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OQS 1n cosmology

In cosmology there are several
out of (or near) equilibrium processes

open system effects may become relevant when

1) light degrees of freedom interact with the system.

11) strongly coupled or otherwise non-perturbative regimes (€.g., reheating/preheating,
electroweak phase transitions).

111) horizons (e.g. cosmological/black-hole horizons)

1v) unresolved matter sectors

etc.




Open quantum systems

« Two interacting sectors H = Hs ® I¢ + He @ Is + gHin
(subsystems).

* Scale separation of system and environment not always
feasible.

* Averaging scheme to “integrate out the environment”.
* Non-Hamiltonian evolution.

» Study the effect of dissipation, noise, decoherence etc.




iPMU Density matrix

The density matrix encodes all the statistical and quantum information about
the state of a system.

Schrodinger Equation

The SE: 2 |¢(t)) = H [4(t)) is satisfied by pure states p(t) = [1(t))(¥(¢)],
B im0 — o ol — p.

von Neumann equation

Differentiate p and substitute for SE to get: i-£p(t) = [H, p(t)].
Can accomodate for mixed states p = > . p; [¢;) (¥
Can extend to open systems, e.g. Nakajima-Zwanzig.

The Schwinger-Keldysh path integral gives a formal solution for the
time evolution of the reduced density matrix.
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Density matrix

Evolution of the full density matrix
p(te) = Ulte, ts) o Ul (te, t:) .

— e Probability (Diagonal): p,, = (f,|p|f,).

Matrix elements e Coherence (Off-Diagonal): ppn = (fin|plfn) (m # n).

o) |f) — e Expectation Value: (O) = Tr[Op].

e Purity and Mixedness: Tr|p?| < 1.

e Entanglement: e.g. von Neunmann entropy S(pa) = — Tr[paInpa] > 0.

Properties: Trp=1, p' = p, positivity ?




T In-1n formalism

» K
iP
CTP/Schwinger-Keldysh/real-time formalism

 Insert two resolutions of the identity: I= | Df|f)(f]

(Erlp(t)f) = (E|U(t, t) U (8, 13)|E)
— /d[f+i,f_i] Ea|U (e, ) [Ea) (Eil i | i) (Ei| U (25, ) [ £2)

Path Integral Sum over Path Integral
; . : Identity initial states Identity
* Use the path integral 1dentity: e (- Branch)
fi f_
.S — o[
(£ [p(te)[f-) = /d[f+i,f_i] (Eyilpi i) D[f4] D .| wet’ Tluia
£ f_, [L. V. Keldysh (1964)
R. P. Feynman & F. L. Vernon Jr (1963)]
0
. . . t
Pi —9 P— PR p(+o0)— time
f : (Av C,E,(I),(I)*) f—
£ ¢ - |f7)

fj = (Aj,Cj,Ej, (Dj, (Dj;)




5y In-1n formalism

» K
i P . . . . . . .
the in-1n contour generates correlation functions for general nitial states
 Auta) X
[4 f—|— 4
Physical observables P e : i o time
correspond to traces: ti = —o0 by = 400

S FB.C. e Ensure matching between the branches at the final time ¢,
AR EOL L. S, e impose initial conditions at time ¢;

Introducing sources Ji, we can define the generating functional, where
{5} = UL, Je, IZ, I3, I

e.g., differentiating with respect to sources
on different branches yields the Wightman
function of the photon

5221n—in
573" (@) (9) 72 <o

= Tr(leu (37)1211/ (y)Pi)-
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Keldysh r/a basis

1 fit+F-

7 e T A and, | fal= s £
\ . J

“classical field” “quantum field”

Semi-classical . [ ( [ 1 ] [ 1 D T [ SS[f.] 3 ]
S —S|f_]) =i S|fe+=Fa|l =S|fe—=F.| | = Ao B + O(f)] -
ok 25 i(SUF 1= SIF 1) =i (S| et 5fu| =S| — 5fu ) =i [ &2 £ 2 -

Ex: Scalar QED:
Gla— - — / d*z EFWFW + (D, ®)* D ® + m*d*d + %(@AM)Q + amc]

F,, =0,A,—0,A,, and D, =0, —ieA,, c(x) and ¢&(x) are the Grassmann fields.

Rotate basis

—

1
§
+ [DI DD, — m?®,] % + [(DLDE®,)* — m*®*] &, — (08, cq + Uer Ea)

e f dx [8,,F;’” — ie(P;DED, — (DL, )*D,.) + aﬂayA?’f] A
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iP Introduction to BRST gauge-fixing

In the Abelian Higgs action there 1s a local U(1) redundancy.
®(z) = NP (z), and Ay(x) = Ap(x) + OuA(z).

The path integral “overcounts” physically equivalent configurations.

To quantize the theory, we must first eliminate this redundancy.

1 1
SR —/d% [4FWFW +(D,®)*D"® + m*®* + i(aﬂA“)erEDc

gauge fixing term

The transformation is controlled by a single global Grassmann parameter n, with n? = 7.
The local z-dependence is carried by the ghost field ¢(x).
Au(z) = Au(x) + n0uc(x), c(x) = c(x),
O(z) — () + igne(z)®(x), c(z) = ¢(z) — 0,4 ().

These transformations are generated by the BRST charge (Jprsr.

Physical states are those annihilated by the charge, Qgrst|?) = 0. (BRsTP = PEBRST = 0




iPMU  BRST gauge-fixing in the in-in formalism

A:I:,u (:L') s Ai'u(.’li) At @Lci (33) ;
Match fields t » 01 () = @1(z) +ignece(2)P+(2),
at final B.C.’s ety x) =£(x). c+(z) = cx(z),
c(z) = cx(x) —nr 0,4k (z),
A#(t2)
\ . f+ >
! Lo e Global BRST transf.
4 ti=—00 tr = +oo ' |:> Preserved by the ae =
y I~ -— diagonal subgroup
) OBRST
U BRST transformations as f — f + nsf
* Gauge symmetry, breaks down to the 5 Retarded < Advatess
diagonal subgroup only at the boundary. $Arp(x) = Ouer (@) §AL(x) = Opca(w)
« Two independent gauge transf’s 5@, (z) = iger(2)@p(z) 3D, (2) = i [Po(x)cr () + co(2) Py (2)]
(retarded & advanced) remain in the sc-(x) =0 ¢y () =0
dynamics. ,§5r($) — _8”A7ﬁf(x) §C—3a($) i _(%Ag(w)
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Decoupling limat
In the decoupling limit we recover the global symmetry.
In the local case A, (z) = A, (x) + Iy \(z), D' (x) = el M) (1),

split gauge transformation into a global part § and a local part £(x):  A(x) = %9 + &(x)

the original local symmetry separates into a decoupled global transformation
oAl and a local transformation A (x) = A, (x) + 8,6(x), @'(x) = e D(x)

BRST case — recover the global diagonal U(1).

split ghost ¢ into a constant vev and a fluctuation c4(x) = %co + Cyi(x)

he in-in boundary conditions require the same vev on each branch: c () =c_(tr) = Cy(tr) = C_(t¢)

e Al oppcr Ay, = 10,04, 0prsTC+ =0, 0BrsTC+ = —NO,AY , 0BrsT®E = incyd™

the diagonal BRST transf. on ® reduces to a diagonal global U(1) transf. 0t = 6- = neg
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1e-prescription
For an 1nitial Gaussian state with translation invariance we can encode the boundary

conditions on the path integral.

A d*k Lo il i, i
Ex: i€ for a real massive free scalar field: ¢(z) = f 2n) 0(k2m8(k* + m?) (e@"““’”ak e e

Gyt G+—)

The free CTP propagator contains information about the state p: Go = ( Q G
__|_ A,

I |~

Gt (2,y) = Tx[pT o) d(y)],
We can repackage the state data into the ie-prescription G (z,y) =Tt —pqg(y)g%(m)},
; A G_ X, = TI‘- ) £ b )
S =t [ (o) 0-(n) 630 (48] o) = Tr o) o(o)
2/ (2m) ¢ (k) — T (1)
: 1 1 : G- (a,y) = Tr|[pTd(2)ly)].
= /d% (—5(8¢+)2 — 5m*el + 2 (94-)" + §m2¢2_) + Sie-
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1e-prescription
rotate to r/a basis

