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= Φ 0, 𝑡 ො𝜌𝑠 0

Partial System

 Qubits𝐾



UnitaryReduced Dynamics

Φ ෡𝐻, ො𝜌𝐸 , 𝐶𝑆𝐸 ො𝜌 ෡𝐻 ෡𝐻 ෡𝐻

Non-Markovian Dynamics

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 0

Partial System

 Qubits𝐾



UnitaryReduced Dynamics

Φ ෡𝐻, ො𝜌𝐸 , 𝐶𝑆𝐸 ො𝜌 ෡𝐻 ෡𝐻 ෡𝐻

Non-Markovian Dynamics

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1ො𝜌𝑆 0

Partial System

 Qubits𝐾



UnitaryReduced Dynamics

Φ ෡𝐻, ො𝜌𝐸 , 𝐶𝑆𝐸 ො𝜌 ෡𝐻 ෡𝐻 ෡𝐻

Non-Markovian Dynamics

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1 ො𝜌𝑆 𝑡2ො𝜌𝑆 0

Partial System

 Qubits𝐾



UnitaryReduced Dynamics

Φ ෡𝐻, ො𝜌𝐸 , 𝐶𝑆𝐸 ො𝜌 ෡𝐻 ෡𝐻 ෡𝐻

Non-Markovian Dynamics

Φ 𝑡1, 𝑡2 = Φ 0, 𝑡2 Φ−1 0, 𝑡1

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1 ො𝜌𝑆 𝑡2ො𝜌𝑆 0

Partial System

 Qubits𝐾



Non-Markovian Dynamics

Φ 𝑡1, 𝑡2 = Φ 0, 𝑡2 Φ−1 0, 𝑡1

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1 ො𝜌𝑆 𝑡2ො𝜌𝑆 0

Φ 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙 ො𝜌 ෠𝜙† + ෍

𝑖

෠𝜙𝑖  ො𝜌 ෠𝜙𝑖
𝑇

Partial System

 Qubits𝐾



Non-Markovian Dynamics

Φ 𝑡1, 𝑡2 = Φ 0, 𝑡2 Φ−1 0, 𝑡1

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1 ො𝜌𝑆 𝑡2ො𝜌𝑆 0

Φ 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙 ො𝜌 ෠𝜙† + ෍

𝑖

෠𝜙𝑖  ො𝜌 ෠𝜙𝑖
𝑇

Trace Preserve: ෠𝜙† ෠𝜙 + ෍

𝑖

෠𝜙𝑖
𝑇 ෠𝜙𝑖 = ෠𝟙

Partial System

 Qubits𝐾



Non-Markovian Dynamics

Φ 𝑡1, 𝑡2 = Φ 0, 𝑡2 Φ−1 0, 𝑡1

ො𝜌𝑠 𝑡 = Tr𝐸
෡𝑈 𝑡 𝜓𝑔𝑒𝑛 𝜓𝑔𝑒𝑛

෡𝑈† 𝑡

= Φ 0, 𝑡 ො𝜌𝑠 0

ො𝜌𝑆 𝑡1 ො𝜌𝑆 𝑡2ො𝜌𝑆 0

Φ 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙 ො𝜌 ෠𝜙† + ෍

𝑖

෠𝜙𝑖  ො𝜌 ෠𝜙𝑖
𝑇

Trace Preserve: ෠𝜙† ෠𝜙 + ෍

𝑖

෠𝜙𝑖
𝑇 ෠𝜙𝑖 = ෠𝟙

Partial System

 Qubits𝐾

No Assumptions



Non-Markovian Dynamics

Large Autonomous
System

 Qubits𝑁



1 0

0

00

0 0

0

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0 ෡𝑈 =

𝑢0

𝑢𝑠 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑠 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 𝑢𝑠 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋱ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑠

⋱
⋱

Charge
Conserving

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑠 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑠 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 𝑢𝑠 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋱ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑠

𝑞 = 1

Charge
Conserving

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑠 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑠 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 𝑢𝑠 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋱ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑠

𝑁

𝑁

𝑁 𝑞 = 1

10 ⋯ 0 , 01 ⋯ 0 ,
⋯ 00 ⋯ 1

Charge
Conserving

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑠

𝑢𝑠

𝑢𝑠

⋱
𝑢𝑠

𝑁 𝑞 = 1 𝑢𝑠 : Same State
10 ⋯ 0 , 01 ⋯ 0 ,

⋯ 00 ⋯ 1

Charge
Conserving

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

𝑁 𝑞 = 1 𝑢𝑠 : Same State

: Different State𝑢𝑑
10 ⋯ 0 , 01 ⋯ 0 ,

⋯ 00 ⋯ 1

Charge
Conserving

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

: Different State𝑢𝑑

Charge
Conserving

Large Autonomous
System

𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1

10 ⋯ 0

Non-Markovian Dynamics

𝑢𝑠 : Same State



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

: Different State𝑢𝑑

Charge
Conserving

Large Autonomous
System

𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

: Different State𝑢𝑑

Charge
Conserving

෡𝐻 =
1

4
෍

𝑖≠𝑗

𝑁

 𝐽 ො𝜎𝑖
𝑥 ො𝜎𝑗

𝑥 + ො𝜎𝑖
𝑦

ො𝜎𝑗
𝑦

+ 𝐽𝑧 ො𝜎𝑖
𝑧 ො𝜎𝑗

𝑧 + ෍

𝑖

𝑁

ℎ ො𝜎𝑖
𝑧

Large Autonomous
System

𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

: Different State𝑢𝑑

Charge
Conserving

𝐽𝑧 ℎ

Large Autonomous
System

𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

𝑢𝑑 𝑢𝑑 ⋯ 𝑢𝑑

⋮ ⋮ ⋮ ⋮
𝑢𝑑 𝑢𝑑 𝑢𝑑 ⋯

: Different State𝑢𝑑

Charge
Conserving

𝐽

Large Autonomous
System

𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

Large Autonomous
System

10 ⋯ 0

Non-Markovian Dynamics



1 0

0

00

0 0

0

Large Autonomous
System

10 ⋯ 0
𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

Non-Markovian Dynamics



1 0

0

00

0 0

0

𝑢𝑠 10 ⋯ 0 +
𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

10 ⋯ 0

1 0

0

00

0 0

0

10 ⋯ 0

Large Autonomous
System

Non-Markovian Dynamics



1

0

10 ⋯ 0 10 ⋯ 0

Partial System

Non-Markovian Dynamics



1

0

10 ⋯ 0 10 ⋯ 0 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0

+ 𝑝𝟏 𝜓𝟏 𝜓𝟏Partial System

Non-Markovian Dynamics



1

0

1

0

10 ⋯ 0 10 ⋯ 0 10 ⋯ 0 10 ⋯ 01 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0

+ 𝑝𝟏 𝜓𝟏 𝜓𝟏Partial System

Non-Markovian Dynamics



Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌

Non-Markovian Dynamics

Partial System



𝜑𝑠
𝟏: Same State

: Different State𝜑𝑑
𝟏

𝐾 𝑞 = 1

𝐾

𝐾

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏 ⋯ 𝜑𝑑
𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏 ⋯ 𝜑𝑑
𝟏

⋮ ⋮ ⋱ ⋮
𝜑𝑑

𝟏 𝜑𝑑
𝟏 ⋯ 𝜑𝑠

𝟏

⋱
⋱

Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟏 ො𝜌 ෠𝜙𝟏†

Non-Markovian Dynamics

Partial System



Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟏 ො𝜌 ෠𝜙𝟏† + ෠𝜙𝜏
𝟏 ො𝜌 ෠𝜙𝜏

𝟏𝑇

𝜑𝜏
𝟏 = ෠𝜙𝜏

𝟏
𝜑𝑠

𝟏: Same State
: Different State𝜑𝑑

𝟏

𝐾 𝑞 = 1

𝐾

𝐾

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏 ⋯ 𝜑𝑑
𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏 ⋯ 𝜑𝑑
𝟏

