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Outline
Introduction to Quantum Collsion Models 

- Time discretization and environment discretization 
- Repeated Interactions 
- The discrete Markovian Master Equation 
- The time continuous limit

- Non-Markovian collision models 
- Non-trivial geometries 
- Structured Ancillae 
- Metrology

Nice reviews: Phys. Rep. 1, 954 (2022) 
Nice tutorial: Entropy, 24(9) (2022)
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The basic setting



Model the dynamics

Htot = HS + Hℰ + HSℰ

The most general Hamiltonian can be written as

Hℰ = ∑
i

HEi
HSℰ = ∑

i

HSEi

Oven a single time step one has the Hamiltonian

Htot(nδt) = HS + HEn
+ HSEn

ρS(n) ⊗ ηEn
→ Un+1(ρS(n) ⊗ ηEn+1

)U†
n+1

The system density matrix evolves as:



Tracing away the environment
Un = exp[−iδtHtot(n)] =

∞

∑
j=0

(−iδt) j

j!
Hj

tot(n)The unitary operator generating the dynamics is

Tracing away the ancilla, one gets ρS(n + 1) = I +
∞

∑
j=1

Pj ρS(n)

Each  describes the dynamics of S at the j-th perturbative orderPj

Pj[ρS(n − 1)] =
1

m! (−
iδt
ℏ )⟨[Htot, [Htot, […, [Htot, ρS(n − 1) ⊗ ηEn

]]]]⟩

See also New J. Phys. 19, 013035 (2017) for a nice treatment of 
arbitrarily high perturbative orders



The discrete master equation

Hint(n) = gn(t)AS ⊗ BEnOne assumes an interaction Hamiltonian of the form

Integrating over one time step ∫
tn

tn−1

Htot(n) = HS + HEn
+ ḡAS ⊗ BEn

ḡ =
1
δt ∫

tn

tn−1

g(t)dt

We can write the full discrete mater equation:

ρS(n + 1) = ρS(n − 1) − i
δt
ℏ

[HS + ḡ⟨BEn
⟩AS, ρS(n)] +

iδt2

2ℏ2
ḡ⟨i[BEn

, HEn
]⟩

−
δt2

2ℏ2 ([HS, [HS, ρS(n)]] + ḡ⟨BEn
⟩([HS, [AS, ρS(t)]] + [AS, [HS, ρS(t)]]))

−
δt2ḡ2

2ℏ2
⟨BEn

BEn
⟩[AS, [AS, ρS(n)]] + …



The continuous time limit
One can obtain a time continuous time limit of the master equation by sending to 

zero the time step  , while sending to infinity the number of collisions δt → 0 n → ∞

dρS(t)
dt

= lim
δt→0,n→∞

ρS(n) − ρS(n − 1)
δt

The next step is to check which terms of the expansion survive, that is:

lim
δt→0

δtkḡk⟨Bk
En

⟩
δt

≠ 0

These terms can be non null, as the  are moments of an (in principle) arbitrary 
probability distribution.

⟨Bk
En

⟩



Effective unitary dynamics

A condition for effective unitary dynamics: lim
δt→0

δtkḡk⟨Bk
En

⟩
δtḡ⟨BEn

⟩
= 0 ∀k ≥ 2

The time continuous dynamics reads:
dρS(t)

dt
= −

i
ℏ [HS + ΘAS, ρS(t)], Θ = lim

δt→0
δtḡ⟨BEn

⟩

The unitary dynamics induced by the environment is null when the 
environmental state is a stationary state of  .Hℰ

The one point correlation function of the environment can always be made 
null by appropriately redefining the operators . 

The price to pay is a renormalization of .
BEn

HS



Second order terms: decoherence and dissipation

dρS(t)
dt

= −
i
ℏ [HS + (Θ − Θ̃)AS, ρS(t)] −

Γ
2ℏ2 [AS, [AS, ρS]]

Θ̃ = lim
δt→0

iḡ⟨[BEn
, HEn]⟩

2ℏ

When the second corder term stays relevant, one obtains the usual Born-Markov ME

Γ = lim
δt→0

δtḡ2⟨B2
En

⟩

The double commutator multiplying  can be expanded to obtain the usual dissipator in Lindblad 
form. The Born-Markov ME describes decoherence and dissipation happening at rate .

Γ
Γ



Example 1: a qubit interacting with a qubit environment

HS =
ω
2

σz
S HEn

=
ω
2

σz
En

HSEn
= g(σ+

S σ−
En

+ σ−
S σ+

En
) ηEn

=
e−βHEn

𝒵
USEn

≃ I − igδtHSEn
−

g2δt2

2
H2

SEn

⟨σ±
En

⟩ = Tr[σ±
En

ηEn
] = 0 ⟨σ+

En
σ−

En
⟩ = Tr[σ+

En
σ−

En
ηEn

] = γ+ ⟨σ−
En

σ+
En

⟩ = Tr[σ−
En

σ+
En

ηEn
] = γ−

ρS(n + 1) = ρS(n) +
g2δt2γ+

2 (σ+
S ρS(n)σ−

S − {σ−
S σ+

S , ρS(n)}) +
g2δt2γ−

2 (σ−
S ρS(n)σ+

S − {σ+
S σ−

S , ρS(n)})

One obtains the usual Markovian ME, with a stimulated absorption and the 
spontaneous emission terms.



Non-Markovian Collision Models
Let us introduce some memory. This is easily done with collision models.

S

E1 E2 E3

S

E1 E2 E3

S

E1 E2 E3

S

E1 E2 E3

One let two ancillary interact after the first interacted with the system and before the 
second one interacts with the system. This effectively introduces memory!

Further details in PRA 87, 040103(R) (2013) and Phys. Scr. T153, 014010 (2013)



Introducing memory: intra-ancilla interactions

A common (and simple) choice for the intra-ancella interaction is the partial swap interaction:

UEnEn+1
= cos θI − i sin θSEnEn+1

SEnEn+1
(ηout

En
⊗ ηEn+1

)SEnEn+1
= ηEn+1

⊗ ηout
En

Coherent Swap

Incoherent Swap

UEnEn+1
(ηout

En
⊗ ηEn+1

)UEnE†
n+1

= cos2 θηout
En

⊗ ηEn+1
+ sin2 θηEn+1

⊗ ηEout
n

− i
sin 2θ

2
[ηout

En
⊗ ηEn+1

, SEnEn+1
]

UEnEn+1
(ηout

En
⊗ ηEn+1

)UEnE†
n+1

= cos2 θηout
En

⊗ ηEn+1
+ sin2 θηEn+1

⊗ ηEout
n

The second case allows analytical solution!



The non-Markovian ME

R0 = ρS(0) ⊗ ηE1
⊗ ηE2

⊗ … ⊗ ηEnInitially:

At the n-th step: Rn = (𝒰S,n𝒰n,n−1𝒰S,n−1…𝒰2,1𝒰S,1) R0
𝒰R = URU†

Recast the equation in recursive form Rn = (1 − p)
n−1

∑
j=1

pj−1𝒰j
S,nRn−j + pn−1𝒰n

S,nR0

Tracing away the environment ρn = (1 − p)
n−1

∑
j=1

pj−1ℰjρn−j + pn−1ℰnρ0

ℰjρ = TrE [𝒰j
S,n(ρ

n

⨂
i=1

ηEn
)]The map  only depends on  and 

the initial state of the environment
ℰj 𝒰S,n



The time continuous  limit and exact solution

·ρ(t) = Γ∫
t

0
dt′￼e−Γt′￼ℰ(t′￼) ·ρ(t − t′￼) + e−Γt ·ℰ(t)ρ0Taking the time continuous limit:

One can solve the equation above exactly, and find the super operator describing the evolution of ρ(t)

ρ(t) = Λ(t)ρ(0) Λ(t) =
∞

∑
k=1

Γk−1ℒ−1[ℰ̃k(s + Γ)](t)

ℒ−1[ℰ̃k(s + Γ)](t) = e−Γt ∫
t

0
dt1 ∫

t1

0
dt2…∫

tk−2

0
dtk−1ℰ(tk−1)ℰ(tk−2−tk−1

)…ℰ(t − t1)

 is connected with p viaΓ p = e−Γδt



Cascaded collision model

S1

S2
S3

S4
S5

S1

S5
S4

S3
S2

E(1) E(2) E(3) E(4)

E(1)

E(1)

E(1)

E(1)

E(2)

E(2)

E(2)

E(2)

E(3)

E(3)

E(4)

E(4)

E(1) E(2) E(3) E(4)

E(1)

E(1)

E(1)

E(1)

E(2)

E(2)

E(2)

E(2)

E(3)

E(3)

E(4)

E(4)

Using collision models it is also possible to treat 
multipartite quantum systems in non trivial geometries

An example is given by networks of quantum system 
where a signal propagates among the subsystems, 

diffusing correlations

This happens in a variety of situations: collective 
emission in optical cavities, atoms in a waveguide, 

quantum networks, quantum state engineering



The cascaded collision model

S1

S2

S3

S4

S5

E(1)
1 E(2)

1 E(3)
1 E(4)

1 E(4)
2E(3)

2E(2)
2E(1)

2 E(1)
3 E(2)

3 E(3)
3 E(4)

3

temporal axis for the subsystems
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E(1)

US2,E2

US3,E2

US4,E2

US5,E2

US1,E2

US5,E1

US4,E1

US3,E1

US2,E1

US1,E1 US1,E3

US2,E3

US3,E3

US4,E3

US5,E3

E3

M(1)
E1

M(2)
E1

M(3)
E1

M(4)
E1

M(4)
E2

M(3)
E2

M(2)
E2

M(1)
E2

M(1)
E3

M(3)
E3

M(4)
E3

M(2)
E3

One can recast the dynamics in a quantum circuit like 
fashion, where each of the subsystem interact with the 

appropriate ancillas.

