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[R.J.Furnstahl and K.Hebeler, Rep. Prog. Phys. 76 126301 (2013)]

[S-DALINAC,
PRL 117 (2017) 172503]

[G.Giacalone et al., PRL 135 (2025) 012302]

8 species out of ∼250 …
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Not all forests are beautiful!

QMD

EQMD

AMD
DFT

VMC

PGCM

NLEFT
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High Energy Experiments
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Hydrodynamic evolution

Final state

Initial state

⃗⃗⃗𝑝 = (𝑝𝑥, 𝑝𝑦, 𝑝𝑧)
mass
charge
⋮

Flow harmonics
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Z

Z

Z

Z

Z

Pb
Pb

Pb

Ne

Ru

Ru

Zr
Zr

U

Uz

η = − ln tan (θ/2)

ϕ θ

y

x
BEAM 

PIPE

Different Collisions:
Symmetric Collisions
Asymmetric Collisions

𝑑𝑁
𝑑3p = 𝑑𝑁

𝑑𝜙 𝑝𝑇 𝑑𝑝𝑇 𝑑𝜂
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Initial Geometry and Final Distribution

Strong Collective Correlations of Nucleons

𝑅(𝜃, 𝜙) = 𝑅0(1 + 𝛽2 [cos 𝛾𝑌2,0 + sin 𝛾𝑌2,2 ] + 𝛽3𝑌3,0 + 𝛽4𝑌4,0)

[J.Jia,PRC 105 (2022) 4, 044905]

[J.Jia, PRC 105 (2021) 014905] [STAR, PRL 115 (2015) 222301]
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Opportunities of light-heavy Ions Collisions:

− Connecting ab initio inputs of light-nuclei with relativistic
nuclear collisions.

Pinhole Algorithm

[B.N.Lu et al., PRL 119 (2017) 222505]

[Giacalone et al., PRL 134 (2025) 082301]

[Giacalone et al., PRL 135 (2025) 012302]

[HM, A.Saha, EPJC 85 (2025) 1284]
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Light nuclear structures in ultra-relativistic collions:
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Flow in Ne+Ne/O+O:
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[Light ion collisions at the LHC-2025]

Structures of Oxygen-16 and Neon-20
1. Projected Generator Coordinate Method (PGCM)

− ab initio formalism
− N3LO EFT Hamiltonian
− Particle-number projected one-body density
from intrinsic Hartree-Fock-Bogoliubov state

2. Nuclear Lattice Effective Field Theory (NLEFT)

− Effective field theory + lattice Monte Carlo
− Well-suited to probe clustering effects
− Nuclear many-body correlations to all
orders preserved

3. Variational Monte Carlo (VMC)

− N2LO chiral EFT Hamiltonian
− Includes short-range repulsive effects
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[C.Zhang et al., PLB 862 (2025) 139322]

Structures of Oxygen-16 and Neon-20
1. Projected Generator Coordinate Method (PGCM)

− ab initio formalism
− N3LO EFT Hamiltonian
− Particle-number projected one-body density
from intrinsic Hartree-Fock-Bogoliubov state

2. Nuclear Lattice Effective Field Theory (NLEFT)

− Effective field theory + lattice Monte Carlo
− Well-suited to probe clustering effects
− Nuclear many-body correlations to all
orders preserved

3. Variational Monte Carlo (VMC)

− N2LO chiral EFT Hamiltonian
− Includes short-range repulsive effects

Hadi Mehrabpour Imprint of 𝛼-Clustering EQHIC 2026 12 / 45



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

1. Clustering Model
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Imprint of isolated NN correlations on O+O: [Q.Liu, HM, B.N.Lu, 2509.00315]

One-body density matrix:
𝜌(r) = 𝐴 ∫ ∏𝐴

𝑖=2 𝑑r𝑖|Ψ(r, r2, ⋯ , r𝐴)|2

Nucleon-nucleon correlations:
𝐶(r, r′) = 𝐴(𝐴 − 1) ∫ ∏𝐴

𝑖=3 𝑑r𝑖|Ψ(r, r′, r3, ⋯ , r𝐴)|2

Approximated form:
𝐶(Δ𝑟) = 1 − 𝑔(Δ𝑟)

𝑔′(Δ𝑟) , Δ𝑟 = |r|

*Acceptance-rejection method: [R.Christensen, A.Branscum,and T.E Hanson, (2010) 1st ed.]

− correlated two-body dist.: 𝑔(Δ𝑟) (target dist.)

