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QED Cross-Section

dσ(L, L̂) = αk
s

∞

∑
n

αn
∞

∑
i=0

∞

∑
j=0

̂σn,i,jLiL̂j

L = log ( Q2

m2
e )L̂ = log ( Q2

E2
γ ) Collinear LogarithmsSoft Logarithms

QED cross-sections are built from towers of soft 
and collinear logarithms.
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How to treat QED Corrections?

❖Collinear logs are resummed 
with universal PDFs 

✦  Known to NNLO/NLL 

✦Same PDFs describe all 
processes 

✦Non trivial to include soft logs

Collinear Resummation Soft Resummation 

L = log ( Q2

m2
e )L̂ = log ( Q2

E2
γ ) Collinear LogarithmsSoft Logarithms

❖  All order resummation of soft/
soft-collinear logs 

✦  Universal approach for 
resummation e.g Sherpa  

✦  Collinear logs introduced 
order-by-order 
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Collinear Approach 

dσ (pk, pl) = ∑
ij

∫ dz+ dz− Γi/k (z+, μ2) ̂σij→X (z+pk, z−pl, μ2) Γj/l (z−, μ2)

i, j ∈ {e+, e−, γ}
k ∈ {e+, γ} l ∈ {e−, γ}
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Collinear Factorisation 

dσ (pk, pl) = ∑
ij

∫ dz+ dz− Γi/k (z+, μ2) ̂σij→X (z+pk, z−pl, μ2) Γj/l (z−, μ2)

i, j ∈ {e+, e−, γ}
k ∈ {e+, γ} l ∈ {e−, γ}

❖Universal Electron parton distribution (PDF) 

❖  Can be calculated using perturbative QED to 
yield analytical formula 

✦LO/LL   

✴Readily available in most generators 

✦NLO/NLL 

✴  Implemented in Madgraph  

✦  NNLO 

Z. Phys. C49,577 − 584(1991)

JHEP 03 (2020) 135

JHEP 12 (2025) 167

JHEP 11 (2025) 171

https://link.springer.com/article/10.1007/BF01483573
https://link.springer.com/article/10.1007/JHEP03(2020)135
https://doi.org/10.1007/JHEP12(2025)167
https://doi.org/10.1007/JHEP11(2025)171
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Collinear Factorisation 

dσ (pk, pl) = ∑
ij

∫ dz+ dz− Γi/k (z+, μ2) ̂σij→X (z+pk, z−pl, μ2) Γj/l (z−, μ2)
❖  Short Distance cross-section 

❖  Incorporates fixed order corrections 

❖  NLO from standard approaches FKS 
or CS 

❖  Some care needed when combining 
with PDF but well understood

JHEP 07 (2018) 185 Eur.Phys.J.C 78 (2018) 2, 119

i, j ∈ {e+, e−, γ}
k ∈ {e+, γ} l ∈ {e−, γ}

https://doi.org/10.1007/JHEP07(2018)185
https://doi.org/10.1140/epjc/s10052-018-5600-z
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QED Shower

Main Problem
QED is U(1) theory and there is no large-Nc 
equivalent. All charged dipoles contribute 

equally 

Collinear Emissions Determined by the charge of emitter 

Soft  Emissions Sum of Eikonals with alternating signs. Leads 
to large negative weights 

Currently no  matched  QED Shower like we have for QCDNLOEW  
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QED Shower
For the initial state we also need to preform a 

backwards evolution with corresponding JSF =
fe±(x/z, Q2)
fe±(x, Q2)

However the electron structure function 
is not regular in the limit x → 1

fe±(x, Q2) = β
exp (−γEβ + 3

4 βS)
Γ(1 + β)

(1 − x)β−1 + βH

∞

∑
n=0

βn
H ℋn(x) ,



 Alan Price

QED Shower

∫
1

1−δ
We(x)dx = ∫

1

0
fe(x)dx .

We =
fe(x) 0 ≤ x ≤ 1 − δ
w(x)fe(x) 1 − δ < x < 1 − ϵ
0 else

Problem: Integrable singularity x → 1

Solution

where  solves w(x)

fe±(x, Q2) = β
exp (−γEβ + 3

4 βS)
Γ(1 + β)

(1 − x)β−1 + βH

∞

∑
n=0

βn
H ℋn(x) , [2603.05585, L.Flower, M. Schönherr]

https://arxiv.org/pdf/2603.05585
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YFS Approach

dσ =
∞

∑
nγ=0

eY(Ω)

nγ!
dΦQ [

nγ

∏
i=1

dΦγ
i S̃(ki) Θ(ki, Ω)] β̃0 +

nγ

∑
j=1

β̃1(kj)
s̃(kj)

+
nγ

∑
j, k = 1
j < k

β̃2(kj, kk)
s̃(kj)s̃(kk)