G (@,y) = (gj ((jf ;’; gE <)) . Gk =Cr+Ga

normalisation condition

Tl‘(p) =1 — Sin—in[fru fa = 0] — (s

ﬂeik-(m—y) 0 e T b T 2
:> o /d4a? oo ()0 — m2}¢r(5€) -+ .S;.. /(%)4 (1+2M VK2 +

with S = =2 [ a1 00(2) 01 90(@) + ic [ dto [ dtygu(e) Rolap) 9ul):

S;e 18 split into a state-dependent and a state-independent part

S@e[@, ¢a; P] = SﬁA[qﬁTa ¢a] I Sf[ﬁba; P]

Enforces the i€ prescription \ A ¢ h
B Goand G, Encodes initial data and determines the

Keldysh / Haramard propagator Gg
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1e-prescription

Ex: massive complex scalar & charged under a U(1) gauge field

Global case
D — /d4a: (q);(:z:)[D —m? — 260, P, (z) + X (2)[0 — m? + 26(%]‘1)3(33))
e / d*z / dy & (2) Ko (x, y)Ba(y)). e
—
pi_’t-:—oo 5 :+ooa » time
What about the gauge theory? . Aulte) =0
AL(t)
Not gauge invariant? Not BRST invariant
BRI ) -0 ()0 (x). 5 (92 (2)@4 (2)) = igler(z) — c—(2))DL (2) @4 ().
eiq)\a(x)

V] Invariance under the retarded (diagonal) gauge symmetry.
X] Invariance under advanced gauge symmetry.




Wilson lines

Although these fields have the same spacetime p(ti) = ) tr
point, they are at different branches of the contour.

Introduce a Wilson line:

eF TSRS ().

e Ends at the final time surface z{ = t;

e Trivially satisfies the in-in B.C’s: & (t¢) = ®_(#)
o & () = M@ (2) transforms covariantly under retarded gauge transf.

o &, (1) = eFiztralt)P, (z) = &, (2) is invariant under advanced gauge transf.
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Putting this into a BRST language

The same Wilson line ensures <I>T_<I>+ is BRST invariant
(because A\y(tf) =0 = c4(tr) = 0)

8A, = Oycr(z) §O.(z) =ige(x)Ps(x) , 50 (@) — —lgeltal iRt

Why we care?

Recall, we implemented the initial conditions via the ie-prescription.
For the state to be physical in a BRST-quantised gauge theory, it must be BRST invariant.

< &

S —26/d4$ (OF () D[ AP () — OF () De[Ar]Pa(x)) + 2ie/d4:13/d4y O (x)Ko(x,y)Pa(y).

Ko(z,y) — e_iq)\r(m)+iq)\r(y)K¢($7 y).
Invariant under retarded

gauge transf.
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iP Wilson lines 1n practice

When integrating out charged matter, the resulting nonlocal kernels remain gauge invariant
because the Wilson lines are already built into the background-field propagators.

e We compute the propagator of the charged field being integrated out, in a fixed gauge-field background
A,

e Because the charged field obeys a covariant equation, its Green’s function must parallel-transport charge
between y and x.

e Thus the kernel can be dressed as D(x,y) = W(x,y)H (z,y).

e The Wilson line is therefore naturally built in the charged-field propagator in the gauge-field background.

Here W (x,y) is the Wilson line carrying the endpoint phases, while H(x,y) is gauge invariant.
Thus ®'(2)D(x,y)®(y) is ensured gauge invariant.




Zinn-Justin / Master equation
SE= ST ST

Sl Il or 4T ol or oI or T or  or GRSl

a

(23
Si(T z/ d*z [ - +Bf— + - - + —
+(T) " 5A?|:,u 5Kia dct 0K 4, i(SCQ'”: 0Py 5[(;;1) 5([)1 VAL L 5Kiw 01 0K 1y

The in-out 1PI action I'and connected generating functions W give vevs of operators in the presence
of an external source (with the 1PI effective action understood as an integral over all spacetime).

The n-1n generating functions apply for an arbitrary physical initial state, including mixed states,
and apply to the finite time effective action.

You can see this by introducing sources localized at the initial time surface to probe the 1nitial state.

