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tGoaI of the lectures

= Give an overview on our understanding on the structure of the proton:
from Feynman parton model to modern QCD picture

= |ntroduce basic concepts and techniques behind PDF global fits

= \Wealth of ingredients involved from low to high energy: non-perturbative
effects, perturbative QCD, experimental measurements, statistical and
mathematical problems, higher order calculations, phenomenology tools,
machine learning.

= Discuss PDF-related phenomenology at the LHC (mostly), EIC and beyond

= Discuss current frontiers and challenges

Disclaimer: these lectures are far from providing a complete picture of the topic.

You can find complementary information in excellent lectures on PDFs from W. Giele, G.
Salam, A. Martin, P. Nadolsky, S. Forte, D. Stump, W. Melnitchouk, D. Stump, A. Guffanti, J.
Rojo ... at recent graduate schools



L References

- G. Ridolfi “Notes on deep-inelastic scattering and the Parton model”

- Ellis, Stirling, Webber “QCD and collider physics”

- Dissertori, Knowles, Schmelling “Quantum Chromo Dynamics”

« Ubiali, arXiv:2404.08508

« Snowmass 2021 review “Proton structure at the precision frontier” arXiv:2203.13923
- Kovarik, Nadolsky, Soper arXiv:1905.06957

- Gao, Harland-Lang, Rojo arXiv:1709.04922

- Accardi, et al. arXiv:1603.08906

* PDG review
https://pdg.lbl.gov/2023/reviews/rpp2023-rev-structure-functions.pdf

List of references complemented by specific references during the lectures



tOut\ine l

 First lecture (Today)

e Motivation:

* Second & third lectures the high energy big picture

(tomorrow) * Parton Model and QCD

* Ingredients of a PDF global fits | Collinear Factorisation
» Experimental input
* Methodological aspects

* Theoretical aspects

* New frontiers and challenges



Motivation:

the high-energy big picture



tStandard Model of particle physics

e Standard Model (SM) of particle physics one of the greatest triumph of Quantum
Field Theories in the past century

e SM remarkably successful theory: no convincing deviations so far from its predictions,
but necessarily incomplete
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tStandard Model of particle physics

e Standard Model (SM) of particle physics one of the greatest triumph of Quantum
Field Theories in the past century

e SM remarkably successful theory: no convincing deviations so far from its predictions,
but necessarily incomplete
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t Collider events: a theory view

e Collinear factorisation: the LHC master formula

* Divide et impera!

nf

o=y /dzl dz%fi(zlyﬂF)fj(Z%,uﬁé) Gt

i,j:—nf

(21225, as(uR), ur)

PDFs: universal
functions that
parametrise the

proton structure Partonic cross section
computed in
perturbative QCD + Parton showers,
EW corrections

hadronisation



W PDF uncertainties
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LPDF uncertainties

#1: Theory uncertainty of SM predictions
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tPDF uncertainties

#2: Determination of SM parameters

Overview of m,, Measurements (m_ Distributions)
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tPDF uncertainties

#3: Direct searches: heavy Z' search in Drell-Yan
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tPDF uncertainties

% Difference

#4: Indirect BSM searches
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tPDF uncertainties
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CTEQ re-performed the parton fit by including the jet data and

the discrepancy was removed.



tPDF uncertainties
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FINAL CTEQ FIT (1998)

. Comparison of CDF and DO inclusive jet do / dpt

Data / NLO-QCD (CTEQ5HJ)

Discrepancy between QCD
calculations and CDF jet data

@ PDFs and new physics are very much related
ﬂ with each other (much more on lecture 3)
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Parton model and QCD




tHistoric overview

» 1955: Hofstadter et al observed first deviations in scattering of electron off proton
from simple point-like Mott scattering =» Finite radius of proton ~ 0.7 fm

1 * I 1 |
Electron Scattering from the Proton*{} Y\ ELECTRON SOATTLRING
ROBERT HOFSTADTER AND ROBERT W. MCALLISTER 10729 reRBOMM:vY?Ef\)g%N
Department of Physics and High-Energy Physics Laboratory, \
Stanford University, Stanford, California \ - :

(Received January 24, 1955)
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LHistoric overview

« 1964: Zweig and Gell-Mann independently postulated existence of three aces
(Zweig) or quarks (Gell-Mann) with fractional electric charge and spin-1/2 to explain
proliferation of mesons and baryons in nucleon collision experiments. More of a

mathematical model rather than particles! How could such objects be bound so
tightly together?




