)f (X1, - -+ Xip1, Xiy -+, Xn)
Xi — Xit1 ’

611‘8f(x17"' ,Xn) =

If w = wy is the permutation in Sy with maximal length, then

G xy) = [] i+ + Bxiyy),

i+j<N
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Double 5-Grothendieck polynomials

Define the s-divided difference operator aﬁ acting on Zixy, - -+ , x,] by

(1 + Bxip)f (X1, -+ 5 x0) = (1 + Bxi)f (X1, - -+ Xip1, Xiy -+, Xn)
Xi — Xit1 ’

O f (a1 ) =

If w = wy is the permutation in Sy with maximal length, then

G xy) = [] i+ + Bxiyy),

i+j<N
for other w € Sy, gff ) can be defined recursively by
W (k1) = 076 (x:)

if I(ws;) =1(w) — 1.

Jirui Guo July 1, 2026 27/36



Double 5-Grothendieck polynomials

Define the s-divided difference operator aﬁ acting on Zixy, - -+ , x,] by

(1 + Bxip)f (X1, -+ 5 x0) = (1 + Bxi)f (X1, - -+ Xip1, Xiy -+, Xn)
Xi — Xit1 ’

O f (a1 ) =

If w = wy is the permutation in Sy with maximal length, then

G xy) = [] i+ + Bxiyy),

i+j<N
for other w € Sy, gff ) can be defined recursively by
W (esy) = 806 (x;y)
if I(ws;) = I(w) — 1.

In particular, Gl X,, (Schubert polynomial),
Gw ' = G, (Grothendieck polynomial).

Jirui Guo July 1, 2026 27/36
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In the case of complete flag variety, one can show by induction

If 7 € Sy and I(s;w) > (), then

({sim| 4+ B (m|)Bn—-1(01)Bn-2(02) - - - Bix1(0N—i=1)Bi(on—i)Bi—1(ON=i+1)
= (7| By—1(01)By-2(02) - - - Biy1(oN—i—1)Bi—1(on—i)Bi(ON-i+1),

where (w| = (w(0,1,2,--- ,N —1)| for w € Sy.
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In the case of complete flag variety, one can show by induction

If 7 € Sy and I(s;7) > I(), then

({sim| 4+ B (m|)Bn—-1(01)Bn-2(02) - - - Bix1(0N—i=1)Bi(on—i)Bi—1(ON=i+1)
= (7| By—1(01)By-2(02) - - - Biy1(oN—i—1)Bi—1(on—i)Bi(ON-i+1),

where (w| = (w(0,1,2,--- ,N —1)| for w € Sy.

On the other hand, we have the commutation relation

B, (xi)Bp(xi1) = (1 + ,Bxi)Bb(xi)B“(x”;)_xfrbl(xiﬂ)Ba(xi)

= (3 + B)By(x:)Ba(xis1)

fora < b.
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For m € Sy, if I(s;m) > I(m), then

(sim| By—1(01) - - - Bi(on—i)Bi—1(ON—it+1)
= a]?/—i (| By—1(01) - - - Bi(on—i)Bi—1(ON=ix1)-
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For m € Sy, if I(s;m) > I(m), then

(sim| By—1(01) - - - Bi(on—i)Bi—1(ON—it+1)
= a}?[—i (m|By-1(01) - - Bi(on—i)Bi—1(ON—i+1)-

Proof:

((sim| + B (w[)By—1(01) - - - Bi(on—i)Bi—1 (On—it1)
=(m| By-1(01) - Bi—1(on—i)Bi(on—it1)
=(O5_; + B) (7| By—1(01) - Bi(oN—)Bi1 (ON—i11)-
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By_1(01)By—2(02) -+ Bi(oy-1) |29 = Z G B (o; ot) lwyw™)
wESN

where o, = —t;/(1 + t;) and wy is the longest permutation in Sy.
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By_1(01)By_2(02) - - - Bi (on—1) |2©) Z G B (o; ot) lwyw™)
wESN

where o, = —t;/(1 + t;) and wy is the longest permutation in Sy.

Idea of proof: One can compute
<132a e 7k,07k+ 17 te ,N - 1|BN71(0—1) o 'Bl(aNfl) = gl()[i)le(o-a @t) <Q(0)| )
k

where py := 5157 - - - 5, i.€. the theorem holds for wyw=! = p,
k=0,1,--- ,N— L.
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By_1(01)By-2(02) - Bi(on—1) [29) = >~ G\ (a5 08) jwyw ™) ,
weSy

where o, = —t;/(1 + t;) and wy is the longest permutation in Sy.

Idea of proof: One can compute
<132a e 7k,07k+ 17 te ,N - 1|BN71(0—1) o 'Bl(aNfl) = gl()[i)le(o-a @t) <Q(0)| )
k

where py := 5153 - - - 5, i.e. the theorem holds for wyw=! = py,
k=0,1,--- ,N—1.
If we write wyw™! = 7p; for 7 € Sy_1, then one can use Lemma 2 and

the recursive definition of the double 3-Grothendieck polynomials to
complete the proof by induction on the length of .
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Let’s define B
07 =8+,
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Let’s define B
07 =8+,

and for w = s;s, - - - 55, , define

=00 ... =00 ... 90 .

R U(w)’ R ti(w)
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Let’s define )
= + 8,

and for w = s;s, - - - 55, , define

=00 ... a’

i1 i(w)? i1

— 9558 ...

