
(Hyperelliptic) Feynman Integrals From Differential Equations

Franziska Porkert

arXiv: 2408.04904  
arXiv: 2407.17175  
arXiv: 2412.02300 
+ work in progress (also with Gaia Fontana, Sara Maggio)

with Claude Duhr, Cathrin Semper & Sven Stawinski

Physics and Number Theory Workshop, 23.01.2025

https://arxiv.org/pdf/2408.04904
https://arxiv.org/abs/2407.17175
https://arxiv.org/pdf/2412.02300


(Hyperelliptic) Feynman Integrals From Differential Equations | FRANZISKA PORKERT

MOTIVATION

Gravitational wave physics

Aurore Simones (Sonoma State University) Feynman

Integrability

CERN

Collider phenomenology

Claire Lamman/DESI collaboration

Cosmology

Feynman(-like) integrals are the building blocks for scattering amplitudes in …

1



FEYNMAN INTEGRALS 

The function spaceThe (canonical)  
differential equation

The geometry

MOTIVATION

(Hyperelliptic) Feynman Integrals From Differential Equations | FRANZISKA PORKERT2

Number Theory



CONTENTS

1. BASICS ON FEYNMAN INTEGRALS

3. EXAMPLE: INTEGRAL FAMILY RELATED TO GENUS 2 CURVE

2. MORE ON CANONICAL DIFFERENTIAL EQUATIONS



BASICS ON FEYNMAN INTEGRALS

The function spaceThe (canonical)  
differential equation

The geometry



FEYNMAN INTEGRALS AND THEIR GEOMETRIESWHAT IS A FEYNMAN INTEGRAL?

Perturbation theory:
<latexit sha1_base64="4uqp3Q7YSaLsuMGQaVTheQ4rKpk="></latexit>

A = A(0) + gA(1) + g2A(2) + . . .

coupling constant

<latexit sha1_base64="0N0tzKs3itpdoplGWtEsJBS9g4U="></latexit>
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CERN

Probability for certain outcome = | Scattering Amplitude =     | 
<latexit sha1_base64="5ZXPxjy4qqx4bF0haX6FAGUW3kE="></latexit>

A
<latexit sha1_base64="JAy+jhpSFfPhQa8pDOYYXRIszM4="></latexit>
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Collider experiment:

: contributions from all allowed L-loop Feynman diagrams 
          Translate to analytic expressions with Feynman rules

<latexit sha1_base64="Rwr2ZltjmsSiDWJcaRlzstEWJCM="></latexit>

A(L)

Building blocks: L-loop Feynman integrals
Dimensional regularization: 

Propagators: 

<latexit sha1_base64="tcYUuHL7WdGGMHkUlE3FOnVK0Ww="></latexit>
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WHAT IS A FEYNMAN INTEGRAL?

(Hyperelliptic) Feynman Integrals From Differential Equations | FRANZISKA PORKERT6

Momentum representation:

Family of Feynman integrals 
in

Vector space with a basis  
that fulfills a differential equation

<latexit sha1_base64="Q46v9Sel0MOsLdFG9glXT3Y3TQA="></latexit>

I = (I⌫1 . . . I⌫n)
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dI(�, ") = A(�, ")I(�, ")
<latexit sha1_base64="pG050R0hNQCGkGEQqSZQ/aOLOkk="></latexit>
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We want to compute a Feynman integral family analytically with differential equations.

Set up a differential equation w.r.t the external (kinematic) parameters

with                             
<latexit sha1_base64="iJKVpGgnQviWawKXMRFocTKelI0="></latexit>

dI(X) = A(X, ")I(X)
<latexit sha1_base64="4HTDI01wb/iPK+mmjioNr6LJM6k="></latexit>

d =
X

dXi@Xi where                              are kinematic variables
<latexit sha1_base64="h3cNBcx4C+2rNuhZdaFPZf1cBF0="></latexit>

Xi =
m2

i

m2
3

for i 2 {1, 2, 4, 5}

Use IBPs to find a basis of master integrals for the integral family

Find a canonical differential equation & solve in terms of iterated integrals.

<latexit sha1_base64="yNnBPbWpzDdZr1ROLECrF5naJ4s="></latexit>
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[Henn]

<latexit sha1_base64="TJ6DsaTgErgaqkkw/sCMXWyHynw="></latexit>

dJ(X) = "B(X)J(X)
<latexit sha1_base64="M6VLNRRGBePIO0Sqkw5GBO++6x8="></latexit>

J(X) = U · I(X) with
<latexit sha1_base64="wKIXJ9PKmim08KfatyhE7t/tcFs="></latexit>

"B(X) = (dU) ·U�1 +U ·A(X, ") ·U�1and

FEYNMAN INTEGRALS FROM DIFFERENTIAL EQUATIONS

The function space

The (canonical)  
differential 
equation
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WHAT IS A FEYNMAN INTEGRAL?

Baikov representation:

Baikov polynomial

<latexit sha1_base64="VDNEcbg3JD/cRJueopumkxAUdXE="></latexit>

B(z)µ
<latexit sha1_base64="svshyrhy/pjk+6U0nf/socOWjg0="></latexit>
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non-integer, contains <latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>"
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cohomology group with basis 
<latexit sha1_base64="7yTnDPFs6jIRgy9Fhpzi4Ngl8Js="></latