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Using as heavy quarks  and as light quarks  the hadrons 
with two heavy quarks can be

Q = c, b q = u, d, s

Exotic heavy hadrons

 + light quarks and gluonsQQ  + light quarks and gluonsQQ̄
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Heavy quarks:  Q = c, b → mQ ≫ ΛQCD

Scales in heavy hadrons

In the hadron rest frame the heavy quark moves slowly compared to the LDOF

We have a non-relativistic system  multiscale problem→

mQ ≫ p ≳ ΛQCD ≫ E

We use an Effective Field Theory  → Born-Oppenheimer EFT
[Berwein, Braaten, Brambilla, Krein, Mohapatra, Oncala, 

Scirpa, Soto, Tarrús Castellà, Vairo,…] 
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Philosophy of the B-O Approximation

Two-step procedure

mQ ≫ p ≳ ΛQCD ≫ E

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

[Juge, Kuti, Morningstar]

mass
0 u d s c bΛQCD

Fast/Light DOF Slow DOF

Slide: [Bruschini]
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Philosophy of the B-O Approximation
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Slide: [Bruschini]

→ (−
Δ
mQ

+ V(0)( ⃗r) +
V(1)( ⃗r)

mQ
+ . . . ) Ψ( ⃗r) = EΨ( ⃗r)

→ V(0)( ⃗r), V(1)( ⃗r), . . .
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Philosophy of the B-O Approximation

Two-step procedure BOEFT

mQ ≫ p ≳ ΛQCD ≫ E

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

At LO:  (static limit)mQ → ∞

[Juge, Kuti, Morningstar]

At NLO:  expansion𝒪(1/mQ)

mass
0 u d s c bΛQCD

Fast/Light DOF Slow DOF

[Berwein, Brambilla, Krein, Mohapatra, Oncala, Scirpa, 
Soto, Tarrús Castellà, Vairo,…] 

Slide: [Bruschini]
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B-O Symmteries and Quantum numbers

Irreps of the  group 


Total angual momentum  of LDOF 
with eigenvalue 


with eigenvalue  and 



CP eigenvalue 


Sign under reflection 

D∞h →

K
κ

|K ⋅ ̂r | λ Λ ≡ |λ |
Λ = 0,1,… = Σ, Π, …

η = + 1, − 1 = g, u

σ = + , −

Λσ
η
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B-O Hybrid Quantum numbers

Lattice results
Figure: [Juge, Kuti, 

Morningstar 

arXiv:hep-lat/0207004]

κPC

1+− Σ−
u , Πu

LDOF: Λσ
η

Low-lying potentials
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B-O Hybrid Potentials at 𝒪(1/mQ)0

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

Two-step procedureObtain the potentials with 
correct behaviour at short and 
long distances

Fit the parameters with lattice QCD results

[Oncala, Soto. arXiv:1702.03900]

Heavy spin independent 
potentials
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Hybrid spectrum with BOEFT at 𝒪(1/mQ)0

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

Two-step procedureLagrangian density:

Solve the eigenvalue problem to find the degenerate energy spectrum
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Hybrid spectrum with BOEFT at 𝒪(1/mQ)0

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

Two-step procedureLagrangian density:

Solve the eigenvalue problem to find the degenerate energy spectrum
(−

Δ
mQ

+ V(0)( ⃗r )) Ψ( ⃗r ) = EΨ( ⃗r )
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κPC = 1+−

H1

H2
H3

H4

NLJ

1(s/d)1

1p1
1p0

1(p/f )2

Mcc̄g 𝒥PC(SQQ̄ = 0) 𝒥PC(SQQ̄ = 1)
1−−

1++

0++

2++

(0,1,2)−+

(0,1,2)+−

1+−

(1,2,3)+−

Λσ
η

Σ−
u , Πu

Σ−
u , Πu

Πu
Σ−

u

4011
4145
4486
4231

Spin effects enter at  in hybrids𝒪(1/mQ)