In spite of the fact the all ancillas interact with more 
than one subsystem, the model is Markovian when 

one considers the whole system.

However, non-Markovianity is observed when one tries 
to trace away subsystems that are causally connected 

with the remaining ones.

For further details PRA 95, 053838 (2017) and PRA 
97, 053811 (2018)



Example 3: two qubit in a waveguide

S1 S2

E1

S1 S2

E1E2

S1 S2

E1E2E3

·ρS(t) =
2

∑
m=1

ℒmρS(t) + 𝒟1→2ρS(t) 𝒟1→2ρS(t) = ζ12AS1
[ρS(t), AS2

] − ξ12[ρS(t), AS2
]AS1

This master equation includes an effective interaction term between the two 
subsystems due to the common interaction with the environment

See also New J. Phys. 14, 063014 (2012) for a quantum state engineering perspective



Example 3: two qubit in a waveguide

S1 S2

E1

S1 S2

E1E2

S1 S2

E1E2E3

One can recast the ME in the usual Lindblad form, where however the Lindblad 
operators are non local and the Hamiltonian is renormalized by a chiral term

·ρS(t) = − i[H12, ρS(t)] + ∑
i

ℒ̃iρS(t) H12 = Im[ξ12]A1 ⊗ A2



Non trivial environments: structured collision models

One can also consider non-trivial ancillas in order to represent the features of structured 
environments, e.g. environments possessing coherence or out of equilibrium
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1

<latexit sha1_base64="TR7phVrAJ+7HRB8u8bajZIxSEKg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIDAsoIGspEIiRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDaY3md99BG1EpO5wFoMfsokSY8EZplK7MazW3Lqbgy4TryA1UqA1rH4NRhG3ISjkkhnT99wY/YRpFFzCvDKwBmLGp2wC/ZQqFoLxkzzonJ5YwzCiMWgqJM1F+L2RsNCYWRikkyHDB7PoZeJ/Xt/i+MpPhIotguLZIRQS8kOGa5E2AHQkNCCyLDlQoShnmiGCFpRxnoo2raSS9uEtfr9M7ht176J+1j6vNa+LZsrkiByTU+KRS9Ikt6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BHAuRQw==</latexit>

2

<latexit sha1_base64="XJH36MzCD5C4oOVM4d65Hvstttg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIJAsoIGspEIiRSYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w/uTWQ1hw6PZKR7ATMghYIOCpTQizWwMJDQDaY3md99BG1EpO5wFoMfsokSY8EZplK7MazW3Lqbgy4TryA1UqA1rH4NRhG3ISjkkhnT99wY/YRpFFzCvDKwBmLGp2wC/ZQqFoLxkzzonJ5YwzCiMWgqJM1F+L2RsNCYWRikkyHDB7PoZeJ/Xt/i+MpPhIotguLZIRQS8kOGa5E2AHQkNCCyLDlQoShnmiGCFpRxnoo2raSS9uEtfr9M7s/q3kW90T6vNa+LZsrkiByTU+KRS9Ikt6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BHZqRRA==</latexit>

3

<latexit sha1_base64="qn9EogDz6DaQ5xUKkh0KhpjynaQ=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRXZAQBlBQxkk8pASK1pfNuGUs326WyNFVsRX0EJFh2j5Fgr+BSe4gISpRjO72tkJtJKWXPfTWVpeWV1bL2wUN7e2d3ZLe/tNGydGYEPEKjbtACwqGWGDJClsa4MQBgpbweh66rce0FgZR3c01uiHMIzkQAqgTOp0R6A19FKvOumVym7FnYEvEi8nZZaj3it9dfuxSEKMSCiwtuO5mvwUDEmhcFLsJhY1iBEMsZPRCEK0fjqLPOHHiQWKuUbDpeIzEX9vpBBaOw6DbDIEurfz3lT8z+skNLj0UxnphDAS00MkFc4OWWFk1gXyvjRIBNPkyGXEBRggQiM5CJGJSVZOMevDm/9+kTSrFe+8cnp7Vq5d5c0U2CE7YifMYxesxm5YnTWYYDF7Ys/sxXl0Xp035/1ndMnJdw7YHzgf38g8lZg=</latexit>12
<latexit sha1_base64="YKxgQOKaKntmp1U8jqHVQp5qAfw=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndg1JJoY4mJfCRAyNwy4Ia9u83unAm5EH+FrVZ2xtbfYuF/8TgpFHzVy3szmTfP10pact1PJ7eyura+kd8sbG3v7O4V9w+aNoqNwIaIVGTaPlhUMsQGSVLY1gYh8BW2/PH1zG89oLEyCu9oorEXwCiUQymAUqnTHYPW0E8q1Wm/WHLLbga+TLw5KbE56v3iV3cQiTjAkIQCazueq6mXgCEpFE4L3diiBjGGEXZSGkKAtpdkkaf8JLZAEddouFQ8E/H3RgKBtZPATycDoHu76M3E/7xOTMPLXiJDHROGYnaIpMLskBVGpl0gH0iDRDBLjlyGXIABIjSSgxCpGKflFNI+vMXvl0mzUvbOy9Xbs1Ltat5Mnh2xY3bKPHbBauyG1VmDCRaxJ/bMXpxH59V5c95/RnPOfOeQ/YHz8Q3LXZWa</latexit>23

<latexit sha1_base64="xeOHFH6PTlJ6UUyhuipYgPA+jpI=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIBAWUEDWWQyENKrGh92YRTzvbpbo0UWRFfQQsVHaLlWyj4F5zgAhKmGs3samcn0Epact1Pp7C0vLK6VlwvbWxube+Ud/eaNk6MwIaIVWzaAVhUMsIGSVLY1gYhDBS2gtH11G89oLEyju5orNEPYRjJgRRAmdTpjkBr6KXe6aRXrrhVdwa+SLycVFiOeq/81e3HIgkxIqHA2o7navJTMCSFwkmpm1jUIEYwxE5GIwjR+uks8oQfJRYo5hoNl4rPRPy9kUJo7TgMsskQ6N7Oe1PxP6+T0ODST2WkE8JITA+RVDg7ZIWRWRfI+9IgEUyTI5cRF2CACI3kIEQmJlk5pawPb/77RdI8qXrn1dPbs0rtKm+myA7YITtmHrtgNXbD6qzBBIvZE3tmL86j8+q8Oe8/owUn39lnf+B8fAPJzJWZ</latexit>13

<latexit sha1_base64="/9vVrF+0///6MaCu1p6jOH0zjGA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBAWUEQqIMgjykxIrWl0045fzQ3RoUWfkEWqjoEC3fQ8G/YJsUkDDVaGZXOztepKQh2/60CguLS8srxdXS2vrG5lZ5e6dpwlgLbIhQhbrtgUElA2yQJIXtSCP4nsKWN7rM/NYDaiPD4I7GEbo+DAM5kAIolW6vek6vXLGrdg4+T5wpqbAp6r3yV7cfitjHgIQCYzqOHZGbgCYpFE5K3dhgBGIEQ+ykNAAfjZvkUSf8IDZAIY9Qc6l4LuLvjQR8Y8a+l076QPdm1svE/7xOTINzN5FBFBMGIjtEUmF+yAgt0w6Q96VGIsiSI5cBF6CBCLXkIEQqxmkppbQPZ/b7edI8qjqn1eObk0rtYtpMke2xfXbIHHbGauya1VmDCTZkT+yZvViP1qv1Zr3/jBas6c4u+wPr4xtk8JH6</latexit>

E1

…

<latexit sha1_base64="GKvxcODDr6gy/cizmwFzk90fx7E=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIDAsoIhEQZBHlISRSdL5twyvmhuzUosvIJtFDRIVq+h4J/wTYuIDDVaGZXOztuqKQh2/6wCguLS8srxdXS2vrG5lZ5e6dlgkgLbIpABbrjcoNK+tgkSQo7oUbuuQrb7uQi9dv3qI0M/Fuahtj3+NiXIyk4JdLN5aA2KFfsqp2B/SVOTiqQozEof/aGgYg89EkobkzXsUPqx1yTFApnpV5kMORiwsfYTajPPTT9OIs6YweR4RSwEDWTimUi/tyIuWfM1HOTSY/TnZn3UvE/rxvR6KwfSz+MCH2RHiKpMDtkhJZJB8iGUiMRT5Mjkz4TXHMi1JJxIRIxSkopJX0489//Ja1a1TmpHl0fV+rneTNF2IN9OAQHTqEOV9CAJggYwyM8wbP1YL1Yr9bb92jBynd24Res9y9mf5H7</latexit>

E2
<latexit sha1_base64="BuhtvjqQRN/Kclv57ylbrQkaiM0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIBAWUEQqIMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YJsUkDDVaGZXOztepKQh2/60CguLS8srxdXS2vrG5lZ5e6dpwlgLbIhQhbrtcYNKBtggSQrbkUbuewpb3ugy81sPqI0MgzsaR+j6fBjIgRScUun2qid75YpdtXOweeJMSQWmqPfKX91+KGIfAxKKG9Nx7IjchGuSQuGk1I0NRlyM+BA7KQ24j8ZN8qgTdhAbTiGLUDOpWC7i742E+8aMfS+d9Dndm1kvE//zOjENzt1EBlFMGIjsEEmF+SEjtEw7QNaXGol4lhyZDJjgmhOhlowLkYpxWkop7cOZ/X6eNI+qzmn1+OakUruYNlOEPdiHQ3DgDGpwDXVogIAhPMEzvFiP1qv1Zr3/jBas6c4u/IH18Q28OJIy</latexit>

Ei

<latexit sha1_base64="1qCEAr/cBLu/QSu6+c65NFq3yy8=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYgoIygoUwEeUiJFZ0vm3DK+Wzd7SFFVr6AFio6RMsHUfAv2MYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982kdUcWjySke4GzIAUClooUEI31sDCQEInmNxkfucRtBGRusdpDH7IxkqMBGeYSs27QaXq1twcdJF4BamSAo1B5as/jLgNQSGXzJie58boJ0yj4BJm5b41EDM+YWPopVSxEIyf5EFn9NgahhGNQVMhaS7C742EhcZMwyCdDBk+mHkvE//zehZHV34iVGwRFM8OoZCQHzJci7QBoEOhAZFlyYEKRTnTDBG0oIzzVLRpJeW0D2/++0XSPq15F7Wz5nm1fl00UyKH5IicEI9ckjq5JQ3SIpwAeSLP5MWxzqvz5rz/jC45xc4B+QPn4xtPepFk</latexit>

S

<latexit sha1_base64="OWrv7jxeRxynNkrcBhd/3GD4amM=">AAACAHicbVDLTgJBEJzFF+IL9ehlIjHxRHbRqEeiMeGIUR4JIOkdGpgw+8hMrwnZ7MWv8Konb8arf+LBf3FBDgrWqVLVna4uN1TSkG1/Wpml5ZXVtex6bmNza3snv7tXN0GkBdZEoALddMGgkj7WSJLCZqgRPFdhwx1dTfzGA2ojA/+OxiF2PBj4si8FUCrdt4dAcSXpxrfX3VLSzRfsoj0FXyTOjBTYDNVu/qvdC0TkoU9CgTEtxw6pE4MmKRQmuXZkMAQxggG2UuqDh6YTT1Mn/CgyQAEPUXOp+FTE3xsxeMaMPTed9ICGZt6biP95rYj6F51Y+mFE6IvJIZIKp4eM0DKtA3lPaiSCSXLk0ucCNBChlhyESMUo7SeX9uHMf79I6qWic1Y8uTktlC9nzWTZATtkx8xh56zMKqzKakwwzZ7YM3uxHq1X6816/xnNWLOdffYH1sc3KRKW7A==</latexit>

ĤSE2

<latexit sha1_base64="2T4Cbf3bWcQsF9wpfhcK1MrBpgk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJENCCgjaCiDIA8piaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFBKYazexqZ8cNlTRk2x9WYWFxaXmluFpaW9/Y3Cpv77RMEGmBTRGoQHdcMKikj02SpLATagTPVdh2J5ep375HbWTg39I0xL4HY1+OpABKpJuqOByUK3bNzsD/EicnFZajMSh/9oaBiDz0SSgwpuvYIfVj0CSFwlmpFxkMQUxgjN2E+uCh6cdZ1Bk/iAxQwEPUXCqeifhzIwbPmKnnJpMe0J2Z91LxP68b0ei8H0s/jAh9kR4iqTA7ZISWSQfIh1IjEaTJkUufC9BAhFpyECIRo6SUUtKHM//9X9I6qjmntePrk0r9Im+myPbYPqsyh52xOrtiDdZkgo3ZI3tiz9aD9WK9Wm/fowUr39llv2C9fwExS5HZ</latexit>

(c)
<latexit sha1_base64="dunsHPzOHCbSdxx+Wl42X6EyoYk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJENCCgjaCiDIA8piaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFBKYazexqZ8cNlTRk2x9WYWFxaXmluFpaW9/Y3Cpv77RMEGmBTRGoQHdcMKikj02SpLATagTPVdh2J5ep375HbWTg39I0xL4HY1+OpABKpJvq8HBQrtg1OwP/S5ycVFiOxqD82RsGIvLQJ6HAmK5jh9SPQZMUCmelXmQwBDGBMXYT6oOHph9nUWf8IDJAAQ9Rc6l4JuLPjRg8Y6aem0x6QHdm3kvF/7xuRKPzfiz9MCL0RXqIpMLskBFaJh0gH0qNRJAmRy59LkADEWrJQYhEjJJSSkkfzvz3f0nrqOac1o6vTyr1i7yZIttj+6zKHHbG6uyKNViTCTZmj+yJPVsP1ov1ar19jxasfGeX/YL1/gUy25Ha</latexit>

(d) <latexit sha1_base64="/9vVrF+0///6MaCu1p6jOH0zjGA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBAWUEQqIMgjykxIrWl0045fzQ3RoUWfkEWqjoEC3fQ8G/YJsUkDDVaGZXOztepKQh2/60CguLS8srxdXS2vrG5lZ5e6dpwlgLbIhQhbrtgUElA2yQJIXtSCP4nsKWN7rM/NYDaiPD4I7GEbo+DAM5kAIolW6vek6vXLGrdg4+T5wpqbAp6r3yV7cfitjHgIQCYzqOHZGbgCYpFE5K3dhgBGIEQ+ykNAAfjZvkUSf8IDZAIY9Qc6l4LuLvjQR8Y8a+l076QPdm1svE/7xOTINzN5FBFBMGIjtEUmF+yAgt0w6Q96VGIsiSI5cBF6CBCLXkIEQqxmkppbQPZ/b7edI8qjqn1eObk0rtYtpMke2xfXbIHHbGauya1VmDCTZkT+yZvViP1qv1Zr3/jBas6c4u+wPr4xtk8JH6</latexit>

E1

…

<latexit sha1_base64="GKvxcODDr6gy/cizmwFzk90fx7E=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIDAsoIhEQZBHlISRSdL5twyvmhuzUosvIJtFDRIVq+h4J/wTYuIDDVaGZXOztuqKQh2/6wCguLS8srxdXS2vrG5lZ5e6dlgkgLbIpABbrjcoNK+tgkSQo7oUbuuQrb7uQi9dv3qI0M/Fuahtj3+NiXIyk4JdLN5aA2KFfsqp2B/SVOTiqQozEof/aGgYg89EkobkzXsUPqx1yTFApnpV5kMORiwsfYTajPPTT9OIs6YweR4RSwEDWTimUi/tyIuWfM1HOTSY/TnZn3UvE/rxvR6KwfSz+MCH2RHiKpMDtkhJZJB8iGUiMRT5Mjkz4TXHMi1JJxIRIxSkopJX0489//Ja1a1TmpHl0fV+rneTNF2IN9OAQHTqEOV9CAJggYwyM8wbP1YL1Yr9bb92jBynd24Res9y9mf5H7</latexit>

E2
<latexit sha1_base64="BuhtvjqQRN/Kclv57ylbrQkaiM0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIBAWUEQqIMgjykxIrOl0045fzQ3RoUWfkEWqjoEC3fQ8G/YJsUkDDVaGZXOztepKQh2/60CguLS8srxdXS2vrG5lZ5e6dpwlgLbIhQhbrtcYNKBtggSQrbkUbuewpb3ugy81sPqI0MgzsaR+j6fBjIgRScUun2qid75YpdtXOweeJMSQWmqPfKX91+KGIfAxKKG9Nx7IjchGuSQuGk1I0NRlyM+BA7KQ24j8ZN8qgTdhAbTiGLUDOpWC7i742E+8aMfS+d9Dndm1kvE//zOjENzt1EBlFMGIjsEEmF+SEjtEw7QNaXGol4lhyZDJjgmhOhlowLkYpxWkop7cOZ/X6eNI+qzmn1+OakUruYNlOEPdiHQ3DgDGpwDXVogIAhPMEzvFiP1qv1Zr3/jBas6c4u/IH18Q28OJIy</latexit>

Ei

<latexit sha1_base64="1qCEAr/cBLu/QSu6+c65NFq3yy8=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYgoIygoUwEeUiJFZ0vm3DK+Wzd7SFFVr6AFio6RMsHUfAv2MYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982kdUcWjySke4GzIAUClooUEI31sDCQEInmNxkfucRtBGRusdpDH7IxkqMBGeYSs27QaXq1twcdJF4BamSAo1B5as/jLgNQSGXzJie58boJ0yj4BJm5b41EDM+YWPopVSxEIyf5EFn9NgahhGNQVMhaS7C742EhcZMwyCdDBk+mHkvE//zehZHV34iVGwRFM8OoZCQHzJci7QBoEOhAZFlyYEKRTnTDBG0oIzzVLRpJeW0D2/++0XSPq15F7Wz5nm1fl00UyKH5IicEI9ckjq5JQ3SIpwAeSLP5MWxzqvz5rz/jC45xc4B+QPn4xtPepFk</latexit>

S

<latexit sha1_base64="qRAVn3MX35U3GgXe/p95kT367qk=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIBAWUEQkoZBHlIiYnWl01yyvmhuzVSZKXhK2ihokO0/AkF/4JjUkBgqtHMrnZ2vEhJQ7b9YeUWFpeWV/KrhbX1jc2t4vZOw4SxFlgXoQp1ywODSgZYJ0kKW5FG8D2FTW90OfWb96iNDINbGkfo+jAIZF8KoFS66wyBkuqkm9xcdeWkWyzZZTsD/0ucGSmxGWrd4menF4rYx4CEAmPajh2Rm4AmKRROCp3YYARiBANspzQAH42bZKkn/CA2QCGPUHOpeCbiz40EfGPGvpdO+kBDM+9Nxf+8dkz9czeRQRQTBmJ6iKTC7JARWqZ1IO9JjUQwTY5cBlyABiLUkoMQqRin/RTSPpz57/+SxlHZOS0fX5+UKhezZvJsj+2zQ+awM1ZhVVZjdSaYZo/siT1bD9aL9Wq9fY/mrNnOLvsF6/0LfwKXIw==</latexit>

ĤSEi

The main idea is to consider 
multipartite ancillae

Depending on the interaction 
between the system and the 
ancillae one can get different 

effects

See New J Phys. 26, 023001 
(2024) and Quantum Sci. 