+ ⋯

Yennie, Frautschi, and Suura showed how to reorder the 
entire perturbative series such that all IR divergences are 
resummed leaving a finite residuals defined to all-orders 

An Old Approach for a New Collider
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YFS Approach

dσ =
∞

∑
nγ=0

eY(Ω)

nγ!
dΦQ [

nγ

∏
i=1

dΦγ
i S̃(ki) Θ(ki, Ω)] β̃0 +

nγ

∑
j=1

β̃1(kj)
s̃(kj)

+
nγ

∑
j, k = 1
j < k

β̃2(kj, kk)
s̃(kj)s̃(kk)

+ ⋯

❖Multi-Photon Phasespace 

✦  Provides a Monte-Carlo algorithm 
for the emission of multiple resolved 
photons 

❖Generalised to arbitrary decays in 
HERWIG and Sherpa 

❖  Generalised to arbitrary  
processes

e+e−

Comput.Phys.Commun. 56 (1990) 
351-384 S.Jadach, B.Ward

JHEP 07 (2006) 010 
K.Hamilton, P.Richardson

JHEP 12 (2008) 018 
M.Schonherr, F. Krauss

SciPost Phys. 13 (2022) 2, 026 
F.Krauss, A.P, M. Schonherr

❖Multi-Photon Phasespace 

✦  Provides a Monte-Carlo algorithm 
for the emission of multiple resolved 
photons 

❖Generalised to arbitrary decays in 
HERWIG and Sherpa 

❖  Generalised to arbitrary  
processes

e+e−

https://doi.org/10.1016/0010-4655(90)90020-2
https://doi.org/10.1088/1126-6708/2006/07/010
https://doi.org/10.1088/1126-6708/2008/12/018
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YFS Approach

dσ =
∞

∑
nγ=0

eY(Ω)

nγ!
dΦQ [

nγ

∏
i=1

dΦγ
i S̃(ki) Θ(ki, Ω)] β̃0 +

nγ

∑
j=1

β̃1(kj)
s̃(kj)

+
nγ

∑
j, k = 1
j < k

β̃2(kj, kk)
s̃(kj)s̃(kk)

+ ⋯

❖Multi-Photon Phasespace 

✦  Provides a Monte-Carlo algorithm 
for the emission of multiple resolved 
photons 

❖Generalised to arbitrary decays in 
HERWIG and Sherpa 

❖  Generalised to arbitrary  
processes

e+e−

Comput.Phys.Commun. 56 (1990) 
351-384 S.Jadach, B.Ward

JHEP 07 (2006) 010 
K.Hamilton, P.Richardson

JHEP 12 (2008) 018 
M.Schonherr, F. Krauss

SciPost Phys. 13 (2022) 2, 026 
F.Krauss, A.P, M. Schonherr

Gives us access to full 
inclusive and differential 

events

No need for a QED Shower

https://doi.org/10.1016/0010-4655(90)90020-2
https://doi.org/10.1088/1126-6708/2006/07/010
https://doi.org/10.1088/1126-6708/2008/12/018
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YFS Approach

dσ =
∞

∑
nγ=0

eY(Ω)

nγ!
dΦQ [

nγ

∏
i=1

dΦγ
i S̃(ki) Θ(ki, Ω)] β̃0 +

nγ

∑
j=1

β̃1(kj)
s̃(kj)

+
nγ

∑
j, k = 1
j < k

β̃2(kj, kk)
s̃(kj)s̃(kk)

+ ⋯

❖Rearrangement leaves IR finite 
residuals, defined to all-orders 

❖  Provides us with a local subtraction 
scheme to include higher-order 
corrections 

❖  Essential at LEP: Allowed for a 
precision of 0.11% in luminosity 
predictionsβ̃nR

=
∞

∑
nV=0

β̃nV+nR
nR

Simplified notation

Championed by the group of 
Jadach & Ward who calculated it to 

second order for LEP
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NLO Contributions

One-Loop amplitude 

Local Subtraction Term
Virtual

β̃1
1 (Φn+1) = ℛ (Φn+1) − ∑

ij

𝒟̃ij (Φij+1 ⊗ Φn)Real

Tree level amplitude 
Local Subtraction Term

β̃1
0(Φn) = 𝒱(Φn) − ∑

ij

𝒟ij(Φij)

𝒟ij (Φij ⊗ Φn) = β̃0
0 (Φn) ℛe ℬij(Φn)
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NNLO Contributions
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NNLO Contributions

β̃2
1 (Φn+1) = ℛ𝒱(Φn+1) − ∑

ij

𝒟(1)
ij (Φij+1 ⊗ Φn)

One-Loop amplitude Local Subtraction Term

D̃(1)
ij (Φij+1 ⊗ Φn) = S̃ij (k) β̃1

0 (Φn)

