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Multi-loop electroweak corrections crucial and difficult perturbative input for the future lepton colliders!



QCD, QED, EWScattering 
Amplitudes

<latexit sha1_base64="Oa6BiqqQgdS/4W3yyfBtfnuPI1U=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaZIdVlwowuhgn1AO5ZMmmlDM0lIMoUy7Qe48VfcuFDErR/gzr8x085CWw8EDuecS+49gWRUG9f9dlZW19Y3NnNb+e2d3b39wsFhQ4tYYVLHggnVCpAmjHJSN9Qw0pKKoChgpBkMr1K/OSJKU8HvzVgSP0J9TkOKkbFSt1AUgSZqhGxew45UQhoBJ50ImQFGLLmdTh7KNuWW3BngMvEyUgQZat3CV6cncBwRbjBDWrc9Vxo/QcpQzMg034k1kQgPUZ+0LeUoItpPZsdM4alVejAUyj5u4Ez9PZGgSOtxFNhkuqVe9FLxP68dm/DSTyiXsSEczz8KYwbtwWkzsEcVwYaNLUFYUbsrxAOkEDa2v7wtwVs8eZk0yiWvUqrcnRerN1kdOXAMTsAZ8MAFqIJrUAN1gMEjeAav4M15cl6cd+djHl1xspkj8AfO5w+KsZv2</latexit>

observables / |M|2
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Computation of higher-order loop corrections!

Multi-loop electroweak corrections crucial and difficult perturbative input for the future lepton colliders!



 Feynman Integrals
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Textbook example

Loops 
Legs 
Scales
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<latexit sha1_base64="2fg0CV/F0HxyOWYlgBFPrsQLhRE=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtbXRXdOOyon1AG8pkOmmHziRhZiKU0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0H46uZ376nUrE4utOThPoCDyMWMoK1kW5Fv9IvlhzbmQM5tuddlMueIW7lrFp1kbu0SrBEo1987w1ikgoaacKxUl3XSbSfYakZ4XRa6KWKJpiM8ZB2DY2woMrP5qdO0YlRBiiMpalIo7n6fSLDQqmJCEynwHqkfnsz8S+vm+rw3M9YlKSaRmSxKEw50jGa/Y0GTFKi+cQQTCQztyIywhITbdIpmBC+PkX/k1bZdmt27aZaql8u48jDERzDKbjgQR2uoQFNIDCEB3iCZ4tbj9aL9bpozVnLmUP4AevtE0wyjdY=</latexit>m3
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<latexit sha1_base64="LALwkec/8Ot/e9K4qbcve2KffZc="></latexit>

=

Z
d4k

1

[k2 �m2
1][(k + p1)2 �m2

2][(k + p1 + p2)2 �m2
3][(k � p4)2 �m2

4]

<latexit sha1_base64="jX1W5p/i3Gcr4lZgyoa7+J7UNOE=">AAACBnicdVDLSgMxFM34rONr1KUIwSJUhDJT7bSzEIpuXFawD2jrkEnTNjTzIMkIZejKjb/ixoUibv0Gd/6NaTsFFT0QOPece7m5x4sYFdI0P7WFxaXlldXMmr6+sbm1bezs1kUYc0xqOGQhb3pIEEYDUpNUMtKMOEG+x0jDG15O/MYd4YKGwY0cRaTjo35AexQjqSTXOBDnuci1TiK3cHxbaLd1Oa9PVe0aWTPvWKZddqCZN6dQxLGLRacErVTJghRV1/hod0Mc+ySQmCEhWpYZyU6CuKSYkbHejgWJEB6iPmkpGiCfiE4yPWMMj5TShb2QqxdIOFW/TyTIF2Lke6rTR3IgfnsT8S+vFcteuZPQIIolCfBsUS9mUIZwkgnsUk6wZCNFEOZU/RXiAeIIS5WcrkKYXwr/J/VC3rLz9vVZtnKRxpEB++AQ5IAFSqACrkAV1AAG9+ARPIMX7UF70l61t1nrgpbO7IEf0N6/ABlZlmA=</latexit>

s = (p1 + p2)
2

t = (p1 + p3)
2

<latexit sha1_base64="qvkWPpD+apRRLXzNux3IyjgqUc4=">AAACCHicdVDLTgIxFO3gC/GFunRhIzFxQSadARF2RDcuMREwYQbSKQUaOo+0HRMyYenGX3HjQmPc+gnu/BvLgIkavUlPTs65N7f3eBFnUiH0YWSWlldW17LruY3Nre2d/O5eS4axILRJQh6KGw9LyllAm4opTm8iQbHvcdr2xhczv31LhWRhcK0mEXV9PAzYgBGstNTLHzqJLKqi37O6tkY7xVKK5a7tTHv5AjJrpWrZqkFk2paNbKQJKlfs0im0TJRWASyq0cu/O/2QxD4NFOFYyo6FIuUmWChGOJ3mnFjSCJMxHtKOpgH2qXST9JApPNZKHw5CoV+gYKp+n0iwL+XE93Snj9VI/vZm4l9eJ1aDqpuwIIoVDch80SDmUIVwlgrsM0GJ4hNNMBFM/xWSERaYKJ1dTofwdSn8n7Rs06qYlatyoX6+iCMLDsAROAEWOAN1cAkaoAkIuAMP4Ak8G/fGo/FivM5bM8ZiZh/8KOPtE5uYl9Y=</latexit>