Technol. 10, 045056 (2025)



The interacting ancilla Hamiltonian

HEn
= Hfree

En
+ Htot

Ei
One assumes an ancilla Hamiltonian of the form

One can define two different orthogonal basis { |Ei⟩}, { |E′￼i⟩}

The main point here is that if the system S interact with the dressed basis , 
this might give rise to an induced unitary dynamics, i.e. generating coherence in S.

{ |E′￼i⟩}

We are going to consider as an example the case where the ancillae are made out of 
two qubits, with Hamiltonian:

HEi
=

ω1

2
σz

1 +
ω2

2
σz

2 + κ12(σ+
1 σ−

2 + σ−
1 σ+

2 )



Local vs global coupling
We can consider two different coupling Hamiltonian. The first couples the qubit S 

locally with each of the ancillary qubits:

HSEn
= α1(σ+

S σ−
1 + σ−

S σ+
1 ) + α2(σ+

S σ−
2 + σ−

S σ+
2 )

In this case one simply obtains the usual Markovian master equation we have already seen. 
Consider instead:

HSEn
= ασ+

S σ−
Ei

+ α*σ−
S σ+

Ei

σ+
Ei

= |E3⟩⟨E2 | = (σ−
Ei

)†

This induces an effective unitary dynamics on S, described by the Hamiltonian

Heff
S = Re[Tr[σ+

Ei
ηEn

]]σx
S + Im[Tr[σ+

Ei
ηEn

]]σy
S



Coherence transfer and thermodynamic cost
7

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>

n

<latexit sha1_base64="OHhlp1qO29ErYB+tgCz75Oz4GOo=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJGNeJURNJRBkIeURNH6sgmnnB+6W4MiK59ACxUdouV7KPgXbOMCAlONZna1s+OGShqy7Q+rsLC4tLxSXC2trW9sbpW3d1omiLTApghUoDsuGFTSxyZJUtgJNYLnKmy7k8vUb9+jNjLwb2kaYt+DsS9HUgAl0k0VDgflil2zM/C/xMlJheVoDMqfvWEgIg99EgqM6Tp2SP0YNEmhcFbqRQZDEBMYYzehPnho+nEWdcYPIgMU8BA1l4pnIv7ciMEzZuq5yaQHdGfmvVT8z+tGNDrvx9IPI0JfpIdIKswOGaFl0gHyodRIBGly5NLnAjQQoZYchEjEKCmllPThzH//l7SOas5p7eT6uFK/yJspsj22z6rMYWeszq5YgzWZYGP2yJ7Ys/VgvViv1tv3aMHKd3bZL1jvXy7Pkdk=</latexit>

(a)
<latexit sha1_base64="fcIZvI3nL2k7ueBwxb1e49/c+2Y=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJGNeJURNJRBkIeURNH6sgmnnB+6W4MiK59ACxUdouV7KPgXbOMCAlONZna1s+OGShqy7Q+rsLC4tLxSXC2trW9sbpW3d1omiLTApghUoDsuGFTSxyZJUtgJNYLnKmy7k8vUb9+jNjLwb2kaYt+DsS9HUgAl0k3VPRyUK3bNzsD/EicnFZajMSh/9oaBiDz0SSgwpuvYIfVj0CSFwlmpFxkMQUxgjN2E+uCh6cdZ1Bk/iAxQwEPUXCqeifhzIwbPmKnnJpMe0J2Z91LxP68b0ei8H0s/jAh9kR4iqTA7ZISWSQfIh1IjEaTJkUufC9BAhFpyECIRo6SUUtKHM//9X9I6qjmntZPr40r9Im+myPbYPqsyh52xOrtiDdZkgo3ZI3tiz9aD9WK9Wm/fowUr39llv2C9fwEwX5Ha</latexit>

(b)

<latexit sha1_base64="vc+Utn8S7ALSVachRD6XCffipuY=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJGNeJURNJRBkIeURNH6sgmnnB+6W4MiK59ACxUdouV7KPgXbOMCAlONZna1s+OGShqy7Q+rsLC4tLxSXC2trW9sbpW3d1omiLTApghUoDsuGFTSxyZJUtgJNYLnKmy7k8vUb9+jNjLwb2kaYt+DsS9HUgAl0k1VHA7KFbtmZ+B/iZOTCsvRGJQ/e8NARB76JBQY03XskPoxaJJC4azUiwyGICYwxm5CffDQ9OMs6owfRAYo4CFqLhXPRPy5EYNnzNRzk0kP6M7Me6n4n9eNaHTej6UfRoS+SA+RVJgdMkLLpAPkQ6mRCNLkyKXPBWggQi05CJGIUVJKKenDmf/+L2kd1ZzT2sn1caV+kTdTZHtsn1WZw85YnV2xBmsywcbskT2xZ+vBerFerbfv0YKV7+yyX7DevwAx75Hb</latexit>

(c)

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>

n

<latexit sha1_base64="BfwrnKOqZPp8/lqczIvwYp/h2/M=">AAAB9XicbVC7TsNAEDyHVwivACXNiQgpNJGNeJURNJRBkIeURNH6sgmnnB+6W4MiK59ACxUdouV7KPgXbOMCAlONZna1s+OGShqy7Q+rsLC4tLxSXC2trW9sbpW3d1omiLTApghUoDsuGFTSxyZJUtgJNYLnKmy7k8vUb9+jNjLwb2kaYt+DsS9HUgAl0k11eDgoV+yanYH/JU5OKixHY1D+7A0DEXnok1BgTNexQ+rHoEkKhbNSLzIYgpjAGLsJ9cFD04+zqDN+EBmggIeouVQ8E/HnRgyeMVPPTSY9oDsz76Xif143otF5P5Z+GBH6Ij1EUmF2yAgtkw6QD6VGIkiTI5c+F6CBCLXkIEQiRkkppaQPZ/77v6R1VHNOayfXx5X6Rd5Mke2xfVZlDjtjdXbFGqzJBBuzR/bEnq0H68V6td6+RwtWvrPLfsF6/wIzf5Hc</latexit>

(d)

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>

n

<latexit sha1_base64="WE1rrju2UQt4ZBhlFSfmZzAimoo=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRrzKChjKRyENKrOh82YRTzmfrbg8psvIFtFDRIVo+iIJ/wTYuIGGq0cyudnaCWAqDrvvplFZW19Y3ypuVre2d3b3q/kHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrXUsFpz624Ouky8gtRIgeaw+jUYRdyGoJBLZkzfc2P0E6ZRcAnzysAaiBmfsgn0U6pYCMZP8qBzemINw4jGoKmQNBfh90bCQmNmYZBOhgwfzKKXif95fYvjaz8RKrYIimeHUEjIDxmuRdoA0JHQgMiy5ECFopxphghaUMZ5Ktq0kkrah7f4/TLpnNW9y/pF67zWuCmaKZMjckxOiUeuSIPckSZpE06APJFn8uJY59V5c95/RktOsXNI/sD5+AZ6M5GB</latexit>

n

20000 40000 60000 80000 100000

-0.4

-0.2

0.2

0.4

0.6

0.8

β=0.1 β=0.5 β=1 β=2 β=5

20000 40000 60000 80000 100000

-0.4

-0.2

0.2

0.4

κ12=0.2 κ12=0.4 κ12=0.6

κ12=0.8 κ12=1.