− uncorrelated two-body dist.: 𝑔′(Δ𝑟)
− we accept the nucleons with relative distances Δ𝑟′

as samples from the the target distribution 𝑔(Δ𝑟′) if

𝑈 ≤ (𝑔(Δ𝑟′)/𝑀 ⋅ 𝑔′(Δ𝑟′)), 𝑀 = supΔ𝑟
𝑔(Δ𝑟)
𝑔′(Δ𝑟) = Δ𝑟biggest

VMC

NLEFT

3pF
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Imprint of isolated NN correlations on O+O: [Q.Liu, HM, B.N.Lu, 2509.00315]

*Acceptance-rejection method: [R.Christensen, A.Branscum,and T.E Hanson, (2010) 1st ed.]
One-body density matrix:

𝜌(r) = 𝐴 ∫ ∏𝐴
𝑖=2 𝑑r𝑖|Ψ(r, r2, ⋯ , r𝐴)|2

Nucleon-nucleon correlations:
𝐶(r, r′) = 𝐴(𝐴 − 1) ∫ ∏𝐴

𝑖=3 𝑑r𝑖|Ψ(r, r′, r3, ⋯ , r𝐴)|2

Approximated form:

𝐶(Δ𝑟) = 1 − 𝑔(Δ𝑟)
𝑔′(Δ𝑟) , Δ𝑟 = |r|

− correlated two-body dist.: 𝑔(Δ𝑟) (target dist.)
− uncorrelated two-body dist.: 𝑔′(Δ𝑟)
− we accept the nucleons with relative distances Δ𝑟′

as samples from the the target distribution 𝑔(Δ𝑟′) if
𝑈 ≤ (𝑔(Δ𝑟′)/𝑀 ⋅ 𝑔′(Δ𝑟′)), 𝑀 = supΔ𝑟

𝑔(Δ𝑟)
𝑔′(Δ𝑟) = Δ𝑟biggest
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Imprint of isolated NN correlations on O+O: [Q.Liu, HM, B.N.Lu, 2509.00315]

*Acceptance-rejection method: [R.Christensen, A.Branscum,and T.E Hanson, (2010) 1st ed.]
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General Picture: [HM, G.Giacalone, M.Luzum, in preparation]

* Can we find an approximation yet realistic analytical model of the collision process?
− the leading dependency of final-state observables on the nuclear strucutre of the two colliding ions
− different symmetric and asymmetric collisions
− small and large systems

* Particel Production: a rotor rigid model

𝑘-body density: 𝜌(𝑘)( ⃗𝑟1, ⋯ , ⃗𝑟𝑘) = 1
8𝜋2 ∫ 𝑑Ω 𝜌 (𝑅𝑧𝑥𝑧(Ω) ⃗𝑟1) ⋯ 𝜌 (𝑅𝑧𝑥𝑧(Ω) ⃗𝑟𝑘)

Transverse 𝑛-body density of nucleons: 𝜌(𝑘)
⟂ (𝑥1, 𝑦1; ⋯ ; 𝑥𝑘, 𝑦𝑘) = ∫ 𝑑𝑧1 ⋯ 𝑑𝑧𝑘 𝑡𝑘( ⃗𝑟1, ⋯ , ⃗𝑟𝑘)

Superposition of 𝐴 nucleons: 𝑇 (𝑥, 𝑦) = ∑𝐴
𝑖=1

1
2𝜋𝑤2 exp (− (𝑥−𝑥𝑖)2+(𝑦−𝑦𝑖)2

2𝑤2 ) = ∑𝐴
𝑖=1 𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)

The density of overlapping area: 𝜖(r) = 𝑇 (r)𝑇 (r′) = ∑𝐴
𝑖=1 ∑𝐵

𝑗=1 𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥′ − 𝑥𝑗, 𝑦′ − 𝑦𝑗)
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How about 𝛼-cluster of 16O and 20Ne? [HM, 2506.12673]

Distribution of nucleons in each cluster: [M.Rybczyński,M.Piotrowska,W.Broniowski, PRC 97 (2018) 034912]

𝜌𝛼𝑖 (𝑟⃗) = ( 3
2𝜋𝑟2

𝐿
)

3/2
exp [ − 3(𝑟⃗−𝐿⃗𝑖)2

2𝑟2
𝐿

]

Acceptance-rejection method: NN correlations [Q.Liu, HM, B.N.Lu, 2509.00315]
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How about 𝛼-cluster of 16O and 20Ne? [HM, 2506.12673]

Distribution of nucleons in each cluster: [M.Rybczyński,M.Piotrowska,W.Broniowski, PRC 97 (2018) 034912]

𝜌𝛼𝑖 (𝑟⃗) = ( 3
2𝜋𝑟2

𝐿
)

3/2
exp [ − 3(𝑟⃗−𝐿⃗𝑖)2

2𝑟2
𝐿

]

Acceptance-rejection method: NN correlations [Q.Liu, HM, B.N.Lu, 2509.00315]
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Intra-Cluster

Inter-Cluster

Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne

Transverse density:
one-body function:

𝜌(1)
⟂ (r) = ∑𝑁𝛼

𝑖=1 ∫ 𝑑𝑧 ⟨𝜌𝛼𝑖 (𝑟⃗, Ω)⟩Ω

= ∑𝑁𝛼
𝑖=1 ⟨𝜌(𝛼𝑖)

⟂ (r, Ω)⟩Ω = ∑𝑁𝛼
𝑖=1 ⟨ 3

2𝜋𝑟2
𝐿

exp [ −
3(𝑥2+𝑦2+𝑓𝑖−2(𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖))

2𝑟2
𝐿

]⟩Ω
two-body function:

𝜌(2)
⟂ (r, r′) = ∑𝑁𝛼

𝑖,𝑗 ⟨𝜌(𝛼𝑖)
⟂ (r, Ω)𝜌

(𝛼𝑗)
⟂ (r′, Ω)⟩Ω

= 9
4𝜋2𝑟4

𝐿
𝑒

− 3(|r|2+|r′|2)
2𝑟2

𝐿 ∑𝑁𝛼
𝑖,𝑗 ⟨𝑒

𝑓𝑖+𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖+𝑓𝑗+𝑥′ℎ𝑥′,𝑗+𝑦′ℎ𝑦′,𝑗
𝑟2

𝐿/3 ⟩Ω.

𝑓𝑖 = |𝐿⃗𝑖|2 − (𝐿𝑧,𝑖𝑐2 + (−𝐿𝑦,𝑖𝑐1 + 𝐿𝑥,𝑖𝑠1)𝑠2)2

ℎ𝑥,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑠3 + (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑐3
ℎ𝑦,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑐3 − (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑠3
Ω = (𝑎1, 𝑎2, 𝑎3) ⟹ 𝑐𝑖 = cos 𝑎𝑖 and 𝑠𝑖 = sin 𝑎𝑖

Intra-Cluster: 𝜌(2)
⟂,1(r, r′) = ∑𝑁𝛼

𝑖=1 ⟨𝜌(𝛼𝑖)
⟂ (r, Ω)𝜌(𝛼𝑖)

⟂ (r′, Ω)⟩Ω
⟹

Inter-Cluster: 𝜌(2)
⟂,2(r, r′) = ∑𝑁𝛼

𝑖≠𝑗 ⟨𝜌(𝛼𝑖)
⟂ (r, Ω)𝜌(𝛼𝑗)

⟂ (r′, Ω)⟩Ω
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Two-particle correlations:

⟨𝜖(r, Ω, Ω′)𝜖(r′, Ω, Ω′)⟩

= ⟨
𝐴,𝐵
∑

𝑠,𝑡=1
𝒢(r − 𝜉𝑠)𝒢(r − 𝜉𝑡)

𝐴,𝐵
∑

𝑛,𝑚=1
𝒢(r′ − 𝜉𝑛)𝒢(r′ − 𝜉𝑚)⟩

= ⟨
𝐴

∑
𝑠,𝑛=1

𝒢(r − 𝜉𝑠)𝒢(r′ − 𝜉𝑛)
𝐵

∑
𝑡,𝑚=1

𝒢(r − 𝜉𝑡)𝒢(r′ − 𝜉𝑚)⟩

= 𝐹𝑃 𝐹𝑇 ,

where
𝐹𝑃 = 𝐴 ℐ1,𝑃 (r, r′, Ω) + (𝐴2 − 𝐴) ℐ(1)

2,𝑃 (r, r′, Ω)) + 𝐴2 ℐ(2)
2,𝑃 (r, r′, Ω)
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Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne

Transverse density:
one-body function:

𝜌(1)
⟂ (r) = ⟨𝜌𝛼𝑖 (r, Ω)⟩Ω = ⟨ 3

2𝜋𝑟2
𝐿

exp [ −
3(𝑥2+𝑦2+𝑓𝑖−2(𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖))

2𝑟2
𝐿

]⟩Ω
two-body function:

𝜌(2)
⟂ (r, r′) = 9

4𝜋2𝑟4
𝐿

𝑒
− 3(|r|2+|r′|2)

2𝑟2
𝐿 ∑𝑁𝛼

𝑖,𝑗 ⟨𝑒

𝑓𝑖+𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖+𝑓𝑗+𝑥′ℎ𝑥′,𝑗+𝑦′ℎ𝑦′,𝑗
𝑟2

𝐿/3 ⟩Ω.