Constructed from 
NLO contribution Real-Virtual

β̃2
2 (Φn+2) = ℛℛ(Φn+2) − S̃(k1)β̃1

1 (Φn+1; k2) − S̃(k2)β̃1
1 (Φn+1; k1) − S̃(k1)S̃(k2)β̃0

0 (Φn)Real-Real

Tree level amplitude Single Soft Photon Double Soft Photon
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NNLO Contributions
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NNLO Contributions

β̃2
0 (Φn) = 𝒱𝒱(Φn) − ∑

ij

𝒟ij (Φij ⊗ Φn) β̃1
0 (Φn) −

1
2 ∑

ij

𝒟ij (Φij ⊗ Φn)
2

β̃0
0 (Φn)

Two-Loop amplitude 

Double-Virtual

❖  Mostly limited to  

❖  Recently a lot of work on 
two loop calculations

2 → 2

JHEP 11 (2023) 148 

JHEP 11 (2023) 041 

Phys.Rev.Lett. 130 (2023) 3

Phys.Rev.Lett. 132 (2024) 23

❖  Mostly limited to  

❖  Recently a lot of work on 
two loop calculations but 
we are far away from 
automation 

2 → 2

https://arxiv.org/abs/2308.09479
https://inspirehep.net/literature/2152949
https://inspirehep.net/literature/2722126
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Cross-Section

❖  ~2% at NLO and ~0.2% at NNLO 

❖  Perturbative uncertainties 
estimated from difference w.r.t 
lower order. Probably too 
conservative  

❖Does not include parametric 
uncertainties  

[Phys. Rev. D 113, 073008 A.P, F.Krauss]

https://journals.aps.org/prd/abstract/10.1103/rt7d-7jf9
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Differential Results
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[Phys. Rev. D 113, 073008 A.P, F.Krauss]

https://journals.aps.org/prd/abstract/10.1103/rt7d-7jf9
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Wishlist 

❖A matched QED Shower similar e.g MC@NLO or POWHEG. New approaches? 

✦  Some early progress already 

✦Port electron structure functions and PDF’s to LHAPDF (*A.P, M. Schönherr) 

❖  YFS Approach: 

✦ Ideally another independent implementation  

✦Two-loop amplitudes including  non-zero fermion masses  

✦How to systematically include QCD Parton Shower? 

✦  Collinear Enhanced YFS Resummation 

[2603.05585, L.Flower. M. Schonherr] 

[Eur. Phys. J. C 86, 362 (2026), Belloni, F. et al] 

[Phys.Lett.B 848 (2024) 138361]

https://www.sciencedirect.com/science/article/pii/S0370269323006950?via=ihub


Backup
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NLO: Real Contributions

The YFS theorem provides a formula 
for calculating real contributions to an 

arbitrary process.

β̃1
1 (Φn+1) = ℛ (Φn+1) − ∑

ij

𝒟̃ij (Φij+1 ⊗ Φn)
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NLO: Real Contributions

Tree level amplitude 

❖  Calculated using 
standard approaches 

❖  Fully automated

β̃1
1 (Φn+1) = ℛ (Φn+1) − ∑

ij

𝒟̃ij (Φij+1 ⊗ Φn)
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NLO: Real Contributions

Local Subtraction Term

❖Contributions already resummed  

❖  Constructed automatically from LO 
configuratio 

❖  Summed over all charged dipoles 𝒟̃ij (Φij+1 ⊗ Φn) = S̃ij (k) ℳ0
0 (Φn)

2

❖  Calculated using 
standard approaches

Tree level amplitude 

β̃1
1 (Φn+1) = ℛ (Φn+1) − ∑

ij

𝒟̃ij (Φij+1 ⊗ Φn)

❖  Calculated using 
standard approaches 

❖  Fully automated
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NLO: Real Contributions
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 is finite as β̃1
1 (Φn+1) Eγ → 0

All photon emissions in an event 
are matched with this 
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NLO: Virtual Contributions

β̃1
0(Φn) = 𝒱(Φn) − ∑

ij

𝒟ij(Φij)

The YFS theorem provides a formula 
for calculating virtual contributions to 

an arbitrary process.
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NLO: Virtual Contributions

❖  Calculated with one-loop 
providers 

❖OpenLoops,Recola, 
MadLoop,GoSam…

Eur.Phys.J.C 79 (2019) 10, 866

Comput.Phys.Commun. 214 (2017) 140-173

JHEP 05 (2011) 044

Eur.Phys.J.C 74 (2014) 8, 3001

β̃1
0(Φn) = 𝒱(Φn) − ∑

ij

𝒟ij(Φij)