{s, t,m2
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2
3,m

2
4}

<latexit sha1_base64="5cJSrqgzACqKT5o3wcr4y79JMcg="></latexit>

I =
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(�q2j +m2
j )
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qj = k + pj
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<latexit sha1_base64="jX1W5p/i3Gcr4lZgyoa7+J7UNOE=">AAACBnicdVDLSgMxFM34rONr1KUIwSJUhDJT7bSzEIpuXFawD2jrkEnTNjTzIMkIZejKjb/ixoUibv0Gd/6NaTsFFT0QOPece7m5x4sYFdI0P7WFxaXlldXMmr6+sbm1bezs1kUYc0xqOGQhb3pIEEYDUpNUMtKMOEG+x0jDG15O/MYd4YKGwY0cRaTjo35AexQjqSTXOBDnuci1TiK3cHxbaLd1Oa9PVe0aWTPvWKZddqCZN6dQxLGLRacErVTJghRV1/hod0Mc+ySQmCEhWpYZyU6CuKSYkbHejgWJEB6iPmkpGiCfiE4yPWMMj5TShb2QqxdIOFW/TyTIF2Lke6rTR3IgfnsT8S+vFcteuZPQIIolCfBsUS9mUIZwkgnsUk6wZCNFEOZU/RXiAeIIS5WcrkKYXwr/J/VC3rLz9vVZtnKRxpEB++AQ5IAFSqACrkAV1AAG9+ARPIMX7UF70l61t1nrgpbO7IEf0N6/ABlZlmA=</latexit>

s = (p1 + p2)
2

t = (p1 + p3)
2

<latexit sha1_base64="+lQN7UTmKN/K9/iehMQHNR3i28c="></latexit>

=

Z
dDk

1

[k2 �m2
1][(k + p1)2 �m2

2][(k + p1 + p2)2 �m2
3][(k � p4)2 �m2

4]

<latexit sha1_base64="FkrUXdkUvhgeyh/QNkkA9YZdn3A=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY5iEkqYLoagLlxXsA9pQJtNpO3TyYGZSKKF/4saFIm79E3f+jZO2gooeuHA4517uvSdIOJMKoQ+jsLa+sblV3C7t7O7tH5iHRy0Zp4LQJol5LDoBlpSziDYVU5x2EkFxGHDaDibXud+eUiFZHN2rWUL9EI8iNmQEKy31TfPmElYuoAN7NJGM51IZWTXP9lwEkYWqXs1xcuK4XhVB20ILlMEKjb753hvEJA1ppAjHUnZtlCg/w0Ixwum81EslTTCZ4BHtahrhkEo/W1w+h2daGcBhLHRFCi7U7xMZDqWchYHuDLEay99eLv7ldVM19PyMRUmqaESWi4YphyqGeQxwwAQlis80wUQwfSskYywwUTqskg7h61P4P2k5lu1a7l2lXL9axVEEJ+AUnAMbVEEd3IIGaAICpuABPIFnIzMejRfjddlaMFYzx+AHjLdPrd6Scw==</latexit>

D = 4� 2✏

Dimensional regularization parameter
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<latexit sha1_base64="4H4T+TE+RGOoU5hYIyqHlFKOFc0=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckmsjd6KXjxWtB/QhrLZbtqlu0nY3Qil9Cd48aCIV3+RN/+N2zaCij4YeLw3w8y8MOVMacf5sJaWV1bX1gsbxc2t7Z3d0t5+UyWZJLRBEp7IdogV5SymDc00p+1UUixCTlvh6Grmt+6pVCyJ7/Q4pYHAg5hFjGBtpFvR83qlsmM7cyDH9v0Lz/MNcU/PKhUXublVhhz1Xum9209IJmisCcdKdVwn1cEES80Ip9NiN1M0xWSEB7RjaIwFVcFkfuoUHRulj6JEmoo1mqvfJyZYKDUWoekUWA/Vb28m/uV1Mh2dBxMWp5mmMVksijKOdIJmf6M+k5RoPjYEE8nMrYgMscREm3SKJoSvT9H/pOnZbtWu3lTKtcs8jgIcwhGcgAs+1OAa6tAAAgN4gCd4trj1aL1Yr4vWJSufOYAfsN4+AUqujdU=</latexit>m2

<latexit sha1_base64="2fg0CV/F0HxyOWYlgBFPrsQLhRE=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtbXRXdOOyon1AG8pkOmmHziRhZiKU0E9w40IRt36RO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0H46uZ376nUrE4utOThPoCDyMWMoK1kW5Fv9IvlhzbmQM5tuddlMueIW7lrFp1kbu0SrBEo1987w1ikgoaacKxUl3XSbSfYakZ4XRa6KWKJpiM8ZB2DY2woMrP5qdO0YlRBiiMpalIo7n6fSLDQqmJCEynwHqkfnsz8S+vm+rw3M9YlKSaRmSxKEw50jGa/Y0GTFKi+cQQTCQztyIywhITbdIpmBC+PkX/k1bZdmt27aZaql8u48jDERzDKbjgQR2uoQFNIDCEB3iCZ4tbj9aL9bpozVnLmUP4AevtE0wyjdY=</latexit>m3

<latexit sha1_base64="rgeP5NaCG3kKmplnpUznNM9bIQE=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4CkmNjd6KXjxWtB/QhrLZbtqlu0nY3Qil9Cd48aCIV3+RN/+N2zaCij4YeLw3w8y8MOVMacf5sJaWV1bX1gsbxc2t7Z3d0t5+UyWZJLRBEp7IdogV5SymDc00p+1UUixCTlvh6Grmt+6pVCyJ7/Q4pYHAg5hFjGBtpFvR83qlsmM7cyDH9v2LSsU3xD098zwXublVhhz1Xum9209IJmisCcdKdVwn1cEES80Ip9NiN1M0xWSEB7RjaIwFVcFkfuoUHRulj6JEmoo1mqvfJyZYKDUWoekUWA/Vb28m/uV1Mh2dBxMWp5mmMVksijKOdIJmf6M+k5RoPjYEE8nMrYgMscREm3SKJoSvT9H/pFmx3apdvfHKtcs8jgIcwhGcgAs+1OAa6tAAAgN4gCd4trj1aL1Yr4vWJSufOYAfsN4+AU22jdc=</latexit>m4

