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Setup
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1. Introduction

DE
dI(ε, y) = A(ε, y) I(ε, y)

Objective: Find a master basis K with ε-factorised DE:

dK(ε, y) = ε Ã(y)K(ε, y).

This work: First treatment of the 3-unequal-loop banana

Method: Loop-by-loop Baikov + Hodge-inspired filtrations
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Notation & setup — unequal-mass 3-loop banana

Family (in D = 2− 2ε).

Iν1...ν9 = e3γEε
(
µ2

)ν−3
2D

∫ ( 3∏
a=1

dDka
iπD/2

) 1∏9
b=1 σ

νb
b

,

σ1,2,3,4: propagators; σ5,6 loop-by-loop Baikov variables; σ7,8,9: IBP
only.

loop-by-loop Baikov:

Iν =

∫
U(z) Φ̂(z) dz. (1)

Maximal cut: σ1 = σ2 = σ3 = σ4 = 0 to put all propagators on
shell.

Resσ1..4I1111 ν5 ν6 000

Restricting the integration to a two-dimensional Baikov integral in
σ5, σ6 that retains the essential geometry.
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Sectors and Super-Sectors

Sector of interest: id 15 (3-loop banana).

Masters basis I; 15 Masters in sector 15.

Super-sectors 31, 47, 63, Think embedding space, sectors 31 and 47
have one master each sector 63 has no masters.
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Twisted-cohomology setup on the maximal cut

Map the Feynman integral to twisted
cohomology:

ι : V 2 ↪→ H2
ω.

In CP2 the twist reads

U =P ε
0P

ε
1P

ε
2 P

−1/2−ε
3 P

−1/2−ε
4 P

−1/2−ε
5

The arrangement governs the branch
locus and the geometry:

CPN−1 \
⋃
i

{Pi = 0}.
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Objects

Ψµ0...µ5 [Q] = CBaikovCabsCrelCclutch U(z)Φ̂µ0...µ5 [Q] η

Φ̂µ0...µ5 [Q] encodes the analytic and geometric structure of
propagators

η is the projective 2-form on CP2, ensuring scale invariance.

Cclutch = ε−|µ| with |µ| =
∑5

i=1 µi ensures that each +1 increase in
pole order from derivatives is paid for by an extra factor of ε

Ψµ0...µ5 [Q] ∈ Ω2
ω, the space of twisted differential two-forms.

H2
ω is the space of independent Feynman integrands

|µ|: combinatorial complexity.

o: pole order

r: non-zero residues
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Filtrations

W•: Ψ ∈ WwΩ
2
ω taking r-fold residue gives weight 2 + r ≤ w

F •
geom: Ψ ∈ F p

geomΩ2
ω, for r residues and total pole order o,

2 + r − o ≥ p.

F •
comb, for combinatorial complexity |µ| one has 2− |µ| ≥ p′.

Hp,q
geom be generated by all geometrically ordered master integrals.

Hp′,q′

comb be generated by all combinatorial ordered master
integrands.
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Weight-4 masters

Two residues:recole 2 + r ≤ w, for r = 2 we have weight w = 4 in H2,2
geom.

Candidates: |µ| ≤ 2 gives 9 options; 7 independent.

Filtration detail: First six: |µ| = 1, in F 1
combΩ

2
ω. Last three: |µ| = 2, in

F 0
combΩ

2
ω.

Generators of H2,2
geom:

Ψ100000[z1],Ψ100000[z2],Ψ010000[z0],Ψ010000[z2]

Ψ001000[z0],Ψ001000[z1], Ψ011000[z
2
0 ]

Super-sectors: 63: none; 31 & 47: one master each (reps Ψ010000[z0],
Ψ001000[z0]).

Three vanishing combinations on the Feynman integral side:
Ψ010000[z2 + y2z0], Ψ001000[z1 + y2z0], Ψ011000[y

2z20 + z0(z1 + z2)].