𝑓𝑖 = |𝐿⃗𝑖|2 − (𝐿𝑧,𝑖𝑐2 + (−𝐿𝑦,𝑖𝑐1 + 𝐿𝑥,𝑖𝑠1)𝑠2)2

ℎ𝑥,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑠3 + (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑐3
ℎ𝑦,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑐3 − (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑠3
Ω = (𝑎1, 𝑎2, 𝑎3), 𝑐𝑖 = cos 𝑎𝑖 and 𝑠𝑖 = sin 𝑎𝑖

Initial anisotropy:

𝜀2{2}2 ≡ ⟨ℰ2ℰ∗
2⟩𝑒𝑣 = ∫r ∫r′ |r|2|r′|2𝑒2𝑖(𝜙−𝜙′)⟨𝛿𝜖(r)𝛿𝜖(r′)⟩𝑒𝑣

(∫r |r|2⟨𝜖(r)⟩𝑒𝑣)2 ,

where ⟨𝛿𝜖(r)𝛿𝜖(r′)⟩ = ⟨𝜖(r)𝜖(r′)⟩ − ⟨𝜖(r)⟩⟨𝜖(r′)⟩
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Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne
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𝑁(𝑥, 𝑦, 𝑧) = ( 3
2𝜋𝑅2𝑠

)
3/2

exp [ − 3(𝑥2+𝑦2+𝑧2)
2𝑅2𝑠

], 𝑅𝑠 = 𝑟𝐿√ 1+3𝜉
𝒫(𝜂,𝜉) − 3𝜉, 𝜉 = 𝑤2/𝑟2

𝐿 and 𝜂 = ℓ2
𝑐/𝑟2

𝐿

𝑁(𝑘)
⟂ (r1, ⋯ , r𝑘) = ∫ 𝑑𝑧1 ⋯ 𝑑𝑧𝑘 ∫ 𝑑Ω 𝑁( ⃗𝑟1) ⋯ 𝑁( ⃗𝑟𝑘) = ( 3

2𝜋𝑅2𝑠
)

𝑘
∏𝑘

𝑖 𝑒− |r𝑖|2
2𝑅2𝑠/3 .
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Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne
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[G.Giacalone,Light ion collisions at the LHC-2025]
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Imprint of 𝛼-clustering:

[PRL 134 (2025) 082301]

LHCb

*Asymmetric collisions:O+Pb and Ne+Pb
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The average of total system’s energy:

⟨𝐸⟩𝑒𝑣 = 3𝐴×𝐵
2𝜋(𝑟2

𝐿+𝑅2𝑠+6𝑤2)
∑𝑁𝛼

𝑖=1 ∫ 𝑑Ω 𝑒
𝑓𝑖+

(ℎ2
𝑥,𝑖+ℎ2

𝑦,𝑖)𝑟2
𝐿(𝑅2𝑠+6𝑤2)

6(𝑟2
𝐿+𝑅2𝑠+6𝑤2)

Weighted observables:

𝒪 = 1
Δ𝐵 ∑𝐵max

𝐵=𝐵min
𝑒−(𝐵−𝐵̄)2/2𝜎2 𝒪(𝐵)

TRENTo:

𝐵̄ = ⟨𝑁part⟩

𝜎 = ⟨(𝑁part − ⟨𝑁part⟩)2⟩1/2
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2. Heavy Hadrons and Quarkunium

[Y.Wang et al., Phys.Rev.C 109 (2024) 5, L051904]
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Flow of heavy hadrons as a probe of 𝛼-clustering:
Motivation:
− 𝛼-clustering in light nuclei modifies the initial transverse geometry.
− Heavy quarks are produced early and propagate through the entire medium.
− Their final-state anisotropy can carry information about the initial geometry.

What is measured:
− Scalar Product Method: 𝑣𝐷

𝑛 {𝑆𝑃}(𝑝𝑇 ) = ⟨𝑢𝐷
𝑛 (𝑝𝑇 )𝑄𝑐ℎ∗

𝑛 (𝑝𝑇 )⟩
√⟨𝑄𝑐ℎ

𝑛,𝐴𝑄𝑐ℎ∗
𝑛,𝐵⟩

Simulation chain:
− TRENTo+PYTHIA+MUSIC+MATTER+LBT+HybriHadronization+iSS
Analysis cuts:
− |𝑦| < 0.5
− reference hadrons: 𝜋, K, p
− |𝑦| < 0.5 and 𝑝𝑇 > 2 GeV
− centrality 0-5%
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D anisotropic flow in clustered and unclustered O+O collisions:

→ Low–intermediate pT (∼ 2 − 6 GeV)
− dominated by medium response + diffusion + recombination
− flow increases with pT

→ Above (∼ 6 GeV) production
− production becomes jet-like
− path-length–dependent energy loss dominates
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●
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●
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● v2 (VMC)

● v3 (3pF)

● v3 (VMC)
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v
n
D
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P
}

− the azimuthal anisotropy of the parent heavy quark decreases.

