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Phases
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Phases

© Grassmannian phase
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Singular points
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This is an example of a

strong/weak Calabi-Yau/Calabi-Yau correspondence

known also as Pfaffian/Grassmannian correspondence

There are other examples:

Dual Rodland model

} H 2011
Hosono-Takagi model & its dual
Kanazawa examples H-Knapp 2013
Miura model Galkin 2014, Gerhardus-Jockers 2015
2-parameter model H-Knapp 2016

GPK’ model Caldararu-Knapp-Sharpe 2017



Some observables are renormalization group invariant, and

have special dependence on moduli, e.g. holomorphic.

Categories of D-branes are examples of such observables :

for B-branes, it is locally constant on Kahler moduli.

The category of B-branes in the sigma model with target X

b
Is the derived category of coherent sheaves D ( X )



Phases Categories of B-branes
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A path
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An equivalence of categories




Another path  Another equivalence of categories




Loops Autoequivalences of categories

X N




We would like to find these equivalences

using gauged linear sigma models.



In GLSM with gauge group G matter \/ superpotential \/\/

a classical B-brane is specified by

(M, @ ) oA G -equivariant matrix factorization of (V.W )

a %,_ graded representation of G

d
@ : \/ — En(lo (M) a G-equivariant polynomial function

st. Q=W iy

(), R-symmetry with charge integrality :
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However, a classical B-brane may induce instability in quantum theory,

especially when a continuous gauge symmetry remains unbroken.

E.Q. Around phase boundaries

Inside strongly coupled phases

Theories with simple gauge groups

We would like to find a condition on (M, Q ) to define a well behaved

B-brane in the quantum theory.



A proposal

Convergence of hemisphere partition function

HR, Sugishita-Terashima, Honda-Okuda 2013
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A proposal (M, @)

defines a well-behaved boundary condition when

there is a deformation of the real locus 'Lt - Y

without hitting the poles 1(Qt,<r>+ { =0, -l -2,
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Is absolutely convergent.



This imposes a severe constraint on representations of G

that can be included In M :

For theories with Abelian gauge groups, this reproduces

the grade restriction rule for D-brane transport across

phase boundaries. HHP 2008

We shall continue to call the constraint

grade restriction rule.
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Example supersymmetric QCD Q= US? (k), V = ((Ek)

N odd for regularity

GRR requires

S;(Ck)@“ for Y in &

(o) 2

Young symmetrizer  J-traceless \ ii ,
<also Rennemo-Segal 2016 > @

Consistent with 2d Seiberg duality H201 1

3 Similar simple result for gG:{b), V quasi-symmetric

as long as the theory is regular.

The resulting category = NCCR of Spenko-Van den Bergh 2015
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Weakly coupled phase S o .

a= (, 2

3Y+ &g - {—[mﬁkﬂ‘?eﬁ'« )zg that works for VSMF(C),

Strongly coupled phase < & :

Only St\\?(l') with h=0,1,2 i.e. Cl) T(i), S‘ZF[z)

admit convergent Y e.g. Y_ = { W0 =Inca
=~ (Re6i+Re6:)®

--- SU(2) grade restriction rule




Near the phase boundary |$| < O(1 ),

each SU(2) grade restricted representation has

no-entry zones where convergent contour is lost

or is forced to pick Gamma function poles.
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The subcategory of grade restricted branes :Tw

produces an equivalence of categories

DLV, W)

SU(2) grade restricted branes U




Change of windows : w — W’ x w’ ,

>  an autoequivalence

v, w)
v,
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replacement replacement replacement
C(o) » C(7) F(0) ~ F(3) Y w SE(C)

needed needed needed



For monodromies along loops with a base point at § >0

the replacement can be done using empty branes in < < 0.

Use the Koszul branes

X Kot X S F(-1)
where K
c2 2z oS o= 922 o2 cloz o
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L =~k
Q = z(v‘QwA,xxm ) O

(Q.@ )= 1o« lAmI >0 if S<«0 empty



For monodromies along loops with a base point at § >0

the replacement can be done using empty branes in < < 0.

Use the Koszul branes

K Keotw X &S F(-0)

< Yo Syo < Mo

\ \\’4 WV
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Seidel-Thomas twists by

L S\




Low energy behavior of branes in the strongly coupled phase

1. Use hemisphere partition function

find candidates for DO’s & D6’s

2. LE behavior of branes in SU(2) SQCD

3. D0’s & D6’s candidates are indeed DQ’s & D6’s

4. Lift of CY branes to GLSM

Addington-Donovan-Segal to the rescue



DO candidates
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D6 candidates

Try empty branesin S >0

They are obtained from twisted Lascaux complexes



SNV — PNV = ey — cuje AV

Cm)@ RV — STV — ST &)



They can be completed to matrix factorizations of W =3 A‘J(p) CK:X,J

\\ \\ \_i./

A Y, NG

Lascaux matrix factorizations or Lascaux branes



A problem : they are not SU(2) grade restricted



A problem : they are not SU(2) grade restricted

Solution : bind them together



d
Find a homomorphism
\: N / and take its cone

MNEVANRNAAY
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Brane-antibrane annihilation
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\ / \ / via tachyon condensation of 1d
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\H / H completion
g F(i) S \‘(\*?)
call it (i)
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m call it LO(\‘)
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C () C(e3)

.d' (i) <2, o AreallSUR)grade restricted

& empty in the phase S >0
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h=2,1,0