⋮ ⋮ ⋱ ⋮
𝜑𝑑

𝟏 𝜑𝑑
𝟏 ⋯ 𝜑𝑠

𝟏

⋱
⋱

𝜑𝜏
𝟏 𝜑𝜏

𝟏 ⋯ 𝜑𝜏
𝟏

𝐾

Non-Markovian Dynamics

Partial System



𝜑𝜏
𝟏 = ෠𝜙𝜏

𝟏 𝑞 = 1
𝜑𝑠

𝟏: Same State
: Different State𝜑𝑑

𝟏

𝐾 𝑞 = 1

𝐾

𝐾

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏 ⋯ 𝜑𝑑
𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏 ⋯ 𝜑𝑑
𝟏

⋮ ⋮ ⋱ ⋮
𝜑𝑑

𝟏 𝜑𝑑
𝟏 ⋯ 𝜑𝑠

𝟏

⋱
⋱

𝜑𝜏
𝟏 𝜑𝜏

𝟏 ⋯ 𝜑𝜏
𝟏

Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟏 ො𝜌 ෠𝜙𝟏† + ෠𝜙𝜏
𝟏 ො𝜌 ෠𝜙𝜏

𝟏𝑇

𝐾

Non-Markovian Dynamics

Partial System



𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1
𝜑𝑠

𝟏: Same State
: Different State𝜑𝑑

𝟏

𝐾 𝑞 = 1

𝐾

𝐾

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏 ⋯ 𝜑𝑑
𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏 ⋯ 𝜑𝑑
𝟏

⋮ ⋮ ⋱ ⋮
𝜑𝑑

𝟏 𝜑𝑑
𝟏 ⋯ 𝜑𝑠

𝟏

⋱
⋱

𝜑𝜏
𝟏 𝜑𝜏

𝟏 ⋯ 𝜑𝜏
𝟏

Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟏 ො𝜌 ෠𝜙𝟏† + ෠𝜙𝜏
𝟏 ො𝜌 ෠𝜙𝜏

𝟏𝑇

𝐾

Non-Markovian Dynamics

Partial System



𝜑𝑠
𝟏: Same State

: Different State𝜑𝑑
𝟏

𝐾 𝑞 = 1

𝐾

𝐾

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏 ⋯ 𝜑𝑑
𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏 ⋯ 𝜑𝑑
𝟏

⋮ ⋮ ⋱ ⋮
𝜑𝑑

𝟏 𝜑𝑑
𝟏 ⋯ 𝜑𝑠

𝟏

⋱
⋱

𝜑𝜏
𝟏 𝜑𝜏

𝟏 ⋯ 𝜑𝜏
𝟏

Φ𝟏 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟏 ො𝜌 ෠𝜙𝟏† + ෠𝜙𝜏
𝟏 ො𝜌 ෠𝜙𝜏

𝟏𝑇

𝐾

Non-Markovian Dynamics

Partial System

𝜑𝑠
𝟏 2

+ 𝐾 − 1 𝜑𝑑
𝟏 2

+ 𝜑𝜏
𝟏 = 1

Trace Preserve

𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1



Φ𝟎 𝑡1, 𝑡2; 𝐾 ො𝜌

Non-Markovian Dynamics

Partial System



𝜑𝑠
𝟎

𝜑2
𝟎

𝜑2
𝟎

⋱
𝜑2

𝟎

⋱
⋱

𝜑0
𝟎 − 𝜑𝑠

𝟎 𝟐

Φ𝟎 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟎 ො𝜌 ෠𝜙𝟎† + ෠𝜙0
𝟎 ො𝜌 ෠𝜙0

𝟎𝑇

Non-Markovian Dynamics

Partial System



𝜑𝜏
𝟎 = 𝑞 = 1 ෠𝜙𝜏

𝟎 𝑞 = 0

𝜑𝑠
𝟎

𝜑2
𝟎

𝜑2
𝟎

⋱
𝜑2

𝟎

⋱
⋱

𝜑𝜏
𝟎

𝜑𝜏
𝟎

⋮

𝜑𝜏
𝟎

𝜑0
𝟎 − 𝜑𝑠

𝟎 𝟐

Φ𝟎 𝑡1, 𝑡2; 𝐾 ො𝜌 = ෠𝜙𝟎 ො𝜌 ෠𝜙𝟎† + ෠𝜙0
𝟎 ො𝜌 ෠𝜙0

𝟎𝑇 + ෠𝜙𝜏
𝟎 ො𝜌 ෠𝜙𝜏

𝟎𝑇

Non-Markovian Dynamics
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Non-Markovian Dynamics