O+O @5.36 TeV

0 − 5%

JETSCAPE: 2M events

D-hadrons: 0.02 − 0.1 per event
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Sensitivity of D flow to 𝛼-clustering:
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− The enhanced sensitivity of 𝑣3 reflects the stronger response of
triangular geometry to the intrinsic clustered structure of the oxygen
nucleus.
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𝐽/Ψ sensitivity to 𝛼-clustering in light ion collisions? (in progress)
Motivation:
− Quarkonia are expected to be sensitive to the space-time structure of

the medium through dissociation and regeneration.
− 𝛼-clustering in the oxygen nucleus modifies the temperature and lifetime

profiles of the produced medium.

[J-P Ebran et al., Nature 487 341 (2012)]

20Ne 120Sn
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Summary:
A general theoretical picture: light to heavy nuclei
Different between ab-initio models becomes from angular correlations
Determined cluster parameters
Symmetric and asymmetric collisions
20Ne has a stronger angular (quadrupole) correlations than 16O
Heavy Hadrons (and Quarkonium) can help to study 𝛼-clustering in
high energy nuclear collisions.

In progress:
Deformation and cluster parameters [HM, S.A.Tabatabaee, B.N.Lu]

Imprint of nuclear structures on identified particles [HM, A.Saha, P.Bozek, L.Yan]

A neural network framework [A.Saha, HM, J.Jia]

Shape coexistence [HM, A.Saha, H.Song, J.Jia]

⋮
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Imprint of isolated NN correlations on O+O: [Q.Liu, HM, B.N.Lu, 2509.00315]

*Acceptance-rejection method: [R.Christensen, A.Branscum,and T.E Hanson, (2010) 1st ed.]
One-body density matrix:

𝜌(r) = 𝐴 ∫ ∏𝐴
𝑖=2 𝑑r𝑖|Ψ(r, r2, ⋯ , r𝐴)|2

Nucleon-nucleon correlations:
𝐶(r, r′) = 𝐴(𝐴 − 1) ∫ ∏𝐴

𝑖=3 𝑑r𝑖|Ψ(r, r′, r3, ⋯ , r𝐴)|2

Approximated form:

𝐶(Δ𝑟) = 1 − 𝑔(Δ𝑟)
𝑔′(Δ𝑟) , Δ𝑟 = |r|

− correlated two-body dist.: 𝑔(Δ𝑟) (target dist.)
− nncorrelated two-body dist.: 𝑔′(Δ𝑟)
− we accept the nucleons with relative distances Δ𝑟′

as samples from the the target distribution 𝑔(Δ𝑟′) if
𝑈 ≤ (𝑔(Δ𝑟′)/𝑀 ⋅ 𝑔′(Δ𝑟′)), 𝑀 = supΔ𝑟

𝑔(Δ𝑟)
𝑔′(Δ𝑟) = Δ𝑟biggest
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Charge density
Woods-Saxon distribution:

𝜌(𝑥, 𝑦, 𝑧) ∝ 1
1+exp( 𝑟−𝑅(𝜃,𝜙)

𝑎0 )
, 𝑟 = √𝑥2 + 𝑦2 + 𝑧2

Gaussian distribution
𝑁(𝑥, 𝑦, 𝑧) = 1

(2𝜋)3/2𝑅3
0

exp(−𝑟2/2𝑅(𝜃, 𝜙)2)
𝑅(𝜃, 𝜙) = 𝑅0 (1 + ∑𝑙=2 ∑𝑙

𝑚=−𝑙 𝛽𝑙𝑚𝑌 𝑚
𝑙 (𝜃, 𝜙))

𝑁(𝑟, 𝜃, 𝜙) = 𝑒− 𝑟2
2𝑅2

0

2
√

2𝜋3/2𝑅3
0

+ 𝒴(𝜃, 𝜙)𝛽2𝑟2𝑒− 𝑟2
2𝑅2

0

2
√

2𝜋3/2𝑅5
0

+ 𝛽2
2𝑒− 𝑟2

2𝑅2
0 (−6𝜋𝒴(𝜃, 𝜙)2𝑟2𝑅2

0 + 2𝜋𝒴(𝜃, 𝜙)2𝑟4 − 𝑟2𝑅2
0)

8
√

2𝜋5/2𝑅7 ,

where 𝒴(𝜃, 𝜙) = cos 𝛾𝑌 0
2 (𝜃, 𝜙) + sin 𝛾𝑌 2

2 (𝜃, 𝜙).
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2) Particle production: a rotor rigid model

𝑘-body density:
𝑡𝑘( ⃗𝑟1, ⋯ , ⃗𝑟𝑘) = 1

8𝜋2 ∫ 𝑑Ω 𝜌 (𝑅𝑧𝑥𝑧(Ω) ⃗𝑟1) ⋯ 𝜌 (𝑅𝑧𝑥𝑧(Ω) ⃗𝑟𝑘)

