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1. Introduction

e DE
dl(e,y) = A(e,y) I(e,y)

@ Objective: Find a master basis K with e-factorised DE:
dK (e,y) = £ A(y) K(e,y).

o This work: First treatment of the 3-unequal-loop banana

o Method: Loop-by-loop Baikov + Hodge-inspired filtrations
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Notation & setup — unequal-mass 3-loop banana

Family (in D = 2 — 2¢).

3 23D - dPk 1

— pOVEE T2

Ly vy =c¢ (,U ) /( mD/‘E) 9 vy
a—=1 b=1

® 01,2,34: propagators; o5 ¢ loop-by-loop Baikov variables; 075 9: IBP
only.
@ loop-by-loop Baikov:

I - /U(z)ci(z) dz. (1)

e Maximal cut: o1 = 03 = 03 = 04 = 0 to put all propagators on
shell.
Ressy 411111 v5 16 000

o Restricting the integration to a two-dimensional Baikov integral in
05,06 that retains the essential geometry.

Toni Teschke (Uni Mainz) e-Factorisation Goes Bananas



Sectors and Super-Sectors

o ol ilo

Sector 15 Sector 31 Sector 47 Sector 63

e Sector of interest: id 15 (3-loop banana).
@ Masters basis I; 15 Masters in sector 15.

@ Super-sectors 31,47,63, Think embedding space, sectors 31 and 47
have one master each sector 63 has no masters.
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Twisted-cohomology setup on the maximal cut

+22

P

P,

@ Map the Feynman integral to twisted
cohomology:

v V2 Hf,
@ In CP? the twist reads
U :nglspgs Psfl/Qfa P471/275 P571/275

@ The arrangement governs the branch
locus and the geometry:

CcPV I\ (P =0}
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\I/,uo...us, [Q] - CBaikovCabsCrelCclutch U(Z)(I)uo...u5 [Q] n

~

®,,..u5[@Q] encodes the analytic and geometric structure of
propagators

n is the projective 2-form on CP?, ensuring scale invariance.

Cetuten = €~ ™ with |p| = Z?Zl w; ensures that each +1 increase in
pole order from derivatives is paid for by an extra factor of ¢

W05 [@] € Q2. the space of twisted differential two-forms.

H?2 is the space of independent Feynman integrands

|pt|: combinatorial complexity.
@ o: pole order

@ r: non-zero residues
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Filtrations

o W,: ¥ € W,,02 taking r-fold residue gives weight 2 +r < w

° Fg'eom' U c FgeomQ for r residues and total pole order o,

24+r—o02>p.
o F? ., for combinatorial complexity |u| one has 2 — |u| > p'.
o HEly be generated by all geometrically ordered master integrals.
° Hfo;’?lb be generated by all combinatorial ordered master

integrands.

2,2
hgéom 7
2,1 1,2 =
hgeom hgeom 0 0
2,0 1,1 0,2
hgeom hgeom hgeorn 1 4 1
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Weight-4 masters

@ Two residues:recole 2 + r < w, for r = 2 we have weight w = 4 in ng?)m

o Candidates: |u| < 2 gives 9 options; 7 independent.

o Filtration detail: First six: |u| = 1, in FL_, Q2. Last three: [u| = 2, in
Fopm S22

2,2
@ Generators of Hgg,

U100000[21)s Y100000[22]; Yo10000[20], Yo10000[22]

00100020, oo1000(21], Po11000(2])

@ Super-sectors: 63: none; 31 & 47: one master each (reps Wo10000[20],
Wo01000[20])-

@ Three vanishing combinations on the Feynman integral side:
Wo10000[22 + ¥ 20], Pooro00[z1 + ¥?20], Por1000(y°25 + 20(21 + 22))-

@ Lower weights: no weight-3 masters; weight-2 masters have no residues.
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Pole Order

Pole order 0

o po=-=ps=0= &= 1=Ug00000[1] = CRaikove° U(2)7n
Pole order 1

o Raise one of us, pq, us to 1.

e Four independent choices:

vy 0

y2 O

—VU 1], = —WU 1

= o 000000 (1], c 000000[1],
ys 0O ys O

—U 1], = —V 1].
c Ous 000000(1], c O 000000/[1]

Pole order 2

0,2 . . . o
e H,” is one-dimensional, generated by second derivatives.

