Quantum Collision Models:
a versatile tool for open system dynamics
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Open Quantum Systems: dissipation and decoherence form subatomic to cosmic scales
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Outline

Introduction to Quantum Collsion Models

- Time discretization and environment discretization
- Repeated Interactions

- The discrete Markovian Master Equation

- The time continuous limit

- Non-Markovian collision models
- Non-trivial geometries

- Structured Ancillae

- Metrology

Nice reviews: Phys. Rep. 1, 954 (2022)
Nice tutorial: Entropy, 24(9) (2022)
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The basic setting

Tre, {pse, t = ps(0?)

Trp,{pse, = ps(20t)
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Model the dynamics

The most general Hamiltonian can be written as

Oven a single time step one has the Hamiltonian

The system density matrix evolves as:

psn) @ ng, = U, 1(ps(n) @ nEn+1)U2+l
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Tracing away the environment

o0
. (—iot) .
The unitary operator generating the dynamicsis U, = expl—iotHy(n)] = Z —H,

Tracing away the ancilla, one gets pin+1)= |1+ Z P; ps(n)
j=1

Each PJ- describes the dynamics of S at the j-th perturbative order
10t
h

m!

1
Pj[pS(n - Dl =— ( )<[Htot’ [Hypes L5 [Higp ps(n — 1) @ WEH]]]D

See also New J. Phys. 19, 013035 (2017) for a nice treatment of

arbitrarily high perturbative orders
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The discrete master equation

One assumes an interaction Hamiltonian of the form Hmt(n)
A

n

Integrating over one time step J H(n) = Hg+ Hp + §Ag® B

[

n—1

We can write the full discrete mater equation:

_ 1 J
* T 5

l-2

ot B l
Ps(n + 1) = Ps(n — 1) — l%[HS T g<BEn>ASa ,05(”)] +
5t°

OR2

- 2R2

<BE BE A, [Ag, ps(n)]] + .
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The continuous time limit

One can obtain a time continuous time limit of the master equation by sending to
zero the time step ot — 0, while sending to infinity the number of collisions n — oo

dp(1) _ im ps(n) — pg(n — 1)

dt ot—0.,n— 00 ot

The next step is to check which terms of the expansion survive, that is:
~ or'gX(Bg,)
lim = ()
5t—0 ot

These terms can be non null, as the (Bg ) are moments of an (in principle) arbitrary

probability distribution.
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Effective unitary dynamics

61*g"( B, )
A condition for effective unitary dynamics: lim =0VkLk>2
or—() 5tg<BE >

. . . | dps(1) l
The time continuous dynamics reads: = — — [HS + OA, pS(t)] : = Iim 5tg(BE )

dt h ot—0

The unitary dynamics induced by the environment is null when the
environmental state is a stationary state of H-.

The one point correlation function of the environment can always be made
null by appropriately redefining the operators BEn.
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Second order terms: decoherence and dissipation

When the second corder term stays relevant, one obtains the usual Born-Markov ME

dp (1) ] -
" h[S ( )Sﬂs()] 72 S[sﬂs]
_ l§< lB 0 HEn] > _ 5
® = lim ['= lim otg (BE)
or—0 2N or—0

The double commutator multiplying I  can be expanded to obtain the usual dissipator in Lindblad
form. The Born-Markov ME describes decoherence and dissipation happening at rate | .
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Example 1: a qubit interacting with a qubit environment

., . o—PHz,
Hy =50 Hg, =50, Hy, = g(o5op, + 050, e, = "
. s ’
(op) =Trlogng 1 =0  (opog)=Tilogogngl=vr,  (ogog)=Trlogogng]l=7v_

One obtains the usual Markovian ME, with a stimulated absorption and the
spontaneous emission terms.
2¢.2
_ _ grorvy_ , _ _
(a8 ps(mog = (o505, psm)}) +=—-= (a5 ps(miog = {05, ps(m)})
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Non-Markovian Collision Models

Let us introduce some memory. This is easily done with collision models.

00000000000
© o © o

One let two ancillary interact after the first interacted with the system and before the
second one interacts with the system. This effectively introduces memory!