Transverse 𝑛-body density of nucleons:
𝑡𝑘⟂(𝑥1, 𝑦1; ⋯ ; 𝑥𝑘, 𝑦𝑘) = ∫ 𝑑𝑧1 ⋯ 𝑑𝑧𝑘 𝑡𝑘( ⃗𝑟1, ⋯ , ⃗𝑟𝑘)

Superposition of 𝐴 nucleons:
𝑇 (𝑥, 𝑦) = ∑𝐴

𝑖=1
1

2𝜋𝑤2 exp (− (𝑥−𝑥𝑖)2+(𝑦−𝑦𝑖)2

2𝑤2 ) = ∑𝐴
𝑖=1 𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)

The density of overlapping area:
𝜖(r) = 𝑇 (r)𝑇 (r′) = ∑𝐴

𝑖=1 ∑𝐵
𝑗=1 𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥′ − 𝑥𝑗, 𝑦′ − 𝑦𝑗)
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Fluctuations: [PLB 738, 166 (2014)]

𝜖(r) = ⟨𝜖(r)⟩ + 𝛿𝜖
𝑘-particle correlation:

⟨𝛿𝜖(r(1))𝛿𝜖(r(2))...𝛿𝜖(r(𝑘))⟩𝑒𝑣

1-particle functions:
⟨𝐸⟩𝑒𝑣 = ∫r⟨𝜖(r)⟩𝑒𝑣 with ⟨𝛿𝜖⟩𝑒𝑣 = 0
⋮

2-particle correlators:
Var(𝐸) = ∫r ∫r′⟨𝛿𝜖(r)𝛿𝜖(r′)⟩𝑒𝑣

⟨ℰ𝑛ℰ∗
𝑛⟩ = ∫𝑥,𝑦 ∫𝑥′,𝑦′ (𝑥+𝑖𝑦)𝑛(𝑥′−𝑖𝑦′)𝑛⟨𝛿𝜖(r)𝛿𝜖(r′)⟩𝑒𝑣

(∫𝑥,𝑦(𝑥2+𝑦2)𝑛/2⟨𝜖(r)⟩𝑒𝑣)
2

⋮
⋮
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𝑘-particle correlation:

One-body function:
⟨𝜖(r)⟩𝑒𝑣 = ⟨∑𝐴

𝑖=1 ∑𝐴
𝑗=1 𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥 − 𝑥𝑗, 𝑦 − 𝑦𝑗)⟩𝑒𝑣

= 𝐴2 (∫𝑥𝑖,𝑦𝑖
𝑡1⟂(𝑥𝑖, 𝑦𝑖)𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖))

2

Two-nucleon correlations:

⟨𝜖(r)𝜖(r′)⟩𝑒𝑣 = ⟨
𝐴

∑
𝑖,𝑗=1

𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥′ − 𝑥𝑗, 𝑦′ − 𝑦𝑗)
𝐴

∑
𝑖′,𝑗′=1

𝑔(𝑥 − 𝑥𝑖′ , 𝑦 − 𝑦𝑖′ )𝑔(𝑥′ − 𝑥𝑗′ , 𝑦′ − 𝑦𝑗′ )⟩𝑒𝑣

= [𝐴 ∫
𝑥𝑖,𝑦𝑖

𝑡1⟂(𝑥𝑖, 𝑦𝑖)𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥′ − 𝑥𝑖, 𝑦′ − 𝑦𝑖)

+(𝐴2 − 𝐴) ∫
𝑥𝑖,𝑦𝑖

∫
𝑥𝑗,𝑦𝑗

𝑡2⟂(𝑥𝑖, 𝑦𝑖; 𝑥𝑖′ , 𝑦𝑖′ )𝑔(𝑥 − 𝑥𝑖, 𝑦 − 𝑦𝑖)𝑔(𝑥′ − 𝑥𝑗, 𝑦′ − 𝑦𝑗)⎤⎥
⎦

2

= 𝐴2𝐼2
1 + 2𝐴(𝐴2 − 𝐴)𝐼1𝐼2 + (𝐴2 − 𝐴)2𝐼2

2.

⋮
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1-particle observables:
⟨𝐸⟩𝑒𝑣 ≈ 𝐴2

4𝜋𝑅2
0

− 3𝐴2𝛽2
2

16𝜋2𝑅2
0

+ 𝛼2 ( 𝐴2𝛽2
2

4𝜋2𝑅2
0

− 𝐴2

4𝜋𝑅2
0
)

2-particle observables:
var(𝐸⟨𝐸⟩) ≈ 0.667

𝐴 + 0.040𝛽2
2 + 0.014𝛽3

2 cos(3𝛾)

⟨𝜀2
2⟩ ≈ 2.370

𝐴 + 0.239𝛽2
2 + 0.043𝛽3

2 cos(3𝛾)

⟨𝜀2
3⟩ ≈ 2.68

𝐴 + 1.44𝛽2
2

𝐴 + 0.55𝛽3
2 cos(3𝛾)
𝐴

3-particle observables:
skew(𝐸⟨𝐸⟩) ≈ 2

𝐴2 + 0.16𝛽2
2

𝐴 + 0.0036𝛽3
2 cos(3𝛾)

cov(ℰ2ℰ∗
2, 𝐸/⟨𝐸⟩) ≈ 0.89

𝐴2 − 0.02𝛽3
2 cos(3𝛾) + −0.16𝛽2

2
𝐴
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The liquid drop model (𝐴 → ∞):

⟨𝜀2
2⟩ = 0.239𝛽2+0.043𝛽3 cos(3𝛾),

𝑣𝑎𝑟(𝐸/⟨𝐸⟩) = 0.040𝛽2+0.014𝛽3 cos(3𝛾),
𝑠𝑘𝑒𝑤(𝐸/⟨𝐸⟩) = 0.003𝛽3 cos(3𝛾),

𝑐𝑜𝑣(𝜀2
2, 𝐸/⟨𝐸⟩) = −0.020𝛽3 cos(3𝛾).
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Two-particle correlations:

⟨𝜖(r, Ω, Ω′)𝜖(r′, Ω, Ω′)⟩

= ⟨
𝐴,𝐵
∑

𝑠,𝑡=1
𝒢(r − 𝜉𝑠)𝒢(r − 𝜉𝑡)

𝐴,𝐵
∑

𝑛,𝑚=1
𝒢(r′ − 𝜉𝑛)𝒢(r′ − 𝜉𝑚)⟩

= ⟨
𝐴

∑
𝑠,𝑛=1

𝒢(r − 𝜉𝑠)𝒢(r′ − 𝜉𝑛)
𝐵

∑
𝑡,𝑚=1

𝒢(r − 𝜉𝑡)𝒢(r′ − 𝜉𝑚)⟩

= 𝐹𝑃 𝐹𝑇 ,

where
𝐹𝑃 = 𝐴 ℐ1,𝑃 (r, r′, Ω) + (𝐴2 − 𝐴) ℐ(1)

2,𝑃 (r, r′, Ω)) + 𝐴2 ℐ(2)
2,𝑃 (r, r′, Ω)
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⟨𝜖(r, Ω, Ω′)𝜖(r′, Ω, Ω′)⟩ = 𝐴𝐵
𝑁𝛼
∑
𝑖,𝑖′

𝐻(𝑃)
𝑖 (r, r′, Ω)𝐻(𝑇)

𝑖′ (r, r′, Ω′)

+ 2𝐴(𝐵2 − 𝐵)
𝑁𝛼
∑
𝑖,𝑖′

𝐻(𝑃)
𝑖 (r, r′, Ω)𝐻(𝑇)

𝑖′𝑖′ (r, r′, Ω′)

+ 2𝐴𝐵2
𝑁𝛼
∑

𝑖,𝑖′≠𝑗′
𝐻(𝑃)

𝑖 (r, r′, Ω)𝐻(𝑇)
𝑖′𝑗′ (r, r′, Ω′)

+ 2𝐴2(𝐵2 − 𝐵)
𝑁𝛼
∑

𝑖≠𝑗,𝑖′
𝐻(𝑃)

𝑖𝑗 (r, r′, Ω)𝐻(𝑇)
𝑖′𝑖′ (r, r′, Ω′)

+ 𝐴2𝐵2
𝑁𝛼
∑

𝑖≠𝑗,𝑖′≠𝑗′
𝐻(𝑃)

𝑖𝑗 (r, r′, Ω)𝐻(𝑇)
𝑖′𝑗′ (r, r′, Ω′)

+ (𝐴2 − 𝐴)(𝐵2 − 𝐵)
𝑁𝛼
∑
𝑖,𝑖′

𝐻(𝑃)
𝑖𝑖 (r, r′, Ω)𝐻(𝑇)

𝑖′𝑖′ (r, r′, Ω′).

Asymmetric collisions (X+Pb):
𝐹𝑃 = 𝐵 ℐ1,𝑃 (r, r′) + (𝐵2 − 𝐵) ℐ2,𝑃 (r, r′)) such that we have:

ℐ1,𝑃 = ∫ 𝑑2𝜉𝑠 𝑁(1)
⟂ (𝜉𝑠)𝒢(r − 𝜉𝑠)𝒢(r′ − 𝜉𝑠) = 3

4𝜋2𝑤2(𝑅2𝑠+3𝑤2)2 𝑒
− 𝑅2𝑠((𝑥−𝑥′)2+(𝑦−𝑦′)2)+3𝑤2(|r|2+|r′|2)

2(2𝑅2𝑠𝑤2+3𝑤4) ,

ℐ2,𝑃 = ∫ 𝑑2𝜉𝑠 𝑑2𝜉𝑛 𝑁(2)
⟂ (𝜉𝑠, 𝜉𝑛)𝒢(r − 𝜉𝑠)𝒢(r′ − 𝜉𝑛) = 9

4𝜋2(𝑅2𝑠+3𝑤2)2 exp [ − 3(|r|2+|r′|2)
2(𝑅2𝑠𝑤2+3𝑤4) ].