Φ 𝜇 𝜇 ≽ 0

෍

𝜇,𝜈

Φ 𝜇 𝜈 ⊗ 𝜇 𝜈 ≽ 0

Φ 𝑡1, 𝑡2 is P

Φ 𝑡1, 𝑡2 is CP

ො𝜌 = ෍

𝜇
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Non-Markovian Dynamics

Φ 𝜇 𝜇 ≽ 0

෍

𝜇,𝜈

Φ 𝜇 𝜈 ⊗ 𝜇 𝜈 ≽ 0

Φ 𝑡1, 𝑡2 is P

Φ 𝑡1, 𝑡2 is CP

ො𝜌 = ෍

𝜇

𝑝𝜇 𝜇 𝜇

Pure States

Choi, Linear Algebra and its Applications 10, 285 (1975)

⟺

⟺

⟹

Max Entangled

Eigenvalue can be negative

is PCP⟺is NPNCPΦ𝒊 𝑡1, 𝑡2; 𝐾 𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 < 0

Partial Systems

Non-MarkovianityNon-CP-Divisibility



Excitation Flow
෠𝜙𝜏

𝟏 ෠𝜙𝜏
𝟏𝑇

෠𝜙𝜏
𝟎 ෠𝜙𝜏

𝟎𝑇

𝜑𝜏
𝟎 = 𝑞 = 1 ෠𝜙𝜏

𝟎 𝑞 = 0

𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1



Excitation Flow
෠𝜙𝜏

𝟏 ෠𝜙𝜏
𝟏𝑇

෠𝜙𝜏
𝟎 ෠𝜙𝜏

𝟎𝑇

𝜑𝜏
𝟎 = 𝑞 = 1 ෠𝜙𝜏

𝟎 𝑞 = 0

𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05



Excitation Flow
෠𝜙𝜏

𝟏 ෠𝜙𝜏
𝟏𝑇

෠𝜙𝜏
𝟎 ෠𝜙𝜏

𝟎𝑇

𝜑𝜏
𝟎 = 𝑞 = 1 ෠𝜙𝜏

𝟎 𝑞 = 0

𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝑁 = 5



Excitation Flow
෠𝜙𝜏

𝟏 ෠𝜙𝜏
𝟏𝑇

෠𝜙𝜏
𝟎 ෠𝜙𝜏

𝟎𝑇

𝜑𝜏
𝟎 = 𝑞 = 1 ෠𝜙𝜏

𝟎 𝑞 = 0

𝜑𝜏
𝟏 = 𝑞 = 0 ෠𝜙𝜏

𝟏 𝑞 = 1

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝑁 = 5 𝐾 = 1, 2, 3, 4



Excitation Flow

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05



Excitation Flow

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0



𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0



𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 < 0



𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 < 0



𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 < 0

Non-CP-Divisible



𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 < 0

𝜑𝜏
𝟎 𝑡, 𝑡 + 0.05

𝜑𝜏
𝟏 𝑡, 𝑡 + 0.05

Non-Markovian

Non-CP-Divisible



Pauli Basis (𝐾 = 1)

ො𝜌 =
1

2
 ෠𝕀 + 𝑏𝑥  ො𝜎𝑥 + 𝑏𝑦  ො𝜎𝑦 + 𝑏𝑧 ො𝜎𝑧



Pauli Basis (𝐾 = 1)

𝑏𝑥 𝑏𝑦  𝑏𝑧 

𝑏  =

1
𝑏𝑥

𝑏𝑦

𝑏𝑧



Pauli Basis (𝐾 = 1)

𝑏 ≤ 1

𝑏𝑥 𝑏𝑦  𝑏𝑧 

𝑏  =

1
𝑏𝑥

𝑏𝑦

𝑏𝑧



Pauli Basis

Λ𝟏 𝑡1, 𝑡2 𝑏  =

1
𝜑𝑠

𝟏

𝜑𝑠
𝟏

𝜑𝜏
𝟏 𝜑𝑠

𝟏 2

1
𝑏𝑥

𝑏𝑦

𝑏𝑧

Λ𝟎 𝑡1, 𝑡2 𝑏  =

1
𝜑𝑠

𝟎

𝜑𝑠
𝟎

−𝜑𝜏
𝟎 𝜑0

𝟎

1
𝑏𝑥

𝑏𝑦

𝑏𝑧

(𝐾 = 1)