<latexit sha1_base64="0k4aWS2s+lLf53E3v24nAFiwD9g=">AAACEHicbVC7TsNAEDyHd3gFKKE4ESFRRTbiVUbQUIJEEqTYstbHEk45n627NVKw0vAJfAUtVHSIlj+g4F9wTApeU41mdrU7E6VKWnLdd6cyMTk1PTM7V51fWFxarq2stm2SGYEtkajEXERgUUmNLZKk8CI1CHGksBP1j0d+5waNlYk+p0GKQQw9La+kACqksLbhK9A9hf41UO5b2YthGN76phTDWt1tuCX4X+KNSZ2NcRrWPvzLRGQxahIKrO16bkpBDoakUDis+pnFFEQfetgtqIYYbZCXKYZ8K7NACU/RcKl4KeL3jRxiawdxVEzGQNf2tzcS//O6GV0dBrnUaUaoxegQSYXlISuMLOpBfikNEsHoc+RScwEGiNBIDkIUYlb0VS368H6n/0vaOw1vv7F3tltvHo2bmWXrbJNtM48dsCY7YaesxQS7Yw/skT05986z8+K8fo1WnPHOGvsB5+0TsSKdzQ==</latexit>

h�̂zi

<latexit sha1_base64="0k4aWS2s+lLf53E3v24nAFiwD9g=">AAACEHicbVC7TsNAEDyHd3gFKKE4ESFRRTbiVUbQUIJEEqTYstbHEk45n627NVKw0vAJfAUtVHSIlj+g4F9wTApeU41mdrU7E6VKWnLdd6cyMTk1PTM7V51fWFxarq2stm2SGYEtkajEXERgUUmNLZKk8CI1CHGksBP1j0d+5waNlYk+p0GKQQw9La+kACqksLbhK9A9hf41UO5b2YthGN76phTDWt1tuCX4X+KNSZ2NcRrWPvzLRGQxahIKrO16bkpBDoakUDis+pnFFEQfetgtqIYYbZCXKYZ8K7NACU/RcKl4KeL3jRxiawdxVEzGQNf2tzcS//O6GV0dBrnUaUaoxegQSYXlISuMLOpBfikNEsHoc+RScwEGiNBIDkIUYlb0VS368H6n/0vaOw1vv7F3tltvHo2bmWXrbJNtM48dsCY7YaesxQS7Yw/skT05986z8+K8fo1WnPHOGvsB5+0TsSKdzQ==</latexit>
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FIG. 3. Plots of the evolution of populations and coherence. In all the plots ωt = 0.1, εS = 1, ε1 = 0.5, ε2 = 1.5, ϑ12 = 0.3,

ϖ = 0.1. The initial state is a thermal state of the form ϱ̂S(0) = exp
[
→ςSĤS

]
/ZS , ZS being the partition function and ςS = 1.

Panel (a): plot of the expectation value ↑φ̂z↓ as a function of the number of collisions. As one can see, the population tends to
equilibrate towards the steady state value, which is not simply the thermal population, as the steady state also has coherence.
This observation in particular justifies the behavior of the population for the case ς = ςS , which without the creation of
coherence should just be a line. In panels (b) the ↼1 norm of coherence Cω1(ϱ̂S) is plotted. One can observe how the amount
of coherence is maximal when the system and the environment have the same temperature. In panel (c) and (d) the same
quantities are plotted, this time for di!erent values of ϑ12, the environmental temperature being ς = ςS = 1. As one can
observe, there is a small di!erence in the equilibrium populations, due to the fact that the amount of coherence created is
di!erent. Moreover, one can observe that the stronger the interaction between the two TLSs composing the ancilla, the greater
the amount of coherence created.

unitary driving. On the other hand, the coherences ω12

and ω21, besides the usual decay term due to the presence
of the environment, evolves also according to terms due
to the presence of the unitary driving, thus leading to a
non-zero value in the steady state.

In fact it is possible to compute the steady state of
system S by imposing ω̂(i+1) = ω̂(i), obtaining analytical
expressions for →ε̂x↑, →ε̂x↑, →ε̂z↑, which are reported in
App. B. What can be seen from these expressions is that
the coherence is non null in the steady state, as both →ε̂x↑
and →ε̂y↑ are non-zero. Moreover, it is worth noticing
that the equilibrium populations will not simply be the

thermal populations, due to the fact that coherence is
created in the system S.

We now want to analyze with more detail the dynamics
of S, in particular checking how the populations and the
coherence evolve, that is, we want to look at the transient
dynamics before reaching the steady state. In order to
quantify the amount of coherence in the state ω̂S we use
the ϑ1 norm of coherence [50] Cω1(ω̂), defined as:

Cω1(ω̂) =
∑

i →=j

|ω̂ij | , (57)

The presence of the extra Hamiltonian 
term leads to the generation of steady 

state coherence and equilibrium 
populations different from the thermal ones

Naturally, this comes at the cost of 
introducing energy into the system, as the 

interaction between system and 
environment is not energy conserving.

This allowed to assign a work cost to the 
steady state coherence generation.



One more application: quantum metrology

As last application, let us consider the use of collision model to represent 
metrological procedures.

2

⇢⇤S
<latexit sha1_base64="PUUoS/PlfU4t7sVc6TWlNYAoN5I=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIsgLsqMCHZZcOOyon1AW0smzbSheQxJRihDf8KNC/0Vd+LWtX/i0rSdhW09EDicc29ycsKYM2N9/9vLra1vbG7ltws7u3v7B8XDo4ZRiSa0ThRXuhViQzmTtG6Z5bQVa4pFyGkzHN1M/eYT1YYp+WDHMe0KPJAsYgRbJ7U6eqh6948XvWLJL/szoFUSZKQEGWq94k+nr0giqLSEY2PagR/bboq1ZYTTSaGTGBpjMsID2nZUYkFNN53lnaAzp/RRpLQ70qKZ+ncjxcKYsQjdpMB2aJa9qfivF4qFl1PJCI00Jkt5bFTppkzGiaWSzONECUdWoWlFqM80JZaPHcFEM/cjRIbYXWNdkQVXVbBczCppXJYDvxzcXZWqlay0PJzAKZxDANdQhVuoQR0IcHiGV3jzXrx378P7nI/mvGznGBbgff0CTTGfew==</latexit><latexit sha1_base64="PUUoS/PlfU4t7sVc6TWlNYAoN5I=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIsgLsqMCHZZcOOyon1AW0smzbSheQxJRihDf8KNC/0Vd+LWtX/i0rSdhW09EDicc29ycsKYM2N9/9vLra1vbG7ltws7u3v7B8XDo4ZRiSa0ThRXuhViQzmTtG6Z5bQVa4pFyGkzHN1M/eYT1YYp+WDHMe0KPJAsYgRbJ7U6eqh6948XvWLJL/szoFUSZKQEGWq94k+nr0giqLSEY2PagR/bboq1ZYTTSaGTGBpjMsID2nZUYkFNN53lnaAzp/RRpLQ70qKZ+ncjxcKYsQjdpMB2aJa9qfivF4qFl1PJCI00Jkt5bFTppkzGiaWSzONECUdWoWlFqM80JZaPHcFEM/cjRIbYXWNdkQVXVbBczCppXJYDvxzcXZWqlay0PJzAKZxDANdQhVuoQR0IcHiGV3jzXrx378P7nI/mvGznGBbgff0CTTGfew==</latexit><latexit sha1_base64="PUUoS/PlfU4t7sVc6TWlNYAoN5I=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIsgLsqMCHZZcOOyon1AW0smzbSheQxJRihDf8KNC/0Vd+LWtX/i0rSdhW09EDicc29ycsKYM2N9/9vLra1vbG7ltws7u3v7B8XDo4ZRiSa0ThRXuhViQzmTtG6Z5bQVa4pFyGkzHN1M/eYT1YYp+WDHMe0KPJAsYgRbJ7U6eqh6948XvWLJL/szoFUSZKQEGWq94k+nr0giqLSEY2PagR/bboq1ZYTTSaGTGBpjMsID2nZUYkFNN53lnaAzp/RRpLQ70qKZ+ncjxcKYsQjdpMB2aJa9qfivF4qFl1PJCI00Jkt5bFTppkzGiaWSzONECUdWoWlFqM80JZaPHcFEM/cjRIbYXWNdkQVXVbBczCppXJYDvxzcXZWqlay0PJzAKZxDANdQhVuoQR0IcHiGV3jzXrx378P7nI/mvGznGBbgff0CTTGfew==</latexit><latexit sha1_base64="PUUoS/PlfU4t7sVc6TWlNYAoN5I=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIsgLsqMCHZZcOOyon1AW0smzbSheQxJRihDf8KNC/0Vd+LWtX/i0rSdhW09EDicc29ycsKYM2N9/9vLra1vbG7ltws7u3v7B8XDo4ZRiSa0ThRXuhViQzmTtG6Z5bQVa4pFyGkzHN1M/eYT1YYp+WDHMe0KPJAsYgRbJ7U6eqh6948XvWLJL/szoFUSZKQEGWq94k+nr0giqLSEY2PagR/bboq1ZYTTSaGTGBpjMsID2nZUYkFNN53lnaAzp/RRpLQ70qKZ+ncjxcKYsQjdpMB2aJa9qfivF4qFl1PJCI00Jkt5bFTppkzGiaWSzONECUdWoWlFqM80JZaPHcFEM/cjRIbYXWNdkQVXVbBczCppXJYDvxzcXZWqlay0PJzAKZxDANdQhVuoQR0IcHiGV3jzXrx378P7nI/mvGznGBbgff0CTTGfew==</latexit>