S (SNL —tln (((_1)N¢fi+‘ﬁ(ti)’fi_>)) =0

ZJ equ encodes the way in which the BRST transformations are modified at the quantum level, so that
the full 1PI effective action remains BRST invariant.



Open EFT matching

If you have access to the closed system 1PI action

e Start from the closed system: ¢ = system, y = environment.

e Turn off the sources. Solve the 1PI equations: 6I'/dxT = 0.

o Get xt =xZ,[¢F, 0]

e Substitute back into the closed-system 1PI action: T'gpr[¢pT, ¢~ ] =T[oT, ¢, x|, Xaotl-

e The result defines the Open EFT: I'gpr[¢T, ¢~ |, hence Sip[o™, ¢~ ] and prrr(d; , ¢; ).

TR

e The initial density matrix p(t,o;L, P; X;L, X; ) need not bed factorisable and may couple the two branches.

e The initial system-environment correlations can contribute to the influence functional.




Influence Functional

TRACE OUT ENVIRONMENT — REDUCED DENSITY MATRIX

=
1x

0S E'Er[p}.

Assumed the initial state
factorizes: Pi = 08i @ Q¢i Q’

A A ‘
(Atles(tr)|A_) = / d[Ai] (AyilosilA_s) / DlA] [ DA ] eiSS[A”"'SS[A].
A—i—i A_;

The Influence Functional

D D
l'leiSIF[A'F!A—] — /d[q)’ (D:l:l] <(D+1‘le|(D_l> D[(b+] D[@_] Meisé’ [<D+]+isint[A+sq)+]_iSS [¢—]_isint[A—=q)—] .
D D _;
and similarly for ®*.

* (Generates cross-branch mixings

* Used to study entanglement

» Obtain the generating functional by introducing sources  Zs[J4X,J.", J2, I, Jo, J5 |




iPMU It’s BRST all the way down

Recall:

¢ The in-1n action for the closed/fundamental theory is BRST invariant under the diagonal subgroup.

“* We obtain the Influence Functional by tracing out the environment DOFs.

As long as the state is BRST invariant — §Sp[A1,A_,...] =0.
05 05
e : i IF |
Split: § = §s + §¢. ——— $Sr|As, A_] /d x [ch@,w W =@ 0, T 0.
. » 0Sw OSF
Ward identities P A, 0, and 0, A 0.

The influence functional is gauge invariant under two independent
copies of gauge transformations, one on each branch
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Integrating out the electron in a thermal bath

Influence Functional (quadratic) MA@MA @W

Swlde A] = T [ S5 | AL 0AL () — AL WAL (R4 (B

d*k
(2m)*
—i A" (k)N (k) A (—k) + A% (k)Hﬁ:j(k)Ai(—k)] Ol

Non-local Kernels

d*e d*e : :
bEClenlo; / FED[FB (=t — k)] (20, + k,)¢,,  Yacuum divs. - absorb into field-
f P (2m)* Bl (28 + k) strength renormalization ~q? F?

—
™
—_
he
~—
I
N
=
=
R

d*¢
) = 2 / (%)4)/\/5 (OWP (=L — k) (20, + k)L,
Feynman Wightman
& o —1 216(k? +m?) Py : y ) 1
JETAR= k2+m2—z’e+ AT = and WP (k) = 2m6(k* + m*) |6(k )—|—€B|k0|_1
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(Gauge 1invariance

Satisfy the kI, (k)
Ward identity — k*N, (k)

0 Both, diagonal and advanced
0 gauge symmetries are preserved.

Decompose transverse and longitudinal components

Swld A = @ Y [ 555 PR - ALRDEKIALR) + ARSI AL(B)|.
=Ibp Ak

gauge invariance 1s encoded in the index structure

Non-local kernels
AN (R) = NP (—R)] NG (k) + N (=)
2 ’ 4 ’
\ |
i \ 1

Modifies . Dissipation Aol
dispersion relation

I (k)

Dj(k) = RellL; (k) S (k)




iP Locality in weakly coupled theories?
Locality Wilsonian limit m > {|k|,1/5}
¥ The classical Boltzmann contributions survive in V] Open effects are exponentially surpressed o

the high-temperature limit, but not space-time local.