<latexit sha1_base64="jX1W5p/i3Gcr4lZgyoa7+J7UNOE=">AAACBnicdVDLSgMxFM34rONr1KUIwSJUhDJT7bSzEIpuXFawD2jrkEnTNjTzIMkIZejKjb/ixoUibv0Gd/6NaTsFFT0QOPece7m5x4sYFdI0P7WFxaXlldXMmr6+sbm1bezs1kUYc0xqOGQhb3pIEEYDUpNUMtKMOEG+x0jDG15O/MYd4YKGwY0cRaTjo35AexQjqSTXOBDnuci1TiK3cHxbaLd1Oa9PVe0aWTPvWKZddqCZN6dQxLGLRacErVTJghRV1/hod0Mc+ySQmCEhWpYZyU6CuKSYkbHejgWJEB6iPmkpGiCfiE4yPWMMj5TShb2QqxdIOFW/TyTIF2Lke6rTR3IgfnsT8S+vFcteuZPQIIolCfBsUS9mUIZwkgnsUk6wZCNFEOZU/RXiAeIIS5WcrkKYXwr/J/VC3rLz9vVZtnKRxpEB++AQ5IAFSqACrkAV1AAG9+ARPIMX7UF70l61t1nrgpbO7IEf0N6/ABlZlmA=</latexit>

s = (p1 + p2)
2

t = (p1 + p3)
2

<latexit sha1_base64="+lQN7UTmKN/K9/iehMQHNR3i28c="></latexit>

=

Z
dDk

1

[k2 �m2
1][(k + p1)2 �m2

2][(k + p1 + p2)2 �m2
3][(k � p4)2 �m2

4]

<latexit sha1_base64="FkrUXdkUvhgeyh/QNkkA9YZdn3A=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY5iEkqYLoagLlxXsA9pQJtNpO3TyYGZSKKF/4saFIm79E3f+jZO2gooeuHA4517uvSdIOJMKoQ+jsLa+sblV3C7t7O7tH5iHRy0Zp4LQJol5LDoBlpSziDYVU5x2EkFxGHDaDibXud+eUiFZHN2rWUL9EI8iNmQEKy31TfPmElYuoAN7NJGM51IZWTXP9lwEkYWqXs1xcuK4XhVB20ILlMEKjb753hvEJA1ppAjHUnZtlCg/w0Ixwum81EslTTCZ4BHtahrhkEo/W1w+h2daGcBhLHRFCi7U7xMZDqWchYHuDLEay99eLv7ldVM19PyMRUmqaESWi4YphyqGeQxwwAQlis80wUQwfSskYywwUTqskg7h61P4P2k5lu1a7l2lXL9axVEEJ+AUnAMbVEEd3IIGaAICpuABPIFnIzMejRfjddlaMFYzx+AHjLdPrd6Scw==</latexit>

D = 4� 2✏

Dimensional regularization parameter

Feynman integrals and geometry



• Numerical integration: Sector 
Decomposition 

• Mellin-Barnes integrations

• Semi numerical approaches: generalized series 
expansion (GSE), DiffExp, SeaSyde,.. 

• Auxiliary mass flow (AMFlow), LINE 
• Numerical integration of the DE

Computing the Feynman integrals

7

• Direct integration in Feynman, 
Schwinger,… parametrizations 

• The method of differential 
equations (DE) 

[Moriello ’19][Hidding,’21]

[Liu, Ma ’22]

[Carter, Heinrich ’11] [Borowka et al. ’13]

Analytic methods

Semi- 
analytic 
methods

Numerical methods

[Armadillo, Bonciani, Devoto, Rana, Vicini ’26]

[Rosàs, Bobadilla ’25]
[Prisco, Ronca, Tramontano ’25]

[Gluza, Kajda, Riemann ’07]
[Freitas, Huang ’10] + others



The method of differential equations

8



The method of DE for computing Feynman integrals

9

<latexit sha1_base64="fon+flA9uF60Hs96Ui5ESKXlGuk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLoRqm50V8FeoA1lMjlth04mYWZSCKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8ke303prDFKxSDzqNAYvJAPB+owSbayeXQ66Y6DZ/eQKX+Mce3bFqToz4WVwc6igXPWe/dUNIpqEIDTlRKmO68Tay4jUjHKYlLqJgpjQERlAx6AgISgvmx0/wcfGCXA/kuYJjWfu74mMhEqloW86Q6KHarE2Nf+rdRLdv/QyJuJEg6DzRf2EYx3haRI4YBKo5qkBQiUzt2I6JJJQbfIqmRDcxS8vQ/O06p5Xzx7OKrWbPI4iOkRH6AS56ALV0B2qowaiKEXP6BW9WU/Wi/VufcxbC1Y+U0Z/ZH3+AOKUlEo=</latexit>

d~I = A~I

A basis for all Feynman integrals (MI): 

Set up DE wrt all kinematics

<latexit sha1_base64="empyMOmO0Q78PqBYvaJfh0FfxU0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF71VsLbQhrLZTtqlm03Y3RRK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjJx2nimGTxSJW7YBqFFxi03AjsJ0opFEgsBWMbmd+a4xK81g+mkmCfkQHkoecUWOlVneMLLuf9soVt+rOQVaJl5MK5Gj0yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+bnTsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14bWfcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCJRuCt/zyKnm6qHq1au3hslK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9uCo+m</latexit>

~I



The method of DE for computing Feynman integrals
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<latexit sha1_base64="fon+flA9uF60Hs96Ui5ESKXlGuk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLoRqm50V8FeoA1lMjlth04mYWZSCKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8ke303prDFKxSDzqNAYvJAPB+owSbayeXQ66Y6DZ/eQKX+Mce3bFqToz4WVwc6igXPWe/dUNIpqEIDTlRKmO68Tay4jUjHKYlLqJgpjQERlAx6AgISgvmx0/wcfGCXA/kuYJjWfu74mMhEqloW86Q6KHarE2Nf+rdRLdv/QyJuJEg6DzRf2EYx3haRI4YBKo5qkBQiUzt2I6JJJQbfIqmRDcxS8vQ/O06p5Xzx7OKrWbPI4iOkRH6AS56ALV0B2qowaiKEXP6BW9WU/Wi/VufcxbC1Y+U0Z/ZH3+AOKUlEo=</latexit>

d~I = A~I

<latexit sha1_base64="OZFWfcpXiVxfjqKLVe0gbe+Xgns=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLoRim7UVYXeoA1lMj1ph04uzEwqJeZR3LhQxK1P4s63cZpmoa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2eW91syjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O76Z1dsTEJKFQUNNI3B8MgyYxyhR2uqb5d4EaHKfXuFGRndp36xYVSsTXgY7hwrKVe+bX71BSGMfAkU5kbJrW5FyEiIUoxzSUi+WEBE6JkPoagyID9JJstNTfKydAfZCoV+gcOb+nkiIL+XUd3WnT9RILtZm5n+1bqy8SydhQRQrCOh8kRdzrEI8ywEPmACq+FQDoYLpWzEdEUGo0mmVdAj24peXoXVatc+rZw9nldp1HkcRHaIjdIJsdIFq6BbVURNR9Iie0St6M56MF+Pd+Ji3Fox85gD9kfH5A+Osk8Y=</latexit>