Forany w € Sy_1,

Bw(l)(o'l) ...B

win—1)(ON—1) = 5vﬂv_le_IBJH(Cfl) -

-Bl(O'Nfl)‘

Jirui Guo

July 1, 2026 31/36



From the generalized Cauchy identity [Brubaker, Frechette, Hardt, Tibor,
Weber ’20]
Jxet) = 69 (x;02)0G) (z; 1),

vESN

where ©z; = —z;/(1 + Bz),
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From the generalized Cauchy identity [Brubaker, Frechette, Hardt, Tibor,
Weber ’20]

P (x;0n =Y 6P (x;02)006{) (z; ),

vESN

where ©z; = —z;/(1 + fz), one can show

Form € S, if e)(oy,- -+ ,0,—1) is identified with ¢;(x, - - - ,x,—;) for every
[=1,--- ,n—1,then

WES,—1

= g,g-ﬁ)(xla"' axn—l;etla"' 7etn—l)-

Jirui Guo July 1, 2026 32/36



When ¢/(c”, - o\ ) is identified with e,(x;, - - ,xy_;) for all
i=1,---,N—1landl=1,---,N — i, the Bethe ansatz state has the
following expansion

@) = > w, @D, LB (o) By (o)1)
i1y ik

= Z g\,(vﬁ)(xlf" L XN—1; 611, Oty_1) lwyw 1)

wESN
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When ¢/(c”, - o\ ) is identified with e,(x;, - - ,xy_;) for all
i=1,---,N—1landl=1,---,N — i, the Bethe ansatz state has the
following expansion

@) = > w, @D, LB (o) By (o)1)
i1y ik

= Z G (x1,- - ,xn_1;0M, -, Oty_1) lwyw ™).

wESN

oV B=0or1 - (B=—1),a=1,--- i, are interpreted as
the Chern roots of S;. Therefore, x; should be interpreted as the first
Chern class of S;/S;—1 when g = 0 in the cohomology ring, and 1 — x;
should be interpreted as the K-theory class of S;/S;—; when 5 = —1in
the K-theory ring.
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Idea of proof: Induction on the number of sites. The N = 2 case is
proved by a direct computation. Assume the theorem holds for
N = m.
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Idea of proof: Induction on the number of sites. The N = 2 case is
proved by a direct computation. Assume the theorem holds for
N = m.The recursive structure of the Bethe ansatz state

W)(mefl)> _ Z <vm|w(me)>B‘()’l)\l/(—ly—l)(o_gN—m)) . .B(N—m—l)<o_}g1me)) |Q(me71)>

Vi (1)
Vi €Sm
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Idea of proof: Induction on the number of sites. The N = 2 case is
proved by a direct computation. Assume the theorem holds for
N = m.The recursive structure of the Bethe ansatz state

—m— —m N—m—1 N—m N—m—1 —m —m—
) = 3 (™) BT (0T - BT (o) 1Y)
Vi €ESm

and the inductive hypothesis

<me,;1 ‘w(N_m)> = g‘g;i) (.X], oy Xm—1; 60_§N_m)7 T ea—r(nN__lm))

Jirui Guo July 1, 2026 34/36



Idea of proof: Induction on the number of sites. The N = 2 case is
proved by a direct computation. Assume the theorem holds for
N = m.The recursive structure of the Bethe ansatz state

—m— —m N—m—1 N—m N—m—1 —m —m—
™0y = 3 ™) B (V) BT (oY) [ )
Vi €ESm

and the inductive hypothesis

<me,;1 ‘w(N_m)> = g‘g;i) (.X], oy Xm—1; 60_§N_m)7 T ea—r(nN__lm))

yield

(W1 Wy [

= Z [giézwm(xl,-.- 7'xm_1;@0'§N m) .. 00 (N m))

Vin€Sm
.55 g(,B) (O_(me) L 0_’51N—m); @U(mefl) . ’@O_(N—m—l))

Vi S Wm1 1 ) ’ 1 a
.~ (N=m—1) N—m—1
gmerl(xl?"' 7xm790-1 st 7@Jr(n ))

from Lemma 3 and Lemma 4.
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Summary and Outlook

@ The Bethe ansatz equations of the GL(n) asymmetric five-vertex
model give rise to the ring relations of the equivariant quantum
cohomology (8 = 0) and the equivariant quantum K-theory ring
(8 = —1) of the flag varieties.
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@ We have the expansion
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Summary and Outlook

@ The Bethe ansatz equations of the GL(n) asymmetric five-vertex
model give rise to the ring relations of the equivariant quantum
cohomology (8 = 0) and the equivariant quantum K-theory ring
(8 = —1) of the flag varieties.

@ We have the expansion

By_1(01)By—2(02) -+ Bi(oy-1) [Q©) = Z G (a; ) [www ™).
wESN

@ The expansion coefficients of the Bethe ansatz states are the
double 3-Grothendieck polynomials with variables being the
Chern classes of the line bundles S;/S;—; and the equivariant
parameters.
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Summary and Outlook

@ The Bethe ansatz equations of the GL(n) asymmetric five-vertex
model give rise to the ring relations of the equivariant quantum
cohomology (8 = 0) and the equivariant quantum K-theory ring
(8 = —1) of the flag varieties.

@ We have the expansion

By—1(01)By_2(c2) - - Bi(on—1) |Q©) = Z G (o; 0t) [wyw™).
wESN

@ The expansion coefficients of the Bethe ansatz states are the
double 3-Grothendieck polynomials with variables being the
Chern classes of the line bundles S;/S;—; and the equivariant
parameters.

@ Bethe/Gauge correspondence at the level of Frobenius algebras.
@ g-deformation.
@ Other types of boundary conditions.
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Thank you for your attention!

July 1, 2026
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