[V] Photon is weakly coupled to thermal environment. V| Standard Wilsonian (vacuum) EFT

¥ V]  Gradient expansions allowed below the
Memory effects. branch cut k2 = 4m2,

[V] Kernels non-analytic in w, = the retarded
propagator exhibit branch cuts near w ~ 0. Does integrating heavy DOFs in weakly
X
coupled EFTs lead to open system effects?

X] Gradient expansions allowed.

In cosmological scales, gravity and other fields interact only weakly at low temperatures.

In cosmology, we expect non-local kernels parametrise open-system effects.




iPMU  “Open Electromagnetism” (bottom-up)

Translation invariant system, with an isotropic medium.

Assumptions: There is a preffered direction: background frame field n,,.

1 E
Sin-in = /d433 [ - §F;5F§‘B aa QFf“ﬁF;‘B] + S1F,  STF = Sdiss T Snoise-

Saua= [ &'z [ a'y {f1 (¢ —y) | Bi(@) BX(y) - Bi(2) B (y)| + fale — ) Bi(2) B2 (y)
+ fa(z —y) [Bi(@) B (v) + Bi(2) BX(9)] + fale — y) Bi(2) BMy) - fs(x — ) Bi(z) AX(9)

e A N N e ajE;%y)}

Sune = 5 [ 4" [ a'y{ o1(o - ) [E2@) E20) - B @) B+l - ) EX@ERW
+ gs(z —y) {E? (z) B (y) + Bi(2) E?(y)] +9a(z — y) BN 2)E} (y) — g5(z — y) Bj(2)Ai(y)

— go(x — y) €, By (2)0: B3 (y) + g7(z — y) 5¢E?(fﬁ)3jE?(y)}



TSHT “Open Electromagnetism” (matching)

Matching to the top-down action

Open EM Influence Functional

S = ¢ [ S| — AUCRIDaa(WALE) + ALK Saa(ALR

(2m)*
~Dag(k) = 201(=k)(knas — kaks) + fo(=k) ((n - k)*nas + K*nams — (k- n)lkans + kgnal )
0" Sap(k) = 291(=k) (k"o — kaka) + g2(—F) ((’n k)™ nap + k*nang — (k- n)[kang + k’ﬁna])

Decompose into longitudinal

and transverse components Matching carefully to the above expressions
Dap = DL(k) Pag + Dr(k) Pag —q°DL(k) = 2f1(=k) — f2(=k), ¢°SL(k) = 2g1(—k) — g2(=k),
2k? k3 2L s
Sap = SL(K) P;Jﬁ + St(k) Pgﬁ —¢*Dr(k) = Wfl(_k) + ﬁfz(—k) ; ¢°Sr(k) = ng(—k) o ﬁgz(—k) :

Match the coefficients to the kernels we derived from the top down
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PMU Abelian Higgs-Kibble Model a la Caldeira-Leggett

Couple the abelian Higgs-Kibble model coupled to a charged bath

1
§ = —/d‘*a: [EFWFWHD“[ |92+ A (v — 2*9) +Z —| Dol Al + T3lir | — gr(@® 901+901<1>))]

l )

a non-relativistic bath of charged scalars ¢;

SSB vev is shifted and the bath fields acquire a vev unitary gauge
1 g% gr ® = (vg + ¢/v2) with ¢ real and
(2 S \/U2 . 2\ F% gy S F2 7 e oy =vr + %(oq + ¢87) with ay and S real.

There is only one gauge freedom to remove one phase so the ; remain complex.

Introducing the Stiickelberg field

8 1 X
RN (le 20, ;> (v + —(ap +if81)) e V2,

V2 with Z,x = 9, x — V2quoA,.

oy and (37 are are gauge-invariant bath fluctuations.
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IPMU Abelian Higgs-Kibble Model a la Caldeira-Leggett

*we don’t integrate out the Higgs (.