~J = T ~I
<latexit sha1_base64="86kgdrHwud3anoK5ut8CW82m2xk=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtxJUBshaiNWEcwH5ELY25skS/b2jt29QDjyB2z8KzYWitja2/lv3CRXaOKDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPbiZ+YwhSsUg86FEM7ZD0BOsySrSROvZR4A2BpnfjS+xBrBiPBPY04wGkV2OceR276JScKfAicTNSRBmqHfvLCyKahCA05USpluvEup0SqRnlMC54iYKY0AHpQctQQUJQ7XT6zRgfGyXA3UiaEhpP1d8TKQmVGoW+6QyJ7qt5byL+57US3b1op0zEiQZBZ4u6Ccc6wpNocMAkUM1HhhAqmbkV0z6RhGoTYMGE4M6/vEjqpyX3rFS+Lxcr11kceXSADtEJctE5qqBbVEU1RNEjekav6M16sl6sd+tj1pqzspl99AfW5w91T5vS</latexit>

d ~J = ✏Ã ~J
Eps-form 

A basis for all Feynman integrals (MI): 

Set up DE wrt all kinematics

Change basis

Canonical-form 

[Henn ’13]

[Wasser, Mistlberger, Smirnov, Wasser ’20]

[Lee ’14]
[Prausa ’17]
[Meyer ’18]
[Dlapa, Henn, Yan ’20]

<latexit sha1_base64="empyMOmO0Q78PqBYvaJfh0FfxU0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF71VsLbQhrLZTtqlm03Y3RRK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjJx2nimGTxSJW7YBqFFxi03AjsJ0opFEgsBWMbmd+a4xK81g+mkmCfkQHkoecUWOlVneMLLuf9soVt+rOQVaJl5MK5Gj0yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+bnTsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14bWfcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCJRuCt/zyKnm6qHq1au3hslK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9uCo+m</latexit>

~I

[Adams, EC, Weinzierl ’17]

[Görges, Nega, Tancredi, Wagner ’23]

[Dlapa, Henn, Wagner ’22]
[Frellesvig, Weinzierl ’23]

[Bourjaily, Kalyanapuram, Langer, Patatoukos ’21]

[epsilon-collaboration.,’25]
[EC, Sotnikov ’23]

[Chen, Yang, Zhang ’25]
[Yang, Zhang ’25]
[Forner, Mella, Nega, Tancredi ’26]
[+ many more]

[+ many more]
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<latexit sha1_base64="fon+flA9uF60Hs96Ui5ESKXlGuk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLoRqm50V8FeoA1lMjlth04mYWZSCKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8ke303prDFKxSDzqNAYvJAPB+owSbayeXQ66Y6DZ/eQKX+Mce3bFqToz4WVwc6igXPWe/dUNIpqEIDTlRKmO68Tay4jUjHKYlLqJgpjQERlAx6AgISgvmx0/wcfGCXA/kuYJjWfu74mMhEqloW86Q6KHarE2Nf+rdRLdv/QyJuJEg6DzRf2EYx3haRI4YBKo5qkBQiUzt2I6JJJQbfIqmRDcxS8vQ/O06p5Xzx7OKrWbPI4iOkRH6AS56ALV0B2qowaiKEXP6BW9WU/Wi/VufcxbC1Y+U0Z/ZH3+AOKUlEo=</latexit>

d~I = A~I

<latexit sha1_base64="OZFWfcpXiVxfjqKLVe0gbe+Xgns=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLoRim7UVYXeoA1lMj1ph04uzEwqJeZR3LhQxK1P4s63cZpmoa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2eW91syjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O76Z1dsTEJKFQUNNI3B8MgyYxyhR2uqb5d4EaHKfXuFGRndp36xYVSsTXgY7hwrKVe+bX71BSGMfAkU5kbJrW5FyEiIUoxzSUi+WEBE6JkPoagyID9JJstNTfKydAfZCoV+gcOb+nkiIL+XUd3WnT9RILtZm5n+1bqy8SydhQRQrCOh8kRdzrEI8ywEPmACq+FQDoYLpWzEdEUGo0mmVdAj24peXoXVatc+rZw9nldp1HkcRHaIjdIJsdIFq6BbVURNR9Iie0St6M56MF+Pd+Ji3Fox85gD9kfH5A+Osk8Y=</latexit>

~J = T ~I
<latexit sha1_base64="86kgdrHwud3anoK5ut8CW82m2xk=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtxJUBshaiNWEcwH5ELY25skS/b2jt29QDjyB2z8KzYWitja2/lv3CRXaOKDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPbiZ+YwhSsUg86FEM7ZD0BOsySrSROvZR4A2BpnfjS+xBrBiPBPY04wGkV2OceR276JScKfAicTNSRBmqHfvLCyKahCA05USpluvEup0SqRnlMC54iYKY0AHpQctQQUJQ7XT6zRgfGyXA3UiaEhpP1d8TKQmVGoW+6QyJ7qt5byL+57US3b1op0zEiQZBZ4u6Ccc6wpNocMAkUM1HhhAqmbkV0z6RhGoTYMGE4M6/vEjqpyX3rFS+Lxcr11kceXSADtEJctE5qqBbVEU1RNEjekav6M16sl6sd+tj1pqzspl99AfW5w91T5vS</latexit>

d ~J = ✏Ã ~J
Eps-form 

# mass scalesComplexity level

Mathematical
 Structure dependent

A basis for all Feynman integrals (MI): 

Set up DE wrt all kinematics

Change basis

Canonical-form 

# kinematic scales

# loops

<latexit sha1_base64="empyMOmO0Q78PqBYvaJfh0FfxU0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF71VsLbQhrLZTtqlm03Y3RRK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjJx2nimGTxSJW7YBqFFxi03AjsJ0opFEgsBWMbmd+a4xK81g+mkmCfkQHkoecUWOlVneMLLuf9soVt+rOQVaJl5MK5Gj0yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+bnTsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14bWfcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCJRuCt/zyKnm6qHq1au3hslK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9uCo+m</latexit>

~I

[Henn ’13]

[Wasser, Mistlberger, Smirnov, Wasser ’20]

[Lee ’14]
[Prausa ’17]
[Meyer ’18]
[Dlapa, Henn, Yan ’20]

[Adams, EC, Weinzierl ’17]

[Görges, Nega, Tancredi, Wagner ’23]

[Dlapa, Henn, Wagner ’22]
[Frellesvig, Weinzierl ’23]

[Bourjaily, Kalyanapuram, Langer, Patatoukos ’21]

[epsilon-collaboration.,’25]
[EC, Sotnikov ’23]

[Chen, Yang, Zhang ’25]
[Yang, Zhang ’25]
[Forner, Mella, Nega, Tancredi ’26]
[+ many more]

[+ many more]

(Algebraic, Transcendental)
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<latexit sha1_base64="fon+flA9uF60Hs96Ui5ESKXlGuk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLoRqm50V8FeoA1lMjlth04mYWZSCKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8ke303prDFKxSDzqNAYvJAPB+owSbayeXQ66Y6DZ/eQKX+Mce3bFqToz4WVwc6igXPWe/dUNIpqEIDTlRKmO68Tay4jUjHKYlLqJgpjQERlAx6AgISgvmx0/wcfGCXA/kuYJjWfu74mMhEqloW86Q6KHarE2Nf+rdRLdv/QyJuJEg6DzRf2EYx3haRI4YBKo5qkBQiUzt2I6JJJQbfIqmRDcxS8vQ/O06p5Xzx7OKrWbPI4iOkRH6AS56ALV0B2qowaiKEXP6BW9WU/Wi/VufcxbC1Y+U0Z/ZH3+AOKUlEo=</latexit>

d~I = A~I

<latexit sha1_base64="OZFWfcpXiVxfjqKLVe0gbe+Xgns=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLoRim7UVYXeoA1lMj1ph04uzEwqJeZR3LhQxK1P4s63cZpmoa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2eW91syjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O76Z1dsTEJKFQUNNI3B8MgyYxyhR2uqb5d4EaHKfXuFGRndp36xYVSsTXgY7hwrKVe+bX71BSGMfAkU5kbJrW5FyEiIUoxzSUi+WEBE6JkPoagyID9JJstNTfKydAfZCoV+gcOb+nkiIL+XUd3WnT9RILtZm5n+1bqy8SydhQRQrCOh8kRdzrEI8ywEPmACq+FQDoYLpWzEdEUGo0mmVdAj24peXoXVatc+rZw9nldp1HkcRHaIjdIJsdIFq6BbVURNR9Iie0St6M56MF+Pd+Ji3Fox85gD9kfH5A+Osk8Y=</latexit>

~J = T ~I
<latexit sha1_base64="86kgdrHwud3anoK5ut8CW82m2xk=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtxJUBshaiNWEcwH5ELY25skS/b2jt29QDjyB2z8KzYWitja2/lv3CRXaOKDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPbiZ+YwhSsUg86FEM7ZD0BOsySrSROvZR4A2BpnfjS+xBrBiPBPY04wGkV2OceR276JScKfAicTNSRBmqHfvLCyKahCA05USpluvEup0SqRnlMC54iYKY0AHpQctQQUJQ7XT6zRgfGyXA3UiaEhpP1d8TKQmVGoW+6QyJ7qt5byL+57US3b1op0zEiQZBZ4u6Ccc6wpNocMAkUM1HhhAqmbkV0z6RhGoTYMGE4M6/vEjqpyX3rFS+Lxcr11kceXSADtEJctE5qqBbVEU1RNEjekav6M16sl6sd+tj1pqzspl99AfW5w91T5vS</latexit>

d ~J = ✏Ã ~J
Eps-form 

<latexit sha1_base64="Uf+H0UQgd+pwYQoxeKViFYGKsCU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRS1E2h6EZcVbAPaNIwmU7baSeTMDMRSsgXuPFX3LhQxK1rd/6N0zYLbT1w4XDOvdx7jx8xKpVlfRsrq2vrG5u5rfz2zu7evnlw2JRhLDBp4JCFou0jSRjlpKGoYqQdCYICn5GWP76e+q0HIiQN+b2aRMQN0IDTPsVIackzi7feGFahI+PAS0ZVK4UOiSRlIe+OoPa6SWl0mnpmwSpbM8BlYmekADLUPfPL6YU4DghXmCEpO7YVKTdBQlHMSJp3YkkihMdoQDqachQQ6Sazd1JY1EoP9kOhiys4U39PJCiQchL4ujNAaigXvan4n9eJVf/STSiPYkU4ni/qxwyqEE6zgT0qCFZsognCgupbIR4igbDSCeZ1CPbiy8ukeVa2z8uVu0qhdpXFkQPH4ASUgA0uQA3cgDpoAAwewTN4BW/Gk/FivBsf89YVI5s5An9gfP4AaRabGQ==</latexit>

Jk =
X

j=0

✏jJ (j)
k

# mass scalesComplexity level

Mathematical
 Structure dependent

A basis for all Feynman integrals (MI): 

Set up DE wrt all kinematics

Change basis

Canonical-form 

Solve order-by-order in  <latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

# kinematic scales

# loops

<latexit sha1_base64="empyMOmO0Q78PqBYvaJfh0FfxU0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF71VsLbQhrLZTtqlm03Y3RRK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjJx2nimGTxSJW7YBqFFxi03AjsJ0opFEgsBWMbmd+a4xK81g+mkmCfkQHkoecUWOlVneMLLuf9soVt+rOQVaJl5MK5Gj0yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+bnTsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14bWfcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCJRuCt/zyKnm6qHq1au3hslK/yeMowgmcwjl4cAV1uIMGNIHBCJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9uCo+m</latexit>

~I

[Henn ’13]

[Wasser, Mistlberger, Smirnov, Wasser ’20]

[Lee ’14]
[Prausa ’17]
[Meyer ’18]
[Dlapa, Henn, Yan ’20]

[Adams, EC, Weinzierl ’17]

[Görges, Nega, Tancredi, Wagner ’23]

[Dlapa, Henn, Wagner ’22]
[Frellesvig, Weinzierl ’23]

[Bourjaily, Kalyanapuram, Langer, Patatoukos ’21]

[epsilon-collaboration.,’25]
[EC, Sotnikov ’23]

[Chen, Yang, Zhang ’25]
[Yang, Zhang ’25]
[Forner, Mella, Nega, Tancredi ’26]
[+ many more]

[+ many more]

(Algebraic, Transcendental)
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Chen’s iterated integrals

Analytic representation

<latexit sha1_base64="HKYV+aEz1MIunULUsgxIpH4vnkw="></latexit>

G(z1, z2, ..., zk; y) =

Z y

0

dy1
y1 � z1

G(z2, ...zk; y1)

Multiple Polylogarithms (MPLs) 

14

<latexit sha1_base64="5pKR0GkBa+4J0CiH/0JmQtTXQ9s=">AAACC3icbVA9SwNBEN3z2/h1ammzGIRoEe4kqI0g2lhGMCaQxGNusxcXd++O3TkhHOlt/Cs2ForY+gfs/DduPgpNfDDweG+GmXlhKoVBz/t2Zmbn5hcWl5YLK6tr6xvu5taNSTLNeI0lMtGNEAyXIuY1FCh5I9UcVCh5Pby/GPj1B66NSOJr7KW8raAbi0gwQCsF7m6rC0rBbX7Qp6VWongXArFPT2kUCFrCfdrBwC16ZW8IOk38MSmSMaqB+9XqJCxTPEYmwZim76XYzkGjYJL3C63M8BTYPXR509IYFDftfPhLn+5ZpUOjRNuKkQ7V3xM5KGN6KrSdCvDOTHoD8T+vmWF00s5FnGbIYzZaFGWSYkIHwdCO0Jyh7FkCTAt7K2V3oIGhja9gQ/AnX54mN4dl/6hcuaoUz87HcSyRHbJLSsQnx+SMXJIqqRFGHskzeSVvzpPz4rw7H6PWGWc8s03+wPn8AelimQ0=</latexit>

�⇤(!i) = fi(t)dtPull-back of the differential one-forms to the unit interval
Let        be the manifold, and           be the one-forms. 

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

Iterated integrals of          along     is defined by
<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�

<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

<latexit sha1_base64="X219vSS/CKC0RdIVVkMAyng2ETQ="></latexit>Z

�
I(!1...!n;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)...

Z �k�1

0
d�kfk(�k)

Independent of 
geometric structure

Of the coefficients in the Laurent expansion

[Chen ’71]

[Goncharov ’98]

<latexit sha1_base64="GfCV3gHsNWJKfawUrk6YsVbEvC8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwbSFNJTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4etbXMFKE+kVyqboQ15UxQ3zDDaTdVFCcRp51ofDfzO09UaSbFo5mkNEzwULCYEWys5AfuhRf2qzW37s6BVolXkBoUaPWrX72BJFlChSEcax14bmrCHCvDCKfTSi/TNMVkjIc0sFTghOownx87RWdWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8IDPxTZgzkWaGCrJYFGccGYlmn6MBU5QYPrEEE8XsrYiMsMLE2HwqNgRv+eVV0r6se4164+Gq1rwt4ijDCZzCOXhwDU24hxb4QIDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8Aba+jfw=</latexit>

[0, 1]

[Kummer ’74][Poincare ’84] [Borwein, Bradley, Broadhust, Lisonek ’01]



Chen’s iterated integrals

Analytic representation

<latexit sha1_base64="HKYV+aEz1MIunULUsgxIpH4vnkw="></latexit>

G(z1, z2, ..., zk; y) =

Z y

0

dy1
y1 � z1

G(z2, ...zk; y1)

Multiple Polylogarithms (MPLs) 

15

<latexit sha1_base64="5pKR0GkBa+4J0CiH/0JmQtTXQ9s=">AAACC3icbVA9SwNBEN3z2/h1ammzGIRoEe4kqI0g2lhGMCaQxGNusxcXd++O3TkhHOlt/Cs2ForY+gfs/DduPgpNfDDweG+GmXlhKoVBz/t2Zmbn5hcWl5YLK6tr6xvu5taNSTLNeI0lMtGNEAyXIuY1FCh5I9UcVCh5Pby/GPj1B66NSOJr7KW8raAbi0gwQCsF7m6rC0rBbX7Qp6VWongXArFPT2kUCFrCfdrBwC16ZW8IOk38MSmSMaqB+9XqJCxTPEYmwZim76XYzkGjYJL3C63M8BTYPXR509IYFDftfPhLn+5ZpUOjRNuKkQ7V3xM5KGN6KrSdCvDOTHoD8T+vmWF00s5FnGbIYzZaFGWSYkIHwdCO0Jyh7FkCTAt7K2V3oIGhja9gQ/AnX54mN4dl/6hcuaoUz87HcSyRHbJLSsQnx+SMXJIqqRFGHskzeSVvzpPz4rw7H6PWGWc8s03+wPn8AelimQ0=</latexit>

�⇤(!i) = fi(t)dtPull-back of the differential one-forms to the unit interval
Let        be the manifold, and           be the one-forms. 

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

Iterated integrals of          along     is defined by
<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�

<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

<latexit sha1_base64="X219vSS/CKC0RdIVVkMAyng2ETQ="></latexit>Z

�
I(!1...!n;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)...