𝑏𝑥 𝑏𝑦  𝑏𝑧 

𝑏 ≤ 1



Λ𝟏 0, 𝑡

Pauli Basis (𝐾 = 1)

Λ𝟎 0, 𝑡 

𝑏  

𝑏  



Pauli Basis (𝐾 = 1)

𝑏𝑧
𝟏

𝑏𝑧
𝟎



Pauli Basis

0

0

(𝐾 = 1)

𝑏𝑧
𝟏

𝑏𝑧
𝟎



Pauli Basis

1

0

1

0

(𝐾 = 1)

𝑏𝑧
𝟏

𝑏𝑧
𝟎



Pauli Basis

1

0

1

0

Mix

Mix

(𝐾 = 1)

𝑏𝑧
𝟏

𝑏𝑧
𝟎



1

0

1

0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

Mix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎



1

0

1

0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

MixedMix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎



1

0

1

0

𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0

MixedMix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎

PCP



𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0 𝜑𝜏

𝒊 𝑡1, 𝑡2; 𝐾 < 0

Mixed

1

0

1

0

Mix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎

PCP



𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0 𝜑𝜏

𝒊 𝑡1, 𝑡2; 𝐾 < 0

Mixed Pure

1

0

1

0

Mix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎

PCP



𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0 𝜑𝜏

𝒊 𝑡1, 𝑡2; 𝐾 < 0

Mixed Pure

1

0

1

0

Mix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎

PCP NPNCP



𝜑𝜏
𝒊 𝑡1, 𝑡2; 𝐾 > 0 𝜑𝜏

𝒊 𝑡1, 𝑡2; 𝐾 < 0
PCP NPNCP

Mixed Pure

1

0

1

0

Mix

Mix

𝑏𝑧
𝟏

𝑏𝑧
𝟎 Non-Markovian



Domain of Positivity

Λ𝟏 𝑡, 𝑡 + Δ𝑡 Ԧ𝑑  =

1
𝜑𝑠

𝟏

𝜑𝑠
𝟏

𝜑𝜏
𝟏 𝜑𝑠

𝟏 2

1
𝑑𝑥

𝑑𝑦

𝑏𝑧

Λ𝟎 𝑡, 𝑡 + Δ𝑡 Ԧ𝑑  =

1
𝜑𝑠

𝟎

𝜑𝑠
𝟎

−𝜑𝜏
𝟎 𝜑0

𝟎

1
𝑑𝑥

𝑑𝑦

𝑑𝑧

(𝐾 = 1)

𝑑𝑥 𝑑𝑦  𝑑𝑧 



Domain of Positivity

Λ𝟏 𝑡, 𝑡 + Δ𝑡 Ԧ𝑑  =

1
𝜑𝑠

𝟏

𝜑𝑠
𝟏

𝜑𝜏
𝟏 𝜑𝑠

𝟏 2

1
𝑑𝑥

𝑑𝑦

𝑏𝑧

Λ𝟎 𝑡, 𝑡 + Δ𝑡 Ԧ𝑑  =

1
𝜑𝑠

𝟎

𝜑𝑠
𝟎

−𝜑𝜏
𝟎 𝜑0

𝟎

1
𝑑𝑥

𝑑𝑦

𝑑𝑧

(𝐾 = 1)