⇢A1
<latexit sha1_base64="DrU2F4+6WraGER+x15iMZ1rXxmM=">AAACF3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMiSwxblxiImCECemUDjT0MWk7JmTCX7hxob/izrh16Z+4tMAsBDxJk5Nz7m1PT5RwZqzvf3uFtfWNza3idmlnd2//oHx41DIq1YQ2ieJKP0TYUM4kbVpmOX1INMUi4rQdjW6mfvuJasOUvLfjhIYCDySLGcHWSY9dPVS97LoXTHrlil/1Z0CrJMhJBXI0euWfbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNEk/QmVP6KFbaHWnRTP27kWFhzFhEblJgOzTL3lT814vEwsuZZITGGpOlPDauhRmTSWqpJPM4ccqRVWhaEuozTYnlY0cw0cz9CJEhdtdYV2XJVRUsF7NKWhfVwK8Gd5eVei0vrQgncArnEMAV1OEWGtAEAhKe4RXevBfv3fvwPuejBS/fOYYFeF+/Ki+gfQ==</latexit><latexit sha1_base64="DrU2F4+6WraGER+x15iMZ1rXxmM=">AAACF3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMiSwxblxiImCECemUDjT0MWk7JmTCX7hxob/izrh16Z+4tMAsBDxJk5Nz7m1PT5RwZqzvf3uFtfWNza3idmlnd2//oHx41DIq1YQ2ieJKP0TYUM4kbVpmOX1INMUi4rQdjW6mfvuJasOUvLfjhIYCDySLGcHWSY9dPVS97LoXTHrlil/1Z0CrJMhJBXI0euWfbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNEk/QmVP6KFbaHWnRTP27kWFhzFhEblJgOzTL3lT814vEwsuZZITGGpOlPDauhRmTSWqpJPM4ccqRVWhaEuozTYnlY0cw0cz9CJEhdtdYV2XJVRUsF7NKWhfVwK8Gd5eVei0vrQgncArnEMAV1OEWGtAEAhKe4RXevBfv3fvwPuejBS/fOYYFeF+/Ki+gfQ==</latexit><latexit sha1_base64="DrU2F4+6WraGER+x15iMZ1rXxmM=">AAACF3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMiSwxblxiImCECemUDjT0MWk7JmTCX7hxob/izrh16Z+4tMAsBDxJk5Nz7m1PT5RwZqzvf3uFtfWNza3idmlnd2//oHx41DIq1YQ2ieJKP0TYUM4kbVpmOX1INMUi4rQdjW6mfvuJasOUvLfjhIYCDySLGcHWSY9dPVS97LoXTHrlil/1Z0CrJMhJBXI0euWfbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNEk/QmVP6KFbaHWnRTP27kWFhzFhEblJgOzTL3lT814vEwsuZZITGGpOlPDauhRmTSWqpJPM4ccqRVWhaEuozTYnlY0cw0cz9CJEhdtdYV2XJVRUsF7NKWhfVwK8Gd5eVei0vrQgncArnEMAV1OEWGtAEAhKe4RXevBfv3fvwPuejBS/fOYYFeF+/Ki+gfQ==</latexit><latexit sha1_base64="DrU2F4+6WraGER+x15iMZ1rXxmM=">AAACF3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMiSwxblxiImCECemUDjT0MWk7JmTCX7hxob/izrh16Z+4tMAsBDxJk5Nz7m1PT5RwZqzvf3uFtfWNza3idmlnd2//oHx41DIq1YQ2ieJKP0TYUM4kbVpmOX1INMUi4rQdjW6mfvuJasOUvLfjhIYCDySLGcHWSY9dPVS97LoXTHrlil/1Z0CrJMhJBXI0euWfbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNEk/QmVP6KFbaHWnRTP27kWFhzFhEblJgOzTL3lT814vEwsuZZITGGpOlPDauhRmTSWqpJPM4ccqRVWhaEuozTYnlY0cw0cz9CJEhdtdYV2XJVRUsF7NKWhfVwK8Gd5eVei0vrQgncArnEMAV1OEWGtAEAhKe4RXevBfv3fvwPuejBS/fOYYFeF+/Ki+gfQ==</latexit>

⇢A2
<latexit sha1_base64="RQLt9ixZ6V24HQuQdz5lloW3hRY=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqswUwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtq1qudWvfurSqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXyvaoH4=</latexit><latexit sha1_base64="RQLt9ixZ6V24HQuQdz5lloW3hRY=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqswUwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtq1qudWvfurSqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXyvaoH4=</latexit><latexit sha1_base64="RQLt9ixZ6V24HQuQdz5lloW3hRY=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqswUwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtq1qudWvfurSqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXyvaoH4=</latexit><latexit sha1_base64="RQLt9ixZ6V24HQuQdz5lloW3hRY=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqswUwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtq1qudWvfurSqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXyvaoH4=</latexit>

⇢A3
<latexit sha1_base64="mFVOEE/6M4cxTlYuUusTZAoHw8Y=">AAACF3icbVC7TsMwFHXKq5RXgZHFokJiqhJAomMRC2OR6EO0UeS4N61V24lsB6mK+hcsDPArbIiVkT9hxG0z0JYjWTo65177+IQJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAOR7dTv/0ESrNYPphxAr4gA8kiRomx0mNPDeMguwkuJ0G54lbdGfAq8XJSQTkaQfmn149pKkAayonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lkgjQfjZLPMFnVunjKFb2SINn6t+NjAitxyK0k4KYoV72puK/XigWXs4koxApQpfymKjmZ0wmqQFJ53GilGMT42lJuM8UUMPHlhCqmP0RpkNirzG2ypKtylsuZpW0LqqeW/Xuryr1Wl5aEZ2gU3SOPHSN6ugONVATUSTRM3pFb86L8+58OJ/z0YKT7xyjBThfvy2FoH8=</latexit><latexit sha1_base64="mFVOEE/6M4cxTlYuUusTZAoHw8Y=">AAACF3icbVC7TsMwFHXKq5RXgZHFokJiqhJAomMRC2OR6EO0UeS4N61V24lsB6mK+hcsDPArbIiVkT9hxG0z0JYjWTo65177+IQJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAOR7dTv/0ESrNYPphxAr4gA8kiRomx0mNPDeMguwkuJ0G54lbdGfAq8XJSQTkaQfmn149pKkAayonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lkgjQfjZLPMFnVunjKFb2SINn6t+NjAitxyK0k4KYoV72puK/XigWXs4koxApQpfymKjmZ0wmqQFJ53GilGMT42lJuM8UUMPHlhCqmP0RpkNirzG2ypKtylsuZpW0LqqeW/Xuryr1Wl5aEZ2gU3SOPHSN6ugONVATUSTRM3pFb86L8+58OJ/z0YKT7xyjBThfvy2FoH8=</latexit><latexit sha1_base64="mFVOEE/6M4cxTlYuUusTZAoHw8Y=">AAACF3icbVC7TsMwFHXKq5RXgZHFokJiqhJAomMRC2OR6EO0UeS4N61V24lsB6mK+hcsDPArbIiVkT9hxG0z0JYjWTo65177+IQJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAOR7dTv/0ESrNYPphxAr4gA8kiRomx0mNPDeMguwkuJ0G54lbdGfAq8XJSQTkaQfmn149pKkAayonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lkgjQfjZLPMFnVunjKFb2SINn6t+NjAitxyK0k4KYoV72puK/XigWXs4koxApQpfymKjmZ0wmqQFJ53GilGMT42lJuM8UUMPHlhCqmP0RpkNirzG2ypKtylsuZpW0LqqeW/Xuryr1Wl5aEZ2gU3SOPHSN6ugONVATUSTRM3pFb86L8+58OJ/z0YKT7xyjBThfvy2FoH8=</latexit><latexit sha1_base64="mFVOEE/6M4cxTlYuUusTZAoHw8Y=">AAACF3icbVC7TsMwFHXKq5RXgZHFokJiqhJAomMRC2OR6EO0UeS4N61V24lsB6mK+hcsDPArbIiVkT9hxG0z0JYjWTo65177+IQJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAOR7dTv/0ESrNYPphxAr4gA8kiRomx0mNPDeMguwkuJ0G54lbdGfAq8XJSQTkaQfmn149pKkAayonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lkgjQfjZLPMFnVunjKFb2SINn6t+NjAitxyK0k4KYoV72puK/XigWXs4koxApQpfymKjmZ0wmqQFJ53GilGMT42lJuM8UUMPHlhCqmP0RpkNirzG2ypKtylsuZpW0LqqeW/Xuryr1Wl5aEZ2gU3SOPHSN6ugONVATUSTRM3pFb86L8+58OJ/z0YKT7xyjBThfvy2FoH8=</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

⇢A4
<latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

. .
 . 

(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

USA1
<latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit>

USA2
<latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit>

USA3
<latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit>

USA4
<latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit>

S
<latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit>

An+2
<latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit>

An+1
<latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit>

An
<latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit>
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FIG. 1. (a) Schematic diagram of collisional thermometry. A stream
of ancillas sequentially interacts with a system S which is coupled to
a heat environment E at temperature T . (b) Exemplary circuit rep-
resentation. The system and the ancillas evolve stroboscopically in
a sequence of S E thermalization and pairwise S Ai interaction steps.
The system is assumed to have converged to the fixed point ⇢⇤S of the
stroboscopic map. Quantum advantages can be obtained by perform-
ing collective measurements on blocks of ancillas (illustrated here for
blocks of length 2).

action is given by

⇢S A1...An = ES � US An � . . . � ES � US A1

⇣
⇢S ⌦ ⇢

⌦n
A

⌘
, (1)

where � stands for map composition and ⇢A is the initial state
of the ancillas. The reduced state ⇢S of the system therefore
evolves stroboscopically according to the quantum channel

⇢S (n) = trAn

�
ES �US An⇢S (n � 1) ⌦ ⇢A

 
=: �

⇥
⇢S (n � 1)

⇤
. (2)

The state ⇢S (n) summarizes the information content about E
that the ancilla An+1 will have access to.

After su�cient S A interactions, the system will no longer
depend on its initial state and will eventually reach a fixed
point ⇢⇤S = �(⇢⇤S ). This steady state contains information
about T that can be extracted by measuring subsequent an-
cillas. In general, ⇢⇤S will deviate from ⇢th

S , which reflects
the unavoidable measurement disturbance [29]. In what fol-
lows, we will assume that the system has already reached ⇢⇤S ,
which eliminates transient e↵ects and establishes translational
invariance for subsequent states ⇢A1...AN of N adjacent ancillas
after they have interacted with S .