LHistoric overview

» 1967: First deep-inelastic scattering experiments at SLAC 20 GeV linear collider
gave first evidence of point-like elementary constituents of the proton which were
later identified as quarks (Bjorken scaling)
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LDIS Kinematics l

Leading order QED diagram

Hadronic CoM energy

s = (k + P)?
Hadronic invariant mass
My = (P + g)*

Photon virtuality

g=k—Kk




LDIS Kinematics I

Leading order QED diagram

Hadronic CoM energy

s = (k + P)*
Hadronic invariant mass ,
1 —x
My=(P+q) = =)
N AB
Photon virtuality
g=k—Kk
In terms of the “standard” invariants P D(x,Q2)
Q2
Q’=—qg*’=—(k—k')> = 2k-k'=2E,E/(1 —cosf) >0
Bjorken x , Inelasticity
Y P-q E,—E
Xp = = ~ 0<ux . S 1
P op.g e P-k E, =B

Deep inelastic regime Mx « Mp, large Q2 for fixed xg



tDIS Kinematics l

Hadronic CoM energy

Only two out of three of invariants

_ 2

s = (k+P) (xg, y, Q2) are independent.

Hadronic invariant mass 2(1 )
9 — Ap In the limitof m = 0

M — —|— 2 — e

X (.P .Q) o
Photon virtuality Qz

g=k—k =3
In terms of the “standard” invariants
Q2

Q’=—qg*’=—(k—k)> =2k -k'=2E,E/(1 —cosf) >0
Bjorken x , Inelasticity
P - E —E
2P - g P-k E,

Deep inelastic regime Mx « Mp, large Q2 for fixed xg



tDIS Cross section

M(e™p = e*X) = < e*|J'|eT > g, —8yy <X|J"|p >

QED current q hadron current

Generalised to the exchange of a vector boson V (Z or W or BSM), with mass My
f.f =e* v, D,

M(fp = X) = <FIPI] > gy

EW current

1}1 ' .
/ —iekyy,(Viy + ¥sa) » 8iv = ky \/ Vlzv T a'lzv
kV le alV

e] 1 0
1/(2sin Oy cos Oy ) | Ik — 2¢ sin? Oy -1}
+ Virr /(2v/2 sin Oyy) 1 -1

S N




LDIS Cross section

d k'

2
B8y yuan
25 Q2+ MR N, Qm2E,

@ Leptonic tensor (3 Hadronic tensor\

do(ep — e'X) =

@ Final lepton

In the proton rest frame, after integrating over the azimuthal angle
phase space

@ dk’ _ E,dE.dcosf

2m)2E! 872

In terms of invariant

Q*=2EE(1—cosf) = dQ>=2E,Edcos0

N, 9
[2(156 ~E)+ o

e

X2 S
} = dxg = Q—Bzde; for fixed Q2

S S
2P - g = 5 [2E, — E (1 +cos )] = 5

e e

2

» E,dE,dcos0 = Q dxp dQ? = dy dQ?
25x5




LDIS Cross section
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tDIS Cross section

1
® ww= 247[622<p|J”|X><X|J”|p>5(4)(p+q Py)

Most general form that respects Pointcare invariance, time-reversal symmetry and EM current conservation

) ) q"q* , prpv , ie(’ng“qﬂ ,
W= —g"+—-) Fi(x, Q9 + Fy(xg, O°) + F(xg, O°)
q P-q 2P - q

F1, F2 and F3 structure functions to be determined experimentally.
If we require parity conservation (QED, photon exchange) F3 =0

AP k)P -k P - (k+ k)O?
@+® L, W = 20° F (x5, 0°) + (F- X )Fz(xB, 0H) Fcpy (k+ K0 Fs(x5, 0?)
(P-q) (P-q)
uv 2Q2 2 2 2\ — y_2 2
prW — y2 Y Fl(xB,Q ) + _)’)Fz(xBaQ )+C1VXB Yy — > F3(xBaQ )

; =
xBy2 F(xp, Qz) + (1 — y) F>(xp, Qz) + CiyXp ()’ — y?) F5(xg, Qz)




tBjorken scaling

The surprising results at SLAC was that F , did not vanish as Q? increased, rather they

remained finite and constant and depended only on xp - Bjorken scaling (1969)

8

NN .. = = &

2 SLAC data: x=0.275 2

SLAC data: x=0.35
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Such scaling demonstrated that the exchanged vector boson (photon) scatters off point-

like objects that have no mass or scale associated. The lepton scatters off charged spin

1/2 constituents (partons) that carry a fraction x of proton momentum



tThe Parton Model

Basic assumption:

/ Parton Distribution Functions
1

do(P) = Z dz fz(Z) d6‘i( P?) z: fraction of proton’s momentum carried by parton i

; 0
[ € partons
Scattering of massless spin 1/2 parton @; with charge e; (in units of proton charge) and

momentum p = zP

@z(ﬁ) + }’*(Q) N @l(ﬁ’) y exchange

One can compute explicitly the hadronic tensor (exactly as we did with leptonic tensor)
) 1 dz R
W.(P,q) = 2 i - S WuzP, q)
[ € partons 0
where
Wi g = - 1[ LD omysp+ g —p) 3 0PI (P
, — — u u U U
R -~ i
1

And from there the structure F,(xp, 02) = — Z eiz F(xp)
functions 2 L

l

F5(xp, Q%) = 31'2 X fi(xp)




tThe Parton Model

- } ) n Distribution Functions
The structure functions in the parton model

pn of proton’s momentum carried by parton i

do not depend on Q?

Microscopic x = Macroscopic x . .
P p1c Xe e; (in units of proton charge) and

Callan-Gross relation typical of spin 1/2
F, = 2xF, (ﬁ’) y exchange
o) [ =F, —2xF,= 0 longitudinally polarised

tly as we did with leptonic tensor)
virtual photon much smaller than

transversally polarised virtual photon

where

Wi (P, @) = . J i Qm)' 8P + q SR | [i(p )y, u(PI[E(P)y,u(p")]
R Ar 2 ) (2r)32pg o ! ’
1
And from there the structure F,(xp, 02) = — Z eiz F(xp)
functions 2

l

F5(xp, Q%) = ei2 xpg Ji(xp)




The HERA collider

HERA delivered
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F— ZEUS NLO QCD fit
H1 PDF 2000 fit
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QCD and improved parton model

Parton model

H“lo o= / dz £ (z) o (zp)

QCD-improved Parton model

g — / dx fz(p) (CI?, ,Uz%’) O'(ZUp, :u’%’)

LL"'I.C!D LH’LOG a0
00— 0.,

P
q U ()‘-’
o

]
increase Q° increase Q?



tQCD and improved parton model

Parton model

- /wf’/&_
CT 1
?}} | sep—eX)= Y L dx fi(x) 6,(xP)

N - X !
Q) ( B X [ € partons

——

Add QCD corrections /
B
J

VIRTVAL

e
"y

Re AL 20 B A
R (i\—-?r}? —
‘? . e




QCD and improved parton mode| |

Sudakov parametrization

k=0—-2p + k;y + én

Real emission

P
’ W|th ﬁ'kT:O
n-kr=0
p = p,(1,0,0,1 R
P = Dyl ) 2p - 1 =
n>=0

1
n = _A(lvoaov — 1)
4pg

(OakT,la kT,ZaO)

=~
ﬂ
|

From gluon on-shell condition E=—

-rom (p—k)? <0 = z< 1

From ky=0 = | k7| < 4p(1 — 2)



tQCD and improved parton model

Parametrise phase space and integrate over azimuthal angle
Bk 1 dkr|?dz
(27)32ky 1672 1 — 2
Consider singu-lar part of the amplitude

3 N
tn) VA _ AJ\ (/‘;—k-) ¥Fb’l‘k- (K) to'“ MJ(P)
J/L"““f (F1)= Qs (P K)* i ;

= g, (2 454 (ehot) 09 €

— B AL (P (27Kt (- 2K, 4] €, o)
KT
29; 1+ 2°
= ‘Mélaging‘Q = — P Cp MO (2p)]



QCD and improved parton moadel

1 k5 | max 2
A A g dz T 1+ 2% A
60.1(D) = 5= Cr / / |k | — 5 63 (2p)
’ o 1—2 Jo |kT‘

The partonic cross section at NLO in as (associated with real emission of a gluon off a

quark displays two singularities:

e SOFT singularity (z = 1), which we regulate with parameter € (— 0)
e COLLINEAR singularity ( | k2t | = 0 ), which we regulate with parameter A2 (— 0)

1—e |kg'*|max
(1) as az / gz L2 50
C_I,R(p) 27.‘. F/O \ | T‘ V‘C | (p)

1 — 2z 2




QCD and improved parton moadel

Add virtual corrections, which also have soft and collinear singularities

1—e |k52|max 2
(1), . Qg dz T 1+ 2
U(V)(P)Z—Uéo)(P)—CF/O [\ - d|k7] 2]

2

1 k7 [ max 2
S OSiA dz / g2 (1t 2 [<o> _ 500 }
k@) = 5200 | 220 [T AR5 (606 - o0 0)