Tree level interaction

sefo, ) = [ a3 [0+ 5@~ 513 (o + )

Integrate out the bath and the Higgs

: 1 1 1 ISRy
Sin-in{A+7X+7A*7X*] = /d4 ( 4FIVF+MV__(-@+X+) +4FMVF W"‘E(-@MX )2)

—C / d*z — (25 x~ (2))?] Dispersion mod

ids: /d4 /d4 (ZyxT(x) —Z5x (2)d(z—y) (_%i};_(?@)) iy

Noise/dissipation
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Abelian Higgs-Kibble Model a la Caldeira-Leggett

*we don’t integrate out the Higgs (.
Bottom-up

1 r leY afl o r
Sinin = /d4a: [— SRR PLoFPpap @Mxr(a:)@g’xa(:v)} + StF,

A G / dz / dty {fm<x ) Do) Doxa () + Fra(e — ) 19 Do (2) DX )
+ hi(x — y) Fo; () D;' xa(y) + ha(x — y) D x: (2) Fo; (y) + ha(x — ) €56 F5; () D xa(y)

+ ha(z — y) Ez'jk@éXr(J?)F%(y)}

A groise _ /d% / dy {gg(:c —y) Dixa(2) Dy xaly) + gro(x — y) ﬁij@iaXa(ﬂ?)-@;Xa(y)

+ c1(z — y) F§(2) D xay) + ca(z — y) ez-ij%(ﬂc)@ﬂxa(y)} :
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Conclusions

The total action respects the diagonal BRST symmetry because the influence
functional is invariant under two copies of gauge symmetries by virtue of the
Wilson lines which emerge naturally from the background field propagators.

More to do

e Understand how to systematically construct gravitational
EFTs and address technical challenges

* Make progress on open questions about causality, unitarity.

* Phenomenology (gravitational waves, quantum gravity and
quantum properties of matter etc)



High Temperature Limit -0

In general non-local for system weakly coupled to bath.

=
@D
—
o
=
l

1

1 S S |
e i Sl NS e A | o e
3[K[252 lmk\ o am=1~ 1 +9(5)

s o SR 6(%) + 0(=K? — am?) N@_M 9+]
Im [l (k)] ~ 3|k[33° 27 |k|23? Y e Bl +O(5)

BT OR)mhy | O() + 6=k —4m?) [ [ dm® kol 1 Q+
3333  12]kPA2 27 [k|2 32 k2 2K %

1 k3 5 ko/\k\ +1 1
g N s i
6/k|257 [kP g ( k|2> 2 % [ho/k — 1 pe? (6) ’

3
=
:

?

)
o
=
H
=
[

W[ O(k)m
By o
o) = Gl - s
O(k?) + 6(—k? — 4m?) 4m? a4m?  kZ k| QL 1
! I - o | E,
Y R |K[2 32 SR SRS e | o8 |5 +O(5)’
o = ﬁ 0(k*)m _9(k2)7rk:0
E k2 12(k[353  24]k[352°

0(k?) + 0(—k* — 4m?) 4m? am?  kZ k| 0, 1
2, s|k|2 32 Vit * (H K |k|2) 2o ] log’ﬁ‘ }+O (B) ’
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Wilsonian limit

Wilsonian limit dominates; open effects are very suppressed.

1 kQ —Bm m(llz_z b 1) a1
T [ 5750 O )} 2E V2(758)3/2 k|2 S (m )
0(k* 5 4k|*m?  8mk
ol (1<) [ e O ()

1.2 _gm | VM (k* 4 5]K[?) el
e | T ] e | g 00 )
2 k
—f;k;)ge‘ﬁm'k [9(k0)+65|k0|9( k°)+1} [4“;';;”’2 4 %;ZT O(mo)]
0K b o Srmk||k|
T [9(k0)+e g 9(—k0)+1} { P —I—C’)(mo)}



Quantisation of gauge theories

| ik N ) Preserve
Insist on positive-energy states but allow for states with negative norm iU |
U invariance
Example, canonically quantise the photon, (0]do(k)al (K)|0) = —2wy (27)363(k — k)

the timelike 1p state picks up a a negative norm

—> Vacuum wavefunctional is not normalisable

Indefinite Hilbert space = eigenvalues of Hermitian operators need not be real

A

Ag|As(x)) = iA4|As(x)) = Ag =iAs W) = [ DAy (—Aq)pp(As)

vacuum wavefunctional is

A, anti-Hermitian #
normalisable

but self-adjoint wrt a redefined inner product

in SK, unitarity i.e. conservation of probability => Ag = iAff
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