Further details in PRA 87, 040103(R) (2013) and Phys. Scr. T153, 014010 (2013)
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Introducing memory: intra-ancilla interactions

A common (and simple) choice for the intra-ancella interaction is the partial swap interaction:

—_ 1 o1 out — out
UEnEn+1 = €05 91 LS HSEnEn+1 SEnEn+1(}/]En ® }/]En+1)SEnEn+1 o ;/]En+1 ® nEn
. sin 26
COherent Swap l]EnEn+1(;7102111lt ® ”En+1)UEnEZ+1 = C082 gﬂg:zlt ® }/]En+1 + Sln2 977En+1 ® ;/]Er(l)m ! 2 [ng:t ® ;/]En+1, SEnEn+1]
Incoherent Swap U i, (1" @ i, YU, g, = cos” Onp™ @ g, + sin” O, | @ g

The second case allows analytical solution!
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The non-Markovian ME

nitially: Ry =p5(0) @1 @ g, & ... @ 1.
%R = URU"
At the n-th step: Rn — (%S,n%n,n—I%S,n—l' ' '%2,1%5,1> K
Recast the equation in recursive form R, = (1 —P)ZP] I%Sn n—j +p" I%gnRO
j=1
. . :(1_ ) j—lg. + n—lg
Tracing away the environment Pn p P iPn—j TP nP0

The map %j only depends on %, and
the initial state of the environment
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The time continuous |limit and exact solution

[
Taking the time continuous limit: p(1) = F[ dt'e ""Ep(t — 1) + e %(t)po
0

I " is connected with p via p = e Lot

One can solve the equation above exactly, and find the super operator describing the evolution of p(¢)

o0

2(1) = A@D)p(0) A = ) T 21 [EXs + D)
k=1

P& s + D)) = e—FrJ dtlJ 1dt2... [ h dty_ 1 E(G_)EWH_y—y )... E(t— 1))
0

0 0
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Cascaded collision model

M @) £B3) g4 gL g £(3) g@)

Using collision models it is also possible to treat
multipartite quantum systems in non trivial geometries

An example is given by networks of quantum system
where a signal propagates among the subsystems,
diffusing correlations

This happens in a variety of situations: collective
emission in optical cavities, atoms in a waveguide,
guantum networks, quantum state engineering
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The cascaded collision model

One can recast the dynamics in a quantum circuit like g e W o e
fashion, where each of the subsystem interact with the Es

appropriate ancillas.

R

In spite of the fact the all ancillas interact with more
than one subsystem, the model is Markovian when
one considers the whole system.

ME)

e

temporal axis for the
environmental carriers

However, non-Markovianity is observed when one tries
to trace away subsystems that are causally connected D N N
E Es E

with the remaining ones. ._WW_

For further details PRA 95, 053838 (2017) and PRA
97, 053811 (2018)

Z/{S4agl

temporal axis for the subsystems
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Example 3: two qubit in a waveguide

I I

° o
5

2

ps(t) = Z ZLppPs(t) + D _rps(1) D 122Ps(1) = C1oAg Lps(1), Ag | — S1olps(2), Ag 1Ag,

m=1
This master equation includes an effective interaction term between the two
subsystems due to the common interaction with the environment

See also New J. Phys. 14, 063014 (2012) for a quantum state engineering perspective
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Example 3: two qubit in a waveguide

° o
5

o
® O

One can recast the ME in the usual Lindblad form, where however the Lindblad
operators are non local and the Hamiltonian is renormalized by a chiral term

ps(t) = — ilH . psO] + Y ZLips(0) Hy, = Im[¢)]A| ® A,
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Non trivial environments: structured collision models

One can also consider non-trivial ancillas in order to represent the features of structured
environments, e.g. environments possessing coherence or out of equilibrium

The main idea is to consider (@) . (b)( By B, E,
o[ ]- [Sog

| Ase,
Depending on the interaction
between the system and the

@
(d) ?cg&)

ancillae one can get different
effects

multipartite ancillae
I [:ISEi

See New J Phys. 26, 023001
(2024) and Quantum Sci.