2

Pqq

The soft singularity cancels between real and virtual contributions but the
collinear singularity still there. Trick: split integration

/kT|maX d‘k ‘ M% d|k2| /'lemaX d‘k ‘
2 — |
A2 k7] v k3, |k

F

Singular Non-singular



QCD and improved parton moadel

2

_5_(0)(/\) | OCS(QQ) ld P ( )A(O)( A)l :LL_F_I_ o lar t
= 0y P) . ~Iqq\ < Uq <P)10g )\2 nomn Slngulal LErIns

Add LO and NLO correction from

LSUJ{ - initial quark + NLO contribution from

gluon-initiated process with gluon
splitting into quark-antiquark pair

2

1
) /0 dzPyq(2) 66(10) (zp) log PE 4 non — singular terms

o as(Q7 0
_ X

Og (P) o

Paq(z) and Pgg(z) are universal functions associated to quark and gluon
splittings, called splitting functions



QCD and improved parton moadel I

Plug into the parton model| equation:

oCe) = fo\x £ox) 8 (xe) +_‘_’z(x)8_3 (X P)

N (9)

\U, P
A [ .
76y = [dx|P, mé o) + & fd% ) g (xer) ‘”.‘f;.)

—

+fd)< Lf‘i (X‘) O-C;A)kcz (XF/IUF> + -p?()() } (X'P/,"F)]



QCD and improved parton model| I

Plug into the parton model equation:

o (p) = fo\er\ (x) & q (x¢) +1L’3(x)% (XP)

) P
4 r {)L‘Q)( ) u H-F
5(93 :jdx _f (x) U ()(P) 4+ S 1T fd‘?: 19 '&) q XZP l?)L

1
o0 (& [ 4 ) 0t )

+fd)< ["'DT () O—:)zc (XF/FF) + -F?(X) bR (XP//"F)]

Absorb collinear divergences into a redefinition of the parton distribution
functions, which now depend on the factorisation scale

o 2 (o) i (2 )



LQCD and improved parton model l

With this redefinition of the PDFs, both PDFs and partonic cross section are
finite and they both acquired dependence on arbitrary factorisation scale

1
o(P) = / 02 £, (0, 13) G (TP, p2) + fos 112) Ggreg (2P, 12

From PDF redefinition (similar to renormalisation) note that the dependence
of PDFs on the scale is totally fixed by perturbation theory.
DGLAP evolution equation, similar to renormalisation group equations for as

Mzafqéi;M) _ 0452(7,1:2) /: %qu (g) fq(Z,/LQ) v P, (g) fq(z,,uQ)



DGLAP evolution equations

When you put all flavours in, get 13 coupled integro-differential equations,
which can be reduced to 11 decoupled (non-singlet) and 2 coupled equations
(singlet and gluon) with a change of basis in the space of PDFs

Dokshitzer, Gribov, Lipatov, Altarelli, Parisi equations

o fq(a:, 1) L ds qu(z, as(pr)) qu(z, as(pF)) qu(z, as(pr)) fq(x/z, L)
MFa— fQ(xnuF) — / ? P—q(Z,OéS(/LF)) Pfiq_(zaas(,uF)) P@g(za@s(MF)) fﬁ(x/znuF)
RE\ f 7 Pyg(z,as(pur))  Pyg(z,as(pr))  Pyg(z,as(pr))) \Sfo(x/2,1F)

* Splitting functions known up to NNLO:

E 4 *iww LO Dokshitzer; Gribov, Lipatov; Altarelli, Parisi (1977)

NLO Floratos,Ross,Sachrajda; Floratos, Lacaze, Kounnas,
Gonzalez-Arroyo,Lopez,Yndurain; Curci,Furmanski Petronzio,

f (1981)
NNLO - Moch, Vermaseren, Vogt (2004)

aNNNLO - Blumlein, Moch, Gehrmann, von Manteufel, Sotnikov,
Yang, Davies, Vogt, Bonvini, Marzani,... (2022 - ongoing)




DGLAP evolution equations

20

_ '\.\ ------ G2 =2 Gov2. Gluon evolution
Y ——- Q2= e
\ =ee= Q2 =100 GeV2
\ ——a-aoceve | g(x, u?) =Ty @ X(z, 1) + gy @ g(z, 1)
\. w— Q2 =10000 GeV2

15

(r00) = 0 [LH0=27) h
P{O(z) = 2N [(1 _xm); - l;x +z(1 —x)]

-
o

(11N — 4nfTR)

+6(1 —2x)
- 6/

x gluon(x)

- Both P, and P, diverge forx = 0

- Gluon is depleted at large x




X Singlet(x)

DGLAP evolution equations

10

°°°°°° Q2 =2 GeV2
—=—- Q2 =20 GeV2
—-=— Q2=100 GeV2
—--= Q2 =400 GeV2
—— Q2 =10000 GeV2

Singlet evolution

Y(z, “2) =TIy ® X(z, ch)) + T ® g(z, Ng)

0 I
PO (z) = Cr {gf;f)j 25(1 - x)]
P{%(z) = Tg [2* + (1 — z)?]
J

- High-x gluon feeds growth of
small-x gluon and quark

- Gluons can be seen because they
help drive the quark evolution



DGLAP evolution equations

x uval(x)

0.7

[ eeeees Q2 =2 GeV2

[ ——- Q2=20GeV2

L —--= Q2 =100 GeV2
- == Q2 =400 GeV2
0.6 - —— Q2=10000 GeV2

0.5

o
'S

o
w

0.2

0.1

Non-singlet valence evolution

uv(xa /1'2) — IvIJJVS & uv(xa /1'(2))

0),v
PJ(VS)' = P{)(z) = CF!

- As Q2 increases partons lose
longitudinal momentum; distributions
all shift to lower x

- Gluons can be seen because they help
drive the quark evolution



DGLAP evolution equations

Functional dependence of PDFs on the scale is totally predicted up to NNLO

accuracy by solving DGLAP evolution equations

Hadronic scale:
global fit of PDFs

1
0.9}

0.8t

0.5
0.4
0.3F

0.2F

0.1F

- NNPDF3.0 (NNLO) :
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Collinear factorisation




LCollinear Factorisation Theorem

/ _fz 2, WF) dgez (25, s (pr), i) + O (ZS\:)

dgep—)ab Tty
H p—
X~ 2 IX
1=—Nng
dory —ab oy dzq dZQ
ix Z / f (21, ,UF)fJ(Z%,uF)
1,j=—"nf
short distance
JLF < -

R

Lepton pair
production

p %
long distance

long distance

L (28, (), i) + O (




LCollinear Factorisation Theorem
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tWra D-UpP

= The structure of the proton has been a crucial ingredient to test and verify
perturbative QCD and it is now key to the precision challenge that we are
facing at the LHC

= Today’s lecture

Parametrisation of the proton in terms of structure functions
Parton model picture

QCD - Improved parton mode|

DGLAP evolution equations

Collinear Factorisation Theorem
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tExercise |- Z contribution

e Show that, in the Parton model, considering also the contribution of a virtual Z boson
and its interference with the photon one obtains:

Fy 2 (a —xzczqz ()]
F% Zd QZ _Q’L )]
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S, = sin @,
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tExercise I|: Paschos-Wolfenstein relation

e Show that, in the Parton model, considering a (anti)neutrino-initiated DIS process on
a deuteron target — assuming SU(2) isospin symmetry un(x)=dy(x) and dn(x) = up(x) —
the ratio R

)

NC (mediated by Z) and CC (mediated by W+/-), assuming strange and anti-strange to
be equal in the target, is independent of Parton Distribution Functions and can be
used to determined the Weinberg angle 6w

1 /1

You may use (without deriving it) the result (and set ¢, cbar = 0)

N

onc(v) — onc(

S 07—

N

F) = 2x(u+c?+§+c),
ng_ = 2x(u—c?—§+c),
FYV' = 2xd+ua+c+s),

F;W = 2x(d-u—-c+ys),



w Exercise |lI: Paschos-Wolfenstein relation

TESTS Fog NEUTRAL CURRENTS IN NEUTRINO REACTIONS J u Iy 1 9 7 2

E. A. PASCHOS
National Accelerator Laboratory
P. O. Box 500, Batavia, Illinois 60510
and
L. WOLFENSTEIN
Carnegie-Mellon University
Pittsburgh, Pennsylvania 15213
ABSTRACT
Neutral currents predicted by weak interaction models of the type
discussed by Weinberg may be detected in neutrino reactions. Limits
on the ratio R of o{v + N = v +x) to o(v+ N -~ p +x) are obtained
indenendent of ahy dynarhical assumption. For the total cross-section
for high energy neutrinos, we find R = 0.18, provided the Weinberg
mixing angle satisfies sin2 OW < 0.33. For the production of a single
vo we find R* 2 0. 50 contrasted with the experimental result R” = 0.14 -

. using only the assumption of (3, 3) resonance dominance. Applications

are also given to anti-neutrino reactions.
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LThe Parton Model
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