The key point in our approach is that even though the an-
cillas are initially independent, the final state ⇢A1...AN is gener-
ally correlated due to their common interaction with S and the
continuous exchange of information between S and E. As a
consequence, measurements on the collective state ⇢A1...AN of
N ancillas, e.g. bipartite measurements (N = 2) as in Fig. 1(b),

could in principle give us more information about the temper-
ature of the environment as compared to individual measure-
ments of N ancillas.

Temperature estimation - The quantum Fisher informa-
tion (QFI) allows quantifying the precision of a thermometry
scheme without reference to an explicit measurement proto-
col or experimental implementation [1, 4, 5, 30]. Indeed, the
standard deviation of any unbiased temperature estimator �T
obeys the Quantum Cramer-Rao bound

�T 2
�

1
F (T, ⇢)

, (3)

where F (T, ⇢) is the QFI of temperature given the
temperature-dependent quantum state ⇢.

Conventionally, ⇢ is taken to be the state of a probe system
that is in direct thermal contact with the environment. More-
over, the inequality (3) is in general strict. The only exception
is if the probe fully thermalizes. In this case its information
content about the temperature will be given by the thermal
Fisher information (TFI)

F (T, ⇢) = Fth =
C

kBT 2 , C =

D
H2

A

E
� hHAi

2

kBT 2 , (4)

with HA the ancilla Hamiltonian and C its heat capacity. In
this special case, there exist estimators for which the inequal-
ity (3) is saturated in a single shot [7, 8]. Repeating this
process with N probes then yields the aforementioned 1/N-
scaling of (�T/T )2.

Here, by contrast, N ancillas acquire information about E
indirectly and get correlated with each other through succes-
sive interactions with S . Information is extracted from the
N-ancilla state ⇢A1...AN by means of a quantum measurement
described by a positive operator valued measure (POVM) ⇧x,
where x denotes the set of possible outcomes. This produces a
probability distribution p(x) = tr

�
⇧x⇢A1...AN

 
, from which one

can construct the Fisher information

FN(⇧,T, ⇢A1...AN ) =
X

x

p(x)
 
@

@T
ln p(x)

!2

. (5)

The QFI is obtained by maximizing over all possible POVMs
acting on a block of N ancillas, resulting in [30]:

FN(T, ⇢A1...AN ) = max
⇧

FN(⇧,T, ⇢A1...AN ) = tr(⇢A1...AN⇤
2) (6)

where ⇤ is the symmetric logarithmic derivative, which is
a solution of the Lyapunov equation ⇤⇢A1...AN + ⇢A1...AN⇤ =
2@T⇢A1...AN .

In Eq. (6), the length N of the block of ancillas is arbi-
trary, with FN representing the optimal precision that can be
obtained from access to all possible measurement strategies
on N ancillas. For instance, F1 represents the best possible
precision that can be obtained from information on individual
ancillas, as encoded in the completely marginalized product
state (⇢0A)⌦N (irrespective of whether the ancillas are corre-
lated or not). In this scenario the Fisher information for N

Figure from  PRL 123, 180602 (2019)

In this model several ancillae interact with a probe in 
contact with a thermal environment. The task is to 

measure the temperature T.

If we were to look at the probe S, the best we could do 
would be to achieve the thermal Fisher information

ℱth =
C

kBT2 C =
⟨H2

A⟩ − ⟨HA⟩2

kBT2



One more application: quantum metrology
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ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

⇢A4
<latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit><latexit sha1_base64="agubPbXVPM8Vr1rRtC2csUoRYlg=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIwS4rblxWsA9shyGTZtrQJDMkGaEM/Qs3LvRX3Ilbl/6JS9N2Frb1QOBwzr3JyQkTzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6ThWhLRLzWHVDrClnkrYMM5x2E0WxCDnthOPbmd95okqzWD6YSUJ9gYeSRYxgY6XHvhrFQXYT1KZBueJW3TnQOvFyUoEczaD80x/EJBVUGsKx1j3PTYyfYWUY4XRa6qeaJpiM8ZD2LJVYUO1n88RTdGGVAYpiZY80aK7+3ciw0HoiQjspsBnpVW8m/uuFYunlTDJCI4XJSh4T1f2MySQ1VJJFnCjlyMRoVhIaMEWJ4RNLMFHM/giREbbXGFtlyVblrRazTtpXVc+teve1SqOel1aEMziHS/DgGhpwB01oAQEJz/AKb86L8+58OJ+L0YKT75zCEpyvXy8woIA=</latexit>

ES
<latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit><latexit sha1_base64="hWkpusBYttWLvt1ublQ3sEIPG0w=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFEVxWtA9oh5JJ77ShmcyYZIQy9DvcuNBfcSdu3fgnLk0fC1sUPBA4nHNvcnKCRHBtXPfTya2srq1v5DcLW9s7u3vF/YOGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIaXE7/5gErzWN6ZUYJ+RPuSh5xRYyW/E1EzYFRkV+PubbdY8sruFORvUoI5at3iV6cXszRCaZigWrc9NzF+RpXhTOC40Ek1JpQNaR/blkoaofazaegxObFKj4SxskcaMlV/bmQ00noUBXZyElIvexPxVy+IFl7OJGcYKsqW8piw4mdcJqlByWZxwlQQE5NJT6THFTIjRpZQprj9EWEDaq8xts3C/6pqnJU9t+zdnJeqlXlpeTiCYzgFDy6gCtdQgzowuIdHeIYX58l5dd6c99lozpnvHMICnI9v6H+h9g==</latexit>

. .
 . 

(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>

USA1
<latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base64="OLmSO7B+we2VQSZSKnJ5lVgdxmA=">AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFWCkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4ECwO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPkl4oroR1pQzSX3DDKfdVFEsIk470fhm5nceqdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2rNrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/zTtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpFe9mfivF4mll3PJCI0VJit5TNwIcibTzFBJFnHijCOToFlFaMAUJYZPLMFEMfsjREbYXmNskRVblbdazF/Svqh7bt27u6w1G0VpZTiBUzgHD66gCbfQAh8IcHiCF3h1np035935WIyWnGLnGJbgfP4AMxifbA==</latexit>

USA2
<latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit><latexit sha1_base64="dpGyT3RNOlxuvhODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiBFsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNMEkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmikMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b13Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfbQ==</latexit>

USA3
<latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit><latexit sha1_base64="rbtxBTP0Eq9HTYYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKDFWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkXoUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fbg==</latexit>

USA4
<latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBBsrdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDNUksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYTOIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit>

S
<latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lMJ+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmogZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+eJ81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+AbKMJdQ</latexit>

An+2
<latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit><latexit sha1_base64="HryBpxazdQOeSus4GgcvF9By/p4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNEOwe028eJxgnODrpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubt3J6NEYNLBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx9N7VqzebZz5Wll17KT+tZ5plVq2blgIvELkgVFGh75md/EOEkJFxhhqR0bCtWboqEopiRrNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIqEPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqaLgp5XGiCMezh4KEQRXBaTRwQAXBik00QVhQvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfwajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</latexit>

An+1
<latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r+IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qapVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyGlAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCvMkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2Qd/YHx8AwLkmZE=</latexit>

An
<latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWdXtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxGlIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkhK17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyOkxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUvL5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD4yPbxeSmSE=</latexit>

An�1
<latexit sha1_base64="IiDwf84mtKd8Av4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkNOAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVeYISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRsw/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8Av4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkNOAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVeYISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRsw/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8Av4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkNOAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVeYISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRsw/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8Av4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkNOAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVeYISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRsw/+wPj4BgXymZM=</latexit>