Technol. 10, 045056 (2025)
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The interacting ancilla Hamiltonian

. e f tot
One assumes an ancilla Hamiltonian of the form HEn = HEree T HE(?

One can define two different orthogonal basis f \Ei> Fal ‘Ei’)}

The main point here is that if the system S interact with the dressed basis { | E£) },
this might give rise to an induced unitary dynamics, i.e. generating coherence in S.

We are going to consider as an example the case where the ancillae are made out of
two qubits, with Hamiltonian:

ot . + - — -+
HEiZT 1+702+K12(01 02 +Ul 02)
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Local vs global coupling

We can consider two different coupling Hamiltonian. The first couples the qubit S
locally with each of the ancillary qubits:

_ + = 4 =t + o= =t
Hgp = ay(og01 +050]) + ay(og0, + 050,

In this case one simply obtains the usual Markovian master equation we have already seen.
Consider instead:

— t ¥ o~ T
Hgp = aogop + a*og Of

= | E3)(E;| = (o)

This induces an effective unitary dynamics on S, described by the Hamiltonian

H gff — Re[Tr[cfgi ng 1log + Im([T r[agi nEn]]ag

f NQSTI
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Coherence transfer and thermodynamic cost

The presence of the extra Hamiltonian (a) (b) i 50
term leads to the generation of steady
state coherence and equilibrium
populations different from the thermal ones

0.008 -

0.006 -

20000 40000 60000 80000 100000 71, 0.004 B

0.002 -

Naturally, this comes at the cost of n
. . . — F=01 p=0.5 Pl f=2 — B=5 — pB=0.1 B=0.5 p=1 — p=2 — B=5
iIntroducing energy into the system, as the e D
. . C 0, (Ps
interaction between system and 2 e
environment is not energy conserving. K‘:
This allowed to assign a work cost to the /
steady state coherence generation. N
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One more application: quantum metrology

As last application, let us consider the use of collision model to represent
metrological procedures.

§ D
In this model several ancillae interact with a probe In yY
contact with a thermal environment. The task is to
measure the temperature T. ~ - —
(b) s e
Usa, Usa, Usas
If we were to look at the probe S, the best we could do s ' , ' -i
would be to achieve the thermal Fisher information pas :
pAz B
C

PA, .

O —
Qj‘r’[h T )

kT
Figure from PRL 123, 180602 (2019)
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One more application: quantum metrology

Using the ancillae to extract information from S one can actually do better!

After the interaction of the ancillae with Sone gets astate p, 4 (o) @
One can find a POVM {11, } and define the probability distribution Y
pO) = Tr(llpy o] - -
Then one constructs the Fisher information: (b) ﬁ
Usa, Usa, Us A,
2 P
Fy(ILY. T.ps . a) = Y p@)(97Inp(x)) - :
x » n
The Quantum Fisher information is defined as: P, 3
o _ 2
IN = I{I}[a)}( ENQULE T py,a) = THlpA AN Figure from PRL 123, 180602 (2019)
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One more application: quantum metrology

PSA,,... Ay = g S%SAN‘G] S-- '%SAl(IOS & Pf’ ) ps(n) = Tr[TUgp (ps(n — 1) & pp)]

Because of the joint action of the bath and the ancillas, p¢ equilibrates to a non thermal state

F, @+ —1+2a0)° = i+ 1) Already for single ancilla measurements one
= . n =ylen+ 1)1 ets an advantage!
F ellm+1)—n—el oF : J
F 5 (al)? , Joint measurements of two ancillas lead to a greater
=1+ + O(g7g,) advantage!
291 er — 1

See also PRA 102, 042417 for further optimisation
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Conclusions

- Quantum collision models allow for an easy and
intuitive description of open system dynamics

- One can easily derive non-Markovian ME, tuning the
degree of non-Markovianity

- One can consider non trivial geometries in system S,
leading to non local dissipative channels

- One can consider structured environments, e.g. non
thermal ones

- Description of metrological protocols over performing
with respect to classical and sequential approaches.

- Applications in QCD, cosmic fluctuations or other?
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Thanks for your attention!
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