One-Loop amplitude 

I can’t calculate one-loop amplitudes but I can interface 
them 

- Anonymous MC Author 

https://inspirehep.net/literature/1747023
https://inspirehep.net/literature/1455789
https://inspirehep.net/literature/891365
https://inspirehep.net/literature/1292822
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NLO: Virtual Contributions

One-Loop amplitude 

❖  Calculated with one-loop 
providers 

❖OpenLoops,Recola, 
MadLoop,GoSam…

Eur.Phys.J.C 79 (2019) 10, 866

Comput.Phys.Commun. 214 (2017) 140-173

JHEP 05 (2011) 044

Eur.Phys.J.C 74 (2014) 8, 3001

β̃1
0(Φn) = 𝒱(Φn) − ∑

ij

𝒟ij(Φij)

ℛe ℬij(Φn) = −
i

8π3
ZiZjθiθj ∫

d4k
k2 ( 2piθi − k

k2 − 2(k ⋅ pi)θi
+

2pjθj + k
k2 + 2(k ⋅ pj)θj )

2

Local Subtraction Term

❖Contributions already 
resummed  

❖  Constructed automatically 
from LO configuration 

𝒟ij (Φij ⊗ Φn) = β̃0
0 (Φn) ℛe ℬij(Φn)

β̃1
0(Φn) = 𝒱(Φn) − ∑

ij

𝒟ij(Φij)

https://inspirehep.net/literature/1747023
https://inspirehep.net/literature/1455789
https://inspirehep.net/literature/891365
https://inspirehep.net/literature/1292822
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NLO: Real Contributions
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YFS subtraction removes IR,  poles 
from one-loop contributions

ϵ−1
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NNLO Contributions

β̃2
1 (Φn+1) = ℛ𝒱(Φn+1) − ∑

ij

𝒟(1)
ij (Φij+1 ⊗ Φn)

One-Loop amplitude 

𝒟(1)
ij (Φij+1 ⊗ Φn) = S̃ij (k) β̃1

0 (Φn)

Constructed from 
NLO contribution 

Local Subtraction Term

Real-Virtual
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NNLO Contributions

β̃2
0 (Φn) = 𝒱𝒱(Φn) − ∑

ij

𝒟ij (Φij ⊗ Φn) β̃1
0 (Φn) −

1
2 ∑

ij

𝒟ij (Φij ⊗ Φn)
2

β̃0
0 (Φn)

Two-Loop amplitude 

Double-Virtual

❖  Mostly limited to  

❖  Recently a lot of work on 
two loop calculations but 
we are far away from 
automation 

2 → 2

Phys.Rev.Lett. 132 (2024) 23

JHEP 11 (2023) 148 

JHEP 11 (2023) 041 

Phys.Rev.Lett. 130 (2023) 3

https://inspirehep.net/literature/2722126
https://arxiv.org/abs/2308.09479
https://inspirehep.net/literature/2152949
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Collinear vs YFS

❖  Currently no publicly available 
QED Shower, but some recent 
progress  

❖  With aggressive clustering of 
photons we see that the YFS 
converges to the Fixed-Order 
prediction  

❖  This will need to be redone with 
NLO/NLL PDFs + Parton Shower
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2603.05585 [L.Flower, M.Schoneherr]
2601.19530 [C. M. Carloni Calame et al]
2602.16029 [Belloni et al]

https://arxiv.org/abs/2603.05585
https://arxiv.org/abs/2601.19530
https://arxiv.org/abs/2602.16029
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Collinear Factorisation 

[JHEP 10 (2022) 089, V. Bertone et al]

σ (τmin) = ∫ dσ (τmin ≤
M2

s )

MadGraph_aMC@NLO MadGraph_aMC@NLO

https://doi.org/10.1007/JHEP10(2022)089
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QED Shower

[2603.05585, L.Flower, M. Schönherr]Dependency is negligible if  
chosen small enough 

δ

https://arxiv.org/pdf/2603.05585
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QED Shower

[2603.05585, L.Flower, M. Schönherr]Dependency is negligible if  
chosen small enough 

ϵ

https://arxiv.org/pdf/2603.05585
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Outlook

❖  Future  will require unprecedented precision from theory 

✦  will become mandatory and we may need to go beyond this 

❖  Both the PDF and YFS approaches should be pursued 

✦  With two independent approaches we can cross check out results 

✦  Genuine differences can be used to estimate theory uncertainties 

❖  Ideally a SCET based approach were the two resummations can be combined 

❖  A matched QED parton shower for collinear approach  

❖  How to combine YFS with QCD corrections?

e+e−

NNLOEW



We have a lot of work to do to ensure our theory calculations do not 
hold back the precision of a future   collider  e+e−

I can see a path for the theory community to achieve this but it 
will take huge effort by the community 

But we have plenty of time ! 