An�2
<latexit sha1_base64="CVhCIAsGrqFSI+u663ZX00iCLR8=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMdgttt4sXjBOcGXSlplm5haVqSVBilf8CLf8WLB0W8evfmvzHriujmAwkPz/O+b948fsyoVJb1ZZSWlldW18rrlY3Nre0dc3fvTkaJwKSDIxaJno8kYZSTjqKKkV4sCAp9Rrr++Grqd++JkDTit2oSEzdEQ04DipHSkmce9fMZjhj6bmrVms3TnytLL72Un9WzzDOrVs3KAReJXZAqKND2zM/+IMJJSLjCDEnp2Fas3BQJRTEjWaWfSBIjPEZD4mjKUUikm+abZPBYKwMYREIfrmCu/u5IUSjlJPR1ZYjUSM57U/E/z0lU0HBTyuNEEY5nDwUJgyqC02jggAqCFZtogrCgeleIR0ggrHSAFR2CPf/lRXJXr9lWzb45r7YaRRxlcAAOwQmwwQVogWvQBh2AwQN4Ai/g1Xg0no03431WWjKKnn3wB8bHNwd4mZQ=</latexit><latexit sha1_base64="CVhCIAsGrqFSI+u663ZX00iCLR8=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMdgttt4sXjBOcGXSlplm5haVqSVBilf8CLf8WLB0W8evfmvzHriujmAwkPz/O+b948fsyoVJb1ZZSWlldW18rrlY3Nre0dc3fvTkaJwKSDIxaJno8kYZSTjqKKkV4sCAp9Rrr++Grqd++JkDTit2oSEzdEQ04DipHSkmce9fMZjhj6bmrVms3TnytLL72Un9WzzDOrVs3KAReJXZAqKND2zM/+IMJJSLjCDEnp2Fas3BQJRTEjWaWfSBIjPEZD4mjKUUikm+abZPBYKwMYREIfrmCu/u5IUSjlJPR1ZYjUSM57U/E/z0lU0HBTyuNEEY5nDwUJgyqC02jggAqCFZtogrCgeleIR0ggrHSAFR2CPf/lRXJXr9lWzb45r7YaRRxlcAAOwQmwwQVogWvQBh2AwQN4Ai/g1Xg0no03431WWjKKnn3wB8bHNwd4mZQ=</latexit><latexit sha1_base64="CVhCIAsGrqFSI+u663ZX00iCLR8=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMdgttt4sXjBOcGXSlplm5haVqSVBilf8CLf8WLB0W8evfmvzHriujmAwkPz/O+b948fsyoVJb1ZZSWlldW18rrlY3Nre0dc3fvTkaJwKSDIxaJno8kYZSTjqKKkV4sCAp9Rrr++Grqd++JkDTit2oSEzdEQ04DipHSkmce9fMZjhj6bmrVms3TnytLL72Un9WzzDOrVs3KAReJXZAqKND2zM/+IMJJSLjCDEnp2Fas3BQJRTEjWaWfSBIjPEZD4mjKUUikm+abZPBYKwMYREIfrmCu/u5IUSjlJPR1ZYjUSM57U/E/z0lU0HBTyuNEEY5nDwUJgyqC02jggAqCFZtogrCgeleIR0ggrHSAFR2CPf/lRXJXr9lWzb45r7YaRRxlcAAOwQmwwQVogWvQBh2AwQN4Ai/g1Xg0no03431WWjKKnn3wB8bHNwd4mZQ=</latexit><latexit sha1_base64="CVhCIAsGrqFSI+u663ZX00iCLR8=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMdgttt4sXjBOcGXSlplm5haVqSVBilf8CLf8WLB0W8evfmvzHriujmAwkPz/O+b948fsyoVJb1ZZSWlldW18rrlY3Nre0dc3fvTkaJwKSDIxaJno8kYZSTjqKKkV4sCAp9Rrr++Grqd++JkDTit2oSEzdEQ04DipHSkmce9fMZjhj6bmrVms3TnytLL72Un9WzzDOrVs3KAReJXZAqKND2zM/+IMJJSLjCDEnp2Fas3BQJRTEjWaWfSBIjPEZD4mjKUUikm+abZPBYKwMYREIfrmCu/u5IUSjlJPR1ZYjUSM57U/E/z0lU0HBTyuNEEY5nDwUJgyqC02jggAqCFZtogrCgeleIR0ggrHSAFR2CPf/lRXJXr9lWzb45r7YaRRxlcAAOwQmwwQVogWvQBh2AwQN4Ai/g1Xg0no03431WWjKKnn3wB8bHNwd4mZQ=</latexit>
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FIG. 1. (a) Schematic diagram of collisional thermometry. A stream
of ancillas sequentially interacts with a system S which is coupled to
a heat environment E at temperature T . (b) Exemplary circuit rep-
resentation. The system and the ancillas evolve stroboscopically in
a sequence of S E thermalization and pairwise S Ai interaction steps.
The system is assumed to have converged to the fixed point ⇢⇤S of the
stroboscopic map. Quantum advantages can be obtained by perform-
ing collective measurements on blocks of ancillas (illustrated here for
blocks of length 2).

action is given by

⇢S A1...An = ES � US An � . . . � ES � US A1

⇣
⇢S ⌦ ⇢

⌦n
A

⌘
, (1)

where � stands for map composition and ⇢A is the initial state
of the ancillas. The reduced state ⇢S of the system therefore
evolves stroboscopically according to the quantum channel

⇢S (n) = trAn

�
ES �US An⇢S (n � 1) ⌦ ⇢A

 
=: �

⇥
⇢S (n � 1)

⇤
. (2)

The state ⇢S (n) summarizes the information content about E
that the ancilla An+1 will have access to.

After su�cient S A interactions, the system will no longer
depend on its initial state and will eventually reach a fixed
point ⇢⇤S = �(⇢⇤S ). This steady state contains information
about T that can be extracted by measuring subsequent an-
cillas. In general, ⇢⇤S will deviate from ⇢th

S , which reflects
the unavoidable measurement disturbance [29]. In what fol-
lows, we will assume that the system has already reached ⇢⇤S ,
which eliminates transient e↵ects and establishes translational
invariance for subsequent states ⇢A1...AN of N adjacent ancillas
after they have interacted with S .

The key point in our approach is that even though the an-
cillas are initially independent, the final state ⇢A1...AN is gener-
ally correlated due to their common interaction with S and the
continuous exchange of information between S and E. As a
consequence, measurements on the collective state ⇢A1...AN of
N ancillas, e.g. bipartite measurements (N = 2) as in Fig. 1(b),

could in principle give us more information about the temper-
ature of the environment as compared to individual measure-
ments of N ancillas.

Temperature estimation - The quantum Fisher informa-
tion (QFI) allows quantifying the precision of a thermometry
scheme without reference to an explicit measurement proto-
col or experimental implementation [1, 4, 5, 30]. Indeed, the
standard deviation of any unbiased temperature estimator �T
obeys the Quantum Cramer-Rao bound

�T 2
�

1
F (T, ⇢)

, (3)

where F (T, ⇢) is the QFI of temperature given the
temperature-dependent quantum state ⇢.

Conventionally, ⇢ is taken to be the state of a probe system
that is in direct thermal contact with the environment. More-
over, the inequality (3) is in general strict. The only exception
is if the probe fully thermalizes. In this case its information
content about the temperature will be given by the thermal
Fisher information (TFI)

F (T, ⇢) = Fth =
C

kBT 2 , C =

D
H2

A

E
� hHAi

2

kBT 2 , (4)

with HA the ancilla Hamiltonian and C its heat capacity. In
this special case, there exist estimators for which the inequal-
ity (3) is saturated in a single shot [7, 8]. Repeating this
process with N probes then yields the aforementioned 1/N-
scaling of (�T/T )2.

Here, by contrast, N ancillas acquire information about E
indirectly and get correlated with each other through succes-
sive interactions with S . Information is extracted from the
N-ancilla state ⇢A1...AN by means of a quantum measurement
described by a positive operator valued measure (POVM) ⇧x,
where x denotes the set of possible outcomes. This produces a
probability distribution p(x) = tr

�
⇧x⇢A1...AN

 
, from which one

can construct the Fisher information

FN(⇧,T, ⇢A1...AN ) =
X

x

p(x)
 
@

@T
ln p(x)

!2

. (5)

The QFI is obtained by maximizing over all possible POVMs
acting on a block of N ancillas, resulting in [30]:

FN(T, ⇢A1...AN ) = max
⇧

FN(⇧,T, ⇢A1...AN ) = tr(⇢A1...AN⇤
2) (6)

where ⇤ is the symmetric logarithmic derivative, which is
a solution of the Lyapunov equation ⇤⇢A1...AN + ⇢A1...AN⇤ =
2@T⇢A1...AN .

In Eq. (6), the length N of the block of ancillas is arbi-
trary, with FN representing the optimal precision that can be
obtained from access to all possible measurement strategies
on N ancillas. For instance, F1 represents the best possible
precision that can be obtained from information on individual
ancillas, as encoded in the completely marginalized product
state (⇢0A)⌦N (irrespective of whether the ancillas are corre-
lated or not). In this scenario the Fisher information for N

Using the ancillae to extract information from S one can actually do better!

After the interaction of the ancillae with S one gets a state ρA1,…AN

One can find a POVM  and define the probability distribution {Πx}
p(x) = Tr[ΠxρA1,…,AN

]

Then one constructs the Fisher information:

FN({Πx}, T, ρA1,…,AN
) = ∑

x

p(x)(∂T ln p(x))2

The Quantum  Fisher information is defined as:

ℱN = max
{Πx}

FN({Πx}, T, ρA1,…,AN
) = Tr[ρA1,…,AN

Λ2]
Figure from  PRL 123, 180602 (2019)



One more application: quantum metrology
ρSA1,…,AN

= 𝒯S𝒰SAN
𝒯S…𝒰SA1

(ρS ⊗ ρ⊗N
A )

Because of the joint action of the bath and the ancillas,  equilibrates to a non thermal stateρS

ρS(n) = Tr[𝒯𝒰SAn
(ρS(n − 1) ⊗ ρA)]

·ρS = ℰS(ρS) = γ(n̄ + 1)ℒσ−
S

+ γn̄ℒσ+
S 𝒯S = eℰS(ρS)τ HSAn

= ℏg(σ+
S σ−

An
+ σ−

S σ+
An

)

ℱ1

ℱth
=

(n̄ + 1)(eΓ − 1 + 2n̄Γ)2

e2Γ(n̄ + 1) − n̄ − eΓ
Γ = γ(2n̄ + 1)τSE

Already for single ancilla measurements one 
gets an advantage!

ℱ2

2ℱ1
= 1 +

(n̄Γ)2

eΓ − 1
+ 𝒪(gτSA)2 Joint measurements of two ancillas lead to a greater 

advantage!

See also PRA 102, 042417 for further optimisation



Conclusions
- Quantum collision models allow for an easy and 

intuitive description of open system dynamics 

- One can easily derive non-Markovian ME, tuning the 
degree of non-Markovianity 

- One can consider non trivial geometries in system S, 
leading to non local dissipative channels 

- One can consider structured environments, e.g. non 
thermal ones 

- Description of metrological protocols over performing 
with respect to classical and sequential approaches.

- Applications in QCD, cosmic fluctuations or other?



Thanks for your attention!