Spin average spectrum for chamonium multiplets

[Oncala, Soto. 
arXiv:1702.03900]

Hybrid spectrum with BOEFT at 𝒪(1/mQ)0
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Spin dependent potentials 𝒪(1/mQ)

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

Two-step procedure
We need to find the hyperfine 

potentials

Vhf , Vhf2
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Spin dependent potentials 𝒪(1/mQ)

Solve Schrödinger equation for QQ̄

Calculate the QCD potential models 
using data from lattice QCD

Two-step procedure

→ (−
Δ
mQ

+ V(0)( ⃗r) +
V(1)( ⃗r)

mQ
+ . . . ) Ψ( ⃗r) = EΨ( ⃗r)
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Short distance behaviour  pNRQCD→

Long   →

[Soto, Tarrús. arXiv:2005.00552]

Spin dependent potentials 𝒪(1/mQ)
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Short   →

Long distance behaviour  EST→

[Soto, Tarrús. arXiv:2005.00552]

Spin dependent potentials 𝒪(1/mQ)
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Short distance behaviour  pNRQCD→

Long distance behaviour  EST→

[Soto, Tarrús. arXiv:2005.00552]

Spin dependent potentials 𝒪(1/mQ)
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Short distance behaviour  pNRQCD→

Long distance behaviour  EST→

Lattice results of the 
spectrum of cc̄g

[Soto, Tarrús. arXiv:2005.00552]

Spin dependent potentials 𝒪(1/mQ)
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Hybrid potential interpolation



Results

Sandra Tomàs Valls (ICCUB) EQHC2026Hyperfine splitting of heavy hybrids 24

Hyperfine 
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Hyperfine 
splitting with 
mb = 4.863GeV
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Error bars discussion

Input data error on  and  :kA kB

Assuming that the lattice data 
is fully correlated

Perform fits to the 
maximum, minimum and 

average lattice values

Errors in the spectrum:

Higher orders in the 
 expansion1/mQ

→

 and  errorskA kB + +
Uncertainty 


Error due to interpolation

gΛ′￼, gΛ′￼′￼′￼

 MeV &  MeV30 3



Comparison

Sandra Tomàs Valls (ICCUB) EQHC2026Hyperfine splitting of heavy hybrids 29
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[Brambilla, Lai, Segovia, Tarrús, Vairo. 
arXiv:1805.07713 - 1908.11699]


[Cheung, O’Hara, Moir, Peardon… 
arXiv:1610.01073]
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Hyperfine splitting of  with H3, H4 mb = 4.863GeV
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Further analysis of the potentials
[Brambilla, Lai, Segovia, Tarrús. 

arXiv:1908.11699]

[Schlosser, Wagner. arXiv:2501.08844]
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The BOEFT provides a QCD based framework to adress hybrids, in 
particular and heavy exotic hadrons in general, systematically
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The BOEFT provides a QCD based framework to adress hybrids, in 
particular and heavy exotic hadrons in general, systematically

It requires non-perturbative potentials as an input
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If those potentials are not available    →

It requires non-perturbative potentials as an input

The BOEFT provides a QCD based framework to adress hybrids, in 
particular and heavy exotic hadrons in general, systematically

Interpolation between short and 
long distances seems to work 

really good
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It requires non-perturbative potentials as an input

The BOEFT provides a QCD based framework to adress hybrids, in 
particular and heavy exotic hadrons in general, systematically

Thank you!

If those potentials are not available    → Interpolation between short and 
long distances seems to work 

really good
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Coupled channel Schrödinger equation

Equations for :J = 0

Equations for :J ≠ 0
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Long distance potential

By solving the Wilson Loop

With the chromomagnetic field

[Soto, Tarrús]



Hyperfine splitting for hybirds

Sandra Tomàs Valls (ICCUB) EQHC2026Hyperfine splitting of heavy hybrids 40

Interpolated potentials

Interpolation between the short and long distances

With matching scale r0 ≃ 3.96 GeV−1 ∼ 1/ΛQCD
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Parameter results