𝑑𝑥 𝑑𝑦  𝑑𝑧 

 Λ𝒊 Ԧ𝑑𝒊 ≤ 1

Domain Mapped
to Bloch Ball



1

1

0

Mix

Mix

0

1

0

1

0

𝑑𝑧
𝟏

𝑏𝑧
𝟏

𝑑𝑧
𝟎

𝑏𝑧
𝟎



1

1

0

Mix

Mix

0

1

0

1

0

𝑑𝑧
𝟏

𝑏𝑧
𝟏

𝑑𝑧
𝟎

𝑏𝑧
𝟎



1

1

0

Mix

Mix

0

1

0

1

0

𝑑𝑧
𝟏

𝑏𝑧
𝟏

𝑑𝑧
𝟎

𝑏𝑧
𝟎



1

1

0

Mix

Mix

0

1

0

1

0

𝑑𝑧
𝟏

𝑏𝑧
𝟏

𝑑𝑧
𝟎

𝑏𝑧
𝟎



1

1

0

Mix

Mix

0

1

0

1

0

𝑑𝑧
𝟏

𝑏𝑧
𝟏

𝑑𝑧
𝟎

𝑏𝑧
𝟎



1

1

0

Mix

Mix

0
𝑑𝑧

𝟏

𝑑𝑧
𝟎

𝜑𝜏
𝒊 0, 𝑡2; 𝐾 > 0



1

1

0

Mix

Mix

0 𝜑𝜏
𝒊 0.5, 𝑡2; 𝐾 < 0

𝑑𝑧
𝟏

𝑑𝑧
𝟎

𝜑𝜏
𝒊 0, 𝑡2; 𝐾 > 0



1

1

0

Mix

Mix

0 𝜑𝜏
𝒊 0.5, 𝑡2; 𝐾 < 0

𝑑𝑧
𝟏

𝑑𝑧
𝟎

𝜑𝜏
𝒊 0, 𝑡2; 𝐾 > 0

∀ 𝑡2Non-Markovian



1

1

0

Mix

Mix

0 𝜑𝜏
𝒊 0.5, 𝑡2; 𝐾 < 0

𝑑𝑧
𝟏

𝑑𝑧
𝟎

𝜑𝜏
𝒊 0, 𝑡2; 𝐾 > 0

∀ 𝑡2Non-Markovian

Φ ෡𝐻, ො𝜌𝐸 , 𝐶𝑆𝐸



Inference of Global Parameters

Φ𝟏 𝑡1, 𝑡2; 𝐾

Φ𝟎 𝑡1, 𝑡2; 𝐾



?

Large Autonomous
System

Global
Parameters

Inference of Global Parameters

Φ𝟏 𝑡1, 𝑡2; 𝐾

Φ𝟎 𝑡1, 𝑡2; 𝐾



?

Large Autonomous
System

𝛩 ∈ 𝑁

Global
Parameters

Inference of Global Parameters

Φ𝟏 𝑡1, 𝑡2; 𝐾

Φ𝟎 𝑡1, 𝑡2; 𝐾



?

Large Autonomous
System

𝛩 ∈ 𝑁, 𝐽

Global
Parameters

Inference of Global Parameters

Φ𝟏 𝑡1, 𝑡2; 𝐾

Φ𝟎 𝑡1, 𝑡2; 𝐾

෡𝐻 𝐽



?

Large Autonomous
System

𝛩 ∈ 𝑁, 𝐽

Global
Parameters

Inference of Global Parameters

Φ𝟏 𝑡1, 𝑡2; 𝐾

Φ𝟎 𝑡1, 𝑡2; 𝐾

෡𝐻 𝐽

ud 𝑡2
2 − ud 𝑡1

2
1

𝜑𝜏
𝟎

−
1

𝜑𝜏
𝟏

= 1 −
1

𝑁 − 𝐾



Inference of Global Parameters

Global
Parameters?

Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

𝛩 ∈ 𝑁, 𝐽



𝜑𝜏
𝟎 𝜑𝜏

𝟏

Inference of Global Parameters

Global
Parameters?

Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

𝛩 ∈ 𝑁, 𝐽

=



Inference of Global Parameters

Global
Parameters?

Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

𝛩 ∈ 𝑁, 𝐽

ud 𝑡2
2 − ud 𝑡1

2
1

𝜑𝜏
𝟎

−
1

𝜑𝜏
𝟏

= 1 −
1

𝑁 − 𝐾



Inference of Global Parameters

Global
Parameters?

Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

𝑁

𝑁



Inference of Global Parameters

Global
Parameters?

Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

𝐽

𝑁

𝑇 =
2𝜋

𝑁𝐽



Inference of Global Parameters

?
Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

෠𝜙𝟏 =
𝜑0

𝟏

𝜑𝑠
𝟏

෠𝜙𝟎 =
𝜑𝑠

𝟎

𝜑2
𝟎



Inference of Global Parameters

?
Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

Φ𝟏 𝑡1, 𝑡2; 2

෠𝜙𝟏 =
𝜑0

𝟏

𝜑𝑠
𝟏

෠𝜙𝟎 =
𝜑𝑠

𝟎

𝜑2
𝟎

෠𝜙𝟏 =

𝜑0
𝟏

𝜑𝑠
𝟏 𝜑𝑑

𝟏

𝜑𝑑
𝟏 𝜑𝑠

𝟏

𝜑2
𝟏



Inference of Global Parameters

?
Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

Φ𝟏 𝑡1, 𝑡2; 2

𝜑0
𝟏

𝜑𝑠
𝟏

𝜑𝑠
𝟎

𝜑2
𝟎

𝜑0
𝟏

𝜑𝑠
𝟏

𝜑𝑠
𝟏

𝜑2
𝟏



Inference of Global Parameters

?
Φ𝟏 𝑡1, 𝑡2; 1

Φ𝟎 𝑡1, 𝑡2: 1

Φ𝟏 𝑡1, 𝑡2; 2
𝜑𝑑

𝟏

𝜑𝑑
𝟏



?

Fisher Information

𝛩 ∈ 𝑁, 𝐽

Global
Parameters

Large Autonomous
System



?

Fisher Information

𝛩 ∈ 𝑁, 𝐽

Global
Parameters

Large Autonomous
System

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =  ො𝜌 𝑡, 𝛩 ෠𝐿𝛩

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =
1

2
 ො𝜌 𝑡, 𝛩  ෠𝐿𝛩 + ෠𝐿𝛩 ො𝜌 𝑡, 𝛩  

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =
1

2
 ො𝜌 𝑡, 𝛩  ෠𝐿𝛩 + ෠𝐿𝛩 ො𝜌 𝑡, 𝛩  

ℱ𝛩 = ෍

𝑖

𝜕𝛩𝑝𝑖
2

𝑝𝑖

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =
1

2
 ො𝜌 𝑡, 𝛩  ෠𝐿𝛩 + ෠𝐿𝛩 ො𝜌 𝑡, 𝛩  

ℱ𝛩 = ෍

𝑖

𝜕𝛩𝑝𝑖
2

𝑝𝑖
+ 2 ෍

𝑖,𝑗

𝑝𝑖 − 𝑝𝑗
2

𝑝𝑖 + 𝑝𝑗
𝜓𝑖 𝜕𝛩𝜓𝑗

2

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =
1

2
 ො𝜌 𝑡, 𝛩  ෠𝐿𝛩 + ෠𝐿𝛩 ො𝜌 𝑡, 𝛩  

ℱ𝛩 = ෍

𝑖

𝜕𝛩𝑝𝑖
2

𝑝𝑖
+ 2 ෍

𝑖,𝑗

𝑝𝑖 − 𝑝𝑗
2

𝑝𝑖 + 𝑝𝑗
𝜓𝑖 𝜕𝛩𝜓𝑗

2

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

Classicℱ𝛩
𝐶

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



?

Large Autonomous
System

Fisher Information

𝛩 ∈ 𝑁, 𝐽

𝜕𝛩𝑝 𝑥|𝛩

𝑝 𝑥|𝛩
= 𝐿𝛩 = 𝜕𝛩 𝑙𝑛 𝑝 𝑥|𝛩

𝐹𝛩 = 𝑣𝑎𝑟 𝐿𝛩 = න 𝑑𝑥
𝜕𝛩𝑝 2

𝑝

𝜕𝛩 ො𝜌 𝑡, 𝛩 =
1

2
 ො𝜌 𝑡, 𝛩  ෠𝐿𝛩 + ෠𝐿𝛩 ො𝜌 𝑡, 𝛩  

ℱ𝛩 = ෍

𝑖

𝜕𝛩𝑝𝑖
2

𝑝𝑖
+ 2 ෍

𝑖,𝑗

𝑝𝑖 − 𝑝𝑗
2

𝑝𝑖 + 𝑝𝑗
𝜓𝑖 𝜕𝛩𝜓𝑗

2

Classic Quantum

𝑣𝑎𝑟 𝛩 ≥
1

ℱ𝛩

Global
Parameters

ℱ𝛩
𝐶 ℱ𝛩

𝑄

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

Partial System

Fisher Information

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

?
𝛩 ∈ 𝑁, 𝐽

Global
Parameters



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

Partial System

Fisher Information

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

?
𝛩 ∈ 𝑁, 𝐽

Global
Parameters



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

Large Autonomous
System

Fisher Information

ො𝜌 𝑡, 𝑁



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

𝑝𝟏 𝑁 = 𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2Large Autonomous
System Unitary