D-branes in SU(2) supersymmetric QCD

QG =50, V= FQN (F—:Qz): regular if N is odd

GRR : only Sy.v\k F h= 0,1, -, % are allowed

[\]‘—‘3 w itk \f\JQ“D

IR limit is the free theory of LJ = [X«‘X,'J ISE$) (c):f - LJ-.')
l.e. sigma model with target «:3 ‘\‘(@m, by, ‘os«)}

_ Claim

((\/\, Q)= ((E, o) flows to Neumann B.C. on \oxj’s |
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IR limit is still the free theory of by =(xx;] 1sije3 (b=~ )
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Sutv) |
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Evidences of the claims :

Match of the hemisphere partition functions



SUN)
has S X S symmetr
3,7 SP(F )% Sp(R) sy y

SUR) K( Q"' Ry ) symplectic vector space

A manifestly symmetric form :

SmF o R e FokR « Co AR
T

A, traceless

The arrows are the same as the ones for the Lascaux branes

2 2
with inclusion/projection /\OR* S A R*



The low energy behaviour of the DO/D6 candidates

e W
(/(2) gauge coupling has two components ( IR

[y el /COZ, Y
[P{L \ =mass ~ [,: typical energy scale

We work with the hierarchy of energy scales

EA <L e 2 K EA J"? & G J:_g
R S~ N\~ "

/ SU () dynamics ]\ (J(1) Higgsing

iy M
mass from 3. A} p* bs; mass from S A (pe) (XX, ]

{

?
R-charge frame change: <. =%, ¥~ %
- -



E « G.J:j Ud) is Higgsed: §(J(2) gauge theory/[?€

0,.0
Take Pec Y, A= ( 3 bxd ull rank
F O Ax

¢
Px € U C P~ witha p -dependent change of basis for (i

A = [ (F) > AP 4
Ax coordinates of u

u,\Y :(\)‘1=P1’=P:=D} , ?*:io,o,ofofa,aj



PY (x:x] + ’;: AL (xex.)

E < Baf3 X4, Xs, A, A3  decouple

E<E, pe7 ¢, ba, by, b, decouple

Left with P, P P> movingin U Y



Q= T(V3; 13" )+ £ 3L

(55,54 = 808 - &), (3 50 )= 24 €u
N\ = Clifford module

GeE«e, 2 Q=T(tVy +b3V)

l(J

all Neumann B.C.

— Knorrer v 2 3
= < g —> PP P Neumann B.C.

D6
This is a D6-brane. Callit T3,



Another m.f. of \/\] =
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Knorrer
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=\

This is a DO-brane at (": P= p’=0. Callit /B?,‘o,u



o)
The DO-candidate ‘ " = ')‘f)i‘/u

So it is indeed a DO-brane at Py , (7

%

D6-candidates. First L (~1)

Change of
R-charge frame
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Insert AR) = ((? ) A > and perform brane-antibrane
X

annihilation at each invertible component of the arrows
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So, it indeed flows to a single D6-brane.

To fix the global topology, use hemisphere information.

Then, we find

£ (=1) 2, LQ (-]

\/\/\/

convention



Similarly, we find

L' TCY *

C 25 AR

e R | = /At



Lifting branes in Pfaffian Calabi-Yau to gauge theory

We would like to find a lift D)(Y) — S C D (V,W )

Initially, we had no idea. But there is an existing work ADS 2014

Let us examine whether this is relevant for us.

E« €% : Dbranesarein DZ(V~,W ) = D‘D(E-,\'\Imx)
C
V. {(x,\))\p;&o}

E.= \/_/GC the quotient stack

((

ADS has a functor ~}J DSD(Y) — Db(l:—_, V\l;,.,l)
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OT 3 (o\,\kE-l\() has Eagon-Northcott resolution
SmF 8 N(V) — Fwe KWk [~ CORVk T~ €

It has a m.f. completion and itis C(4)® of

S\(JF*M; AR" & T'o ‘1’;/\"‘1{* —COUNR — Cl)
2

SmF eI AR & Fro AR « Cody AR"

SUQ)
This is a globalization of 253,7_ !



Take F e BW(Y). Letus first look locally.
¢ U C P asbefore Uy = U
G €E € B {80 by ) ,ﬂ_Z P b,
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A lift of K(?[uY) ‘ 1(¥ ﬁA‘V_ lu‘( ® c(: K(’Hu\()

Want to glue them together. Not obvious as things depend on
choices. Need choice independent expression.
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LSy

. x
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This is choice independent and glues to
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We can fix which globalization @Af should be taken

by information from hemisphere. It is /BA,—l .

The lift is \T(B .
A~

Comparisonto ADS 2014
Q‘-:;ADS = [_210 ({[I’BA,"\

So, indeed, their lift is what we wanted up to a shift.
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replacement
C(z) » €(0)

needed

replacement

F(® -~ FO)

needed

replacement

ST« SEED

needed



For monodromies along loops with a base point at § &0

the replacement can be done using empty branes in < > ¢

Use the Lascoux branes

L L C(=1)



For monodromies along loops with a base point at § &0

the replacement can be done using empty branes in < > ¢

Use the Lascoux branes
(o) ) 2
L L L (=)

§<<D §-<<‘D §'<<.°

\ % \ % A4



Seidel-Thomas twists by




Other updates:

The methods applicable in other models

Dual Rodland, Hosono-Takagi & its dual, N-Rodland

Fourier-Mukai presentation of the equivalences

<|_ vector bundle

2-term complex of v.b.’s

?w has rank

=1 2-term complex of v.b.’s

O O m >»

—4  vector bundle

Borisov-Caldadaru 2006