Z �k�1

0
d�kfk(�k)

Independent of 
geometric structure

Of the coefficients in the Laurent expansion

[Chen ’71]

[Goncharov ’98]

<latexit sha1_base64="GfCV3gHsNWJKfawUrk6YsVbEvC8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwbSFNJTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4etbXMFKE+kVyqboQ15UxQ3zDDaTdVFCcRp51ofDfzO09UaSbFo5mkNEzwULCYEWys5AfuhRf2qzW37s6BVolXkBoUaPWrX72BJFlChSEcax14bmrCHCvDCKfTSi/TNMVkjIc0sFTghOownx87RWdWGaBYKlvCoLn6eyLHidaTJLKdCTYjvezNxP+8IDPxTZgzkWaGCrJYFGccGYlmn6MBU5QYPrEEE8XsrYiMsMLE2HwqNgRv+eVV0r6se4164+Gq1rwt4ijDCZzCOXhwDU24hxb4QIDBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8Aba+jfw=</latexit>

[0, 1]

Elliptic polylogarithms (eMPLs) [Adams, Bogner, Weinzierl ’14,’15] [Bloch, Vanhove ’13] [Broedel, Duhr, Dulat, Tancredi ’17] [Brown, Levin’11] 
<latexit sha1_base64="3jzHKEoX7p0eItBkKwdCkOwCOKQ="></latexit>

�̃(n1...nk
z1...zk ; z; ⌧) =

Z z

0
dz

0
g(n1)(z

0
� z1, ⌧)�̃(

n2...nk
z2...zk ; z; ⌧)

[Kummer ’74][Poincare ’84] [Borwein, Bradley, Broadhust, Lisonek ’01]



Numerical Evaluation 
(Highly dependent on the analytic structure)

16



Polylogarithmic cases

                    Use GSE on the DE (   - factorised) (contains square roots) 

                                 

17

Expressible as    log one-forms
<latexit sha1_base64="zfYianV9A9VJR/fXf4X7yV2Kl7o=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0msTfVW9OKxBfsBbSibzaRdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zM8xPOlLbtDyu3srq2vpHfLGxt7+zuFfcP2ipOJYUWjXksuz5RwJmAlmaaQzeRQCKfQ8cfX8/9zj1IxWJxqycJeBEZChYySrSRmsGgWLLLdq1SdR1syAKGVJ1Lt1bBTqaUUIbGoPjeD2KaRiA05USpnmMn2psSqRnlMCv0UwUJoWMyhJ6hgkSgvOni0Bk+MUqAw1iaEhov1O8TUxIpNYl80xkRPVK/vbn4l9dLdXjhTZlIUg2CLheFKcc6xvOvccAkUM0nhhAqmbkV0xGRhGqTTcGE8PUp/p+0z8qOW3ab56X6VRZHHh2hY3SKHFRDdXSDGqiFKAL0gJ7Qs3VnPVov1uuyNWdlM4foB6y3TxfpjSg=</latexit>

d

Using DE:
<latexit sha1_base64="+79ggVfvmS1trpvEy9xBt5ACd9s=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCtYW2lA22027dLMbdzdCCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/uFUilZi0sWBCdkOkCKOctDXVjHQTSVAcMtIJJ5e537knUlHBb/Q0IUGMRpxGFCNtpG6fJIoywQflimM7vld3PGhIrerXqjnxzs7rDejazhwVsERrUH7vDwVOY8I1ZkipnuskOsiQ1BQzMiv1U0UShCdoRHqGchQTFWTze2fwxChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLddQIMsqTVBOOF4uilEEtYP48HFJJsGZTQxCW1NwK8RhJhLWJqGRC+PoU/k9uPdv1bf+6VmleLOMogiNwDE6BC+qgCa5AC7QBBgw8gCfwbN1Zj9aL9bpoLVjLmUPwA9bbJ7IqkG8=</latexit>✏



Polylogarithmic cases

                    Use GSE on the DE (   - factorised) (contains square roots) 

                                 

18

Expressible as    log one-forms
<latexit sha1_base64="zfYianV9A9VJR/fXf4X7yV2Kl7o=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0msTfVW9OKxBfsBbSibzaRdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zM8xPOlLbtDyu3srq2vpHfLGxt7+zuFfcP2ipOJYUWjXksuz5RwJmAlmaaQzeRQCKfQ8cfX8/9zj1IxWJxqycJeBEZChYySrSRmsGgWLLLdq1SdR1syAKGVJ1Lt1bBTqaUUIbGoPjeD2KaRiA05USpnmMn2psSqRnlMCv0UwUJoWMyhJ6hgkSgvOni0Bk+MUqAw1iaEhov1O8TUxIpNYl80xkRPVK/vbn4l9dLdXjhTZlIUg2CLheFKcc6xvOvccAkUM0nhhAqmbkV0xGRhGqTTcGE8PUp/p+0z8qOW3ab56X6VRZHHh2hY3SKHFRDdXSDGqiFKAL0gJ7Qs3VnPVov1uuyNWdlM4foB6y3TxfpjSg=</latexit>

d

Using DE:
<latexit sha1_base64="+79ggVfvmS1trpvEy9xBt5ACd9s=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCtYW2lA22027dLMbdzdCCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/uFUilZi0sWBCdkOkCKOctDXVjHQTSVAcMtIJJ5e537knUlHBb/Q0IUGMRpxGFCNtpG6fJIoywQflimM7vld3PGhIrerXqjnxzs7rDejazhwVsERrUH7vDwVOY8I1ZkipnuskOsiQ1BQzMiv1U0UShCdoRHqGchQTFWTze2fwxChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLddQIMsqTVBOOF4uilEEtYP48HFJJsGZTQxCW1NwK8RhJhLWJqGRC+PoU/k9uPdv1bf+6VmleLOMogiNwDE6BC+qgCa5AC7QBBgw8gCfwbN1Zj9aL9bpoLVjLmUPwA9bbJ7IqkG8=</latexit>✏

Using AR: MPLs: GINAC, FastGPL, HandyG,..
[Vollinga ’07] [Wang, Yang, Zhou ’21][Naterop, Signer, Ulrich ’19]

Expressed as iterated integrals with    log one-forms: 
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

1. Local series expansions  

2. Construct a basis of iterated integrals, later use GSE



Elliptic (and beyond) cases

                     Use GSE on the algebraic DE (not -factorized) 

                  

<latexit sha1_base64="+79ggVfvmS1trpvEy9xBt5ACd9s=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCtYW2lA22027dLMbdzdCCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/uFUilZi0sWBCdkOkCKOctDXVjHQTSVAcMtIJJ5e537knUlHBb/Q0IUGMRpxGFCNtpG6fJIoywQflimM7vld3PGhIrerXqjnxzs7rDejazhwVsERrUH7vDwVOY8I1ZkipnuskOsiQ1BQzMiv1U0UShCdoRHqGchQTFWTze2fwxChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLddQIMsqTVBOOF4uilEEtYP48HFJJsGZTQxCW1NwK8RhJhLWJqGRC+PoU/k9uPdv1bf+6VmleLOMogiNwDE6BC+qgCa5AC7QBBgw8gCfwbN1Zj9aL9bpoLVjLmUPwA9bbJ7IqkG8=</latexit>✏

19

Not expressible as    log one-forms
<latexit sha1_base64="zfYianV9A9VJR/fXf4X7yV2Kl7o=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0msTfVW9OKxBfsBbSibzaRdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zM8xPOlLbtDyu3srq2vpHfLGxt7+zuFfcP2ipOJYUWjXksuz5RwJmAlmaaQzeRQCKfQ8cfX8/9zj1IxWJxqycJeBEZChYySrSRmsGgWLLLdq1SdR1syAKGVJ1Lt1bBTqaUUIbGoPjeD2KaRiA05USpnmMn2psSqRnlMCv0UwUJoWMyhJ6hgkSgvOni0Bk+MUqAw1iaEhov1O8TUxIpNYl80xkRPVK/vbn4l9dLdXjhTZlIUg2CLheFKcc6xvOvccAkUM0nhhAqmbkV0xGRhGqTTcGE8PUp/p+0z8qOW3ab56X6VRZHHh2hY3SKHFRDdXSDGqiFKAL0gJ7Qs3VnPVov1uuyNWdlM4foB6y3TxfpjSg=</latexit>

d

Using DE:
[epsilon collaboration ’25][EC, Sotnikov ’25][Chen, Yang, Zhang ’25]



Elliptic (and beyond) cases

                     Use GSE on the algebraic DE (not -factorized) 

                  

                       eMPLs: GINAC 

                       Iterated integrals with generic (periods and other transcendental) one-forms: 

                                                                    Local series expansions  

                                                         

<latexit sha1_base64="+79ggVfvmS1trpvEy9xBt5ACd9s=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCtYW2lA22027dLMbdzdCCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0wYVdpxPqzCyura+kZxs7S1vbO7V94/uFUilZi0sWBCdkOkCKOctDXVjHQTSVAcMtIJJ5e537knUlHBb/Q0IUGMRpxGFCNtpG6fJIoywQflimM7vld3PGhIrerXqjnxzs7rDejazhwVsERrUH7vDwVOY8I1ZkipnuskOsiQ1BQzMiv1U0UShCdoRHqGchQTFWTze2fwxChDGAlpims4V79PZChWahqHpjNGeqx+e7n4l9dLddQIMsqTVBOOF4uilEEtYP48HFJJsGZTQxCW1NwK8RhJhLWJqGRC+PoU/k9uPdv1bf+6VmleLOMogiNwDE6BC+qgCa5AC7QBBgw8gCfwbN1Zj9aL9bpoLVjLmUPwA9bbJ7IqkG8=</latexit>✏
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Not expressible as    log one-forms

<latexit sha1_base64="AXkUAyBSaIsMcnucQ/78o9mEsYE=">AAACFnicbZDLSgMxFIYzXmu9VV26CRZBFw4zIlVwU3Sjuwr2Ap1hOJNJazDJDElGKKVP4cZXceNCEbfizrcxbWfh7YfAx3/OSXL+OONMG8/7dGZm5+YXFktL5eWV1bX1ysZmS6e5IrRJUp6qTgyaciZp0zDDaSdTFETMaTu+PR/X23dUaZbKazPIaCigL1mPETDWiioHAZMmCvogBODLPRykgvYh8rHrugXL04DbCxPYx1Gl6rneRPgv+AVUUaFGVPkIkpTkgkpDOGjd9b3MhENQhhFOR+Ug1zQDcgt92rUoQVAdDidrjfCudRLcS5U90uCJ+31iCELrgYhtpwBzo3/XxuZ/tW5ueifhkMksN1SS6UO9nGOT4nFGOGGKEsMHFoAoZv+KyQ0oIMYmWbYh+L9X/gutQ9evubWro2r9rIijhLbRDtpDPjpGdXSBGqiJCLpHj+gZvTgPzpPz6rxNW2ecYmYL/ZDz/gVdmZ2g</latexit>Z

�
I(!1...!n;�)

Could depend on transcendental objects,
 like periods of an elliptic curve or its derivative 

Numerical evaluation suffers:
Series expansions around special kinematic points                            often insufficient 
Series expansions in the whole phase-space region                            often too slow 

<latexit sha1_base64="zfYianV9A9VJR/fXf4X7yV2Kl7o=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0msTfVW9OKxBfsBbSibzaRdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zM8xPOlLbtDyu3srq2vpHfLGxt7+zuFfcP2ipOJYUWjXksuz5RwJmAlmaaQzeRQCKfQ8cfX8/9zj1IxWJxqycJeBEZChYySrSRmsGgWLLLdq1SdR1syAKGVJ1Lt1bBTqaUUIbGoPjeD2KaRiA05USpnmMn2psSqRnlMCv0UwUJoWMyhJ6hgkSgvOni0Bk+MUqAw1iaEhov1O8TUxIpNYl80xkRPVK/vbn4l9dLdXjhTZlIUg2CLheFKcc6xvOvccAkUM0nhhAqmbkV0xGRhGqTTcGE8PUp/p+0z8qOW3ab56X6VRZHHh2hY3SKHFRDdXSDGqiFKAL0gJ7Qs3VnPVov1uuyNWdlM4foB6y3TxfpjSg=</latexit>

d

[Duhr, Lorkowski, Marzucca, Mauc, Weinzierl ’26][Walden, Weinzierl ’20]

Using DE:

Using AR:

[epsilon collaboration ’25][EC, Sotnikov ’25][Chen, Yang, Zhang ’25]



Outlook

• Multi-loop computations challenging but the analytic insights fun! 

• Clearly a lot of progress will be needed to fully utilize the mathematical 
understanding for phenomenological applications. 

• Despite the challenges the rich mathematical structure of multi-loop integrals 
interesting by themselves!
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Thanks!