Fisher Information

ො𝜌 𝑡, 𝑁



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

𝑝𝟏 𝑁 = 𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1Large Autonomous
System Unitary

Fisher Information

ො𝜌 𝑡, 𝑁



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

ො𝜌𝟏 𝑡, 𝑁 = 𝜓𝟏 𝜓𝟏

𝑝𝟏 𝑁 = 𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1Large Autonomous
System Unitary

Fisher Information

ො𝜌 𝑡, 𝑁



𝜓𝟏 𝑁 =
𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

ො𝜌𝟏 𝑡, 𝑁 = 𝜓𝟏 𝜓𝟏

𝑝𝟏 𝑁 = 𝑢𝑠
2 + 𝑁 − 1 𝑢𝑑

2 = 1Large Autonomous
System Unitary

Fisher Information

ො𝜌 𝑡, 𝑁



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

Fisher Information

Single Qubit

ො𝜌𝟏 𝑡, 1



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

𝑝𝟏 1 = 𝑢𝑠
2

Fisher Information

Single Qubit

ො𝜌𝟏 𝑡, 1



𝜓𝟏 1 = 1

ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

𝑝𝟏 1 = 𝑢𝑠
2

Fisher Information

Single Qubit

ො𝜌𝟏 𝑡, 1



𝜓𝟏 1 = 1

ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

ො𝜌𝟏 𝑡, 1 = 1 − 𝑢𝑠
2 0 0 + 𝑢𝑠

2 1 1

𝑝𝟏 1 = 𝑢𝑠
2

Fisher Information

Single Qubit

ො𝜌𝟏 𝑡, 1



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

Partial System

Fisher Information

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽



ො𝜌𝟏 𝑡, 𝐾 = 1 − 𝑝𝟏 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟏 𝜓𝟏 𝜓𝟏

ො𝜌𝟎 𝑡, 𝐾 = 1 − 𝑝𝟎 00 ⋯ 0 00 ⋯ 0 + 𝑝𝟎 𝜓𝟎 𝜓𝟎

𝜓𝟏 =
1

𝑝𝟏

𝑢𝑠 10 ⋯ 0 +

𝑢𝑑 01 ⋯ 0 + ⋯ + 𝑢𝑑 00 ⋯ 1

𝑝𝟏 = 𝑢𝑠
2 + 𝐾 − 1 𝑢𝑑

2

𝑝𝟎 = 𝐾 𝑢𝑑
2

𝜓𝟎 =
1

𝐾

10 ⋯ 0 +
01 ⋯ 0 + ⋯ + 00 ⋯ 1

Fisher Information

Partial Systems

ො𝜌𝟏 𝑡, 𝐾, 𝑁, 𝐽

ො𝜌𝟎 𝑡, 𝐾, 𝑁, 𝐽



ℱ𝐽
𝑄𝟎

= 0

ℱ𝐽
𝐶𝟏

ℱ𝐽
𝑄𝟏

ℱ𝐽
𝐶𝟎



ℱ𝐽
𝐶𝟏

ℱ𝐽
𝑄𝟏

ℱ𝐽
𝐶𝟎



ℱ𝐽
𝐶𝟏 = 4𝑡2

ℱ𝐽
𝑄𝟏

= 4𝑡2

ℱ𝐽
𝐶𝟎 = 4𝑡2



ො𝜌𝟏 𝑁 = 𝜓 𝑡 𝜓 𝑡

ℱ𝐽
𝑄𝟏

𝐾 = 5 = 4𝑡2 𝑁 − 1

ℱ𝐽
𝐶𝟏 𝐾 = 5 = 0



ℱ𝐽
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