Lower weights: no weight-3 masters; weight-2 masters have no residues.
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Pole Order

Pole order 0

µ0 = · · · = µ5 = 0 ⇒ Φ̂ = 1,⇒Ψ000000[1] = CBaikov ε
3 U(z) η

Pole order 1

Raise one of µ3, µ4, µ5 to 1.

Four independent choices:

y1
ε

∂

∂y1
Ψ000000[1],

y2
ε

∂

∂y2
Ψ000000[1],

y3
ε

∂

∂y3
Ψ000000[1],

y4
ε

∂

∂y4
Ψ000000[1].

Pole order 2

H0,2
ω is one-dimensional, generated by second derivatives.

Symmetric generator:
1

16 ε2

4∑
i=1

∂2

∂y2i
Ψ000000[1].
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A basis for the twisted cohomology group H2
ω

Labeling: generators Ψ5, . . . ,Ψ17

Ψ5 = Ψ000000[1], Ψ10 = Ψ100000[z1], Ψ11 = Ψ100000[z2],

Ψ6 =
y1
ε

∂

∂y1
Ψ000000[1], Ψ12 = Ψ010000

[
z2 + y2z0

]
, Ψ16 = Ψ010000[z0],

Ψ7 =
y2
ε

∂

∂y2
Ψ000000[1], Ψ13 = Ψ001000

[
z1 + y2z0

]
, Ψ17 = Ψ001000[z0],

Ψ8 =
y3
ε

∂

∂y3
Ψ000000[1], Ψ14 = Ψ011000

[
y2z

2
0 + z0(z1 + z2)

]
,

Ψ9 =
y4
ε

∂

∂y4
Ψ000000[1], Ψ15 =

1

16 ε2

4∑
i=1

∂2

∂y2i
Ψ000000[1].

going form Ψ → J System

dJ(ε, y) = Â(ε, y) J(ε, y) =

1∑
k=−2

εk Â(k)(y) J(ε, y), Â(k)(y) (2)
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Construction of the basis K

Goal is epsilon–factorised DE.

K = R−1
2 J, dK(ε, y) = ε Ã(y)K(ε, y), R2 = R

(−2)
2 R

(−1)
2 R

(0)
2 .

block-wise Filtration along the F •
comb:

J5 ∈ F 2
combΩ

2
ω, J6, . . . , J13 ∈ F 1

combΩ
2
ω, J14, J15 ∈ F 0

combΩ
2
ω.

Ansatz for each R
(j)
2 with ε-independent functions of y.

Enforce cancellations ⇒ first-order ε-independent DEs, triangular
by F •

comb.
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Differential Equation Martix and R2 Transformation

Definition keep only k-order:[
(R

(k)
2 )−1 Ã(k)R

(k)
2 − (R

(k)
2 )−1dR

(k)
2

]∣∣∣
k
= 0.

Implications:

ε-independent, first-order DEs for the ansatz functions of R
(k)
2 .

After solving, Ã(k+1) has only orders {k+1, . . . , 1} oder.

After R
(0)
2 : Ã(1) contains only B-order 1 terms.
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Summary

Start:
dI(ε, y) = A(ε, y) I(ε, y)

Method: Loop-by-loop Baikov + Hodge-inspired filtrations
(W•, F

•
geom, F

•
comb) to order Masters

For a master basis J :

dJ(ε, y) = Â(ε, y) J =

1∑
k=−2

εkÂ(k)(y) J.

Transform J with

K = R−1
2 J, R2 = R

(−2)
2 R

(−1)
2 R

(0)
2 ,

imposing at each B-order k:[
(R

(k)
2 )−1Â(k)R

(k)
2 − (R

(k)
2 )−1dR

(k)
2

]∣∣∣
k
= 0,

which cancels ε−2, ε−1, ε0 and yields

dK(ε, y) = ε Ã(y)K(ε, y)
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Thank you
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