Hadi Mehrabpour Imprint of 𝛼-Clustering EQHIC 2026 41 / 45



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

From the perspective of field theory:

Generating function:

𝑍[𝑗] ≡ ⟨exp ( ∫ 𝑑2r 𝑗(r)𝜖(r))⟩

Connected correlation functions: cumulants

𝑘𝑛(r1, ⋯ , r𝑛) = 𝛿𝑛 ln 𝑍[𝑗]
𝛿𝑗(r1) ⋯ 𝛿𝑗(r𝑛) ∣

𝑗=0

Two-point correlation function of energy field:
𝑘2(r1, r2) = ⟨𝜖(r1)𝜖(r2)⟩ − ⟨𝜖(r1)⟩⟨𝜖(r2)⟩

Decomposition into one- and two-body contributions:
𝜖(r) = 𝜖1(r) + 𝜖2(r)

Alpha-cluster decomposition:
𝑘2(r1, r2) = 𝑘(1×2)

2 + 𝑘(same×same)
2 + 𝑘(diff×diff)

2 + 2𝑘(same×diff)
2
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Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne

Transverse density:
one-body function:

𝜌(1)
⟂ (r) = ⟨𝜌𝛼𝑖 (r, Ω)⟩Ω = ⟨ 3

2𝜋𝑟2
𝐿

exp [ −
3(𝑥2+𝑦2+𝑓𝑖−2(𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖))

2𝑟2
𝐿

]⟩Ω
two-body function:

𝜌(2)
⟂ (r, r′) = 9

4𝜋2𝑟4
𝐿

𝑒
− 3(|r|2+|r′|2)

2𝑟2
𝐿 ∑𝑁𝛼

𝑖,𝑗 ⟨𝑒

𝑓𝑖+𝑥ℎ𝑥,𝑖+𝑦ℎ𝑦,𝑖+𝑓𝑗+𝑥′ℎ𝑥′,𝑗+𝑦′ℎ𝑦′,𝑗
𝑟2

𝐿/3 ⟩Ω.

𝑓𝑖 = |𝐿⃗𝑖|2 − (𝐿𝑧,𝑖𝑐2 + (−𝐿𝑦,𝑖𝑐1 + 𝐿𝑥,𝑖𝑠1)𝑠2)2

ℎ𝑥,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑠3 + (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑐3
ℎ𝑦,𝑖 = (𝐿𝑦,𝑖𝑐1𝑐2 − 𝐿𝑥,𝑖𝑐2𝑠1 + 𝐿𝑧,𝑖𝑠2)𝑐3 − (𝐿𝑦,𝑖𝑠1 + 𝐿𝑥,𝑖𝑐1)𝑠3
Ω = (𝑎1, 𝑎2, 𝑎3), 𝑐𝑖 = cos 𝑎𝑖 and 𝑠𝑖 = sin 𝑎𝑖

Variance of total energy density:

var(𝐸/⟨𝐸⟩) = ⟨𝐸2⟩𝑒𝑣−⟨𝐸⟩2𝑒𝑣
⟨𝐸⟩2𝑒𝑣

= ∫ 𝑑Ω𝑑Ω′ ∫ 𝑑2r 𝑑2r′ ⟨𝛿𝜖(r,Ω,Ω′)𝛿𝜖(r′,Ω,Ω′)⟩

( ∫ 𝑑Ω 𝑑Ω′ ⟨𝜖(r,Ω,Ω′)⟩)
2 ,

where ⟨𝛿𝜖(r)𝛿𝜖(r′)⟩ = ⟨𝜖(r)𝜖(r′)⟩ − ⟨𝜖(r)⟩⟨𝜖(r′)⟩
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Imprint of 𝛼-clustering:
*Symmetric collisions:O+O and Ne+Ne
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[PLB 862 (2025) 139322]

[PRL 135 (2025) 1, 012302]
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MATTER = high-virtuality in-medium parton shower module
evolves the hard partons coming from PythiaGun
while they are still high virtuality (𝑄 > 𝑄0)
including medium-modified splittings.

Physically: vacuum-like + medium-modified shower stage
early time
hard partons
large virtuality

LBT = Linear Boltzmann Transport
propagates partons after MATTER
in the medium
via elastic + inelastic scatterings with thermal partons.

Physically: low-virtuality / on-shell transport stage
later time
quasi-on-shell partons
medium response
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