82
16 52 Z Woo0000[1]-

e Symmetric generator:
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A basis for the twisted cohomology group H?

Labeling: generators U5, ..., U7

W5 = Woonoo0[1], W10 = W100000[21], W11 = Wig0000[22],

Ve = ygl 88 Woooooo[1], W12 = Wo10000]22 + Y220], V16 = Yo10000[20),

U = y; 68 Woooooo[1], 13 = Yooro00[21 + Y220), V17 = Woo1000[20),
ys O

‘1’8 ? 87\11000000[1} \1114 = \IIOIIOOO[y2z(2) + ZO(Zl + Z2>}’

ys 0O 1

v —VU 1 v
9= E ooo000[1], W15 = 1622 Za 2 000000[1]-

going form ¥ — J System

dI(e,y) = Ale,y) J(e,y) = Y " AP (y) J(e,y), AP (y) (2)

k=-2
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Construction of the basis K

Goal is epsilon—factorised DE.
K =Ry, dK(e,y)=ecA(y)K(e,y), Ro=RSPRUYVRD.
@ block-wise Filtration along the F . :

2 2 1 2 0 2
J5 € Fcomeun Jo, ..., Jiz € Fcomeum Jia, J15 € Fcomew'

Ansatz for each R(j ) with e-independent functions of y.

Enforce cancellations = first-order e-independent DEs, triangular
by F,

comb
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Differential Equation Martix and Ry Transformation

O e - = 1 000 0 0 0 0 00000 0 0
-1 =-=-=-]-1- - - === = = - = 0100 0 0 0 0 00000 0 0
- - 1 = = = = = - - - - = - - 0010 0 0 0 0 00000 0 0
- — — 1| = = = - - - - - - - — 0001 0 0 0 0 00000 0 0
- - - - —[1 11 1i--=--|--= 000 0| R 0 0 0 00000 0 o0
— — ——=[-1[0o 0 0o o1 11 1[11 000 of 7[R R,Y R R,) 0000 0 0
— — — —|=1f{ 0 0 0 0 1 1 1 1|1 1 00 0 of 1g5Y RH o) RY RY 000 0 0 0
— - — -2t/ 0 0 0 01 1 1 1|11 fla| o Ry gl Rlo

1o o o o111 1|11 0000 Ry | Ny R,y Kw, Fe 00001000
U 000 of IR R? R? RGY RY? o000 0o o0
L1 1pop1 11 1111 61— — 0000 o 0 0 0 01000 0 o0
r111p01 1 1 11111~ 0000 0 0 0 0 00100 0 0
rrr1pop 1t 11 1 - 11 —]1 = 0000 0 0 0 0 00010 0 0
L1101 1 1 1 11— 11— 0000 ol 0o 0o 0o 00001 o o
1 - 11 0 1 1 1 1 - -1 1|1 — 0000 0 0 0 0 00000 1 0
L1 1f=2[-1 -1 -1 -1 000 0[00 0 0 0 of ZrREY [IREY IREGY ARG IREGY 0 0 0 ofREY R
@ Definition keep only k-order:

(B)\—1 j(k) pk) (k)\—1 7 (k)
(R A R — (RS ~1ar]| <o,
k

o Implications:

. . (k)

o c-independent, first-order DEs for the ansatz functions of Ry™.

o After solving, A**1 has only orders {k+1,...,1} oder.
o After Rgo): A contains only B-order 1 terms.
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e Start:
dl(e,y) = A(e,y) I(c,y)

@ Method: Loop-by-loop Baikov + Hodge-inspired filtrations
(We, Faeoms v 1) to order Masters

geom’ ~ comb
e For a master basis J:

1
dJ(e,y) =Ale,y) J= > AP (y)J
e Transform J with
K = Ry'J, Ry = RS P RS VRY,
imposing at each B-order k:
(R AR (1) ar)| o,

which cancels e72,e71, €0 and yields
dK (e, y) = € A(y) K(e,y)
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Thank you

Banan.



	Introduction
	Notation & setup — unequal-mass 3-loop banana
	Sectors and Super Sectors
	Twisted-cohomology setup on the maximal cut
	Objects
	Filtrations
	Weight-4 masters
	Pole Order
	A basis for the twisted cohomology group H2
	Construction of the basis K
	Differential Equation Martix and R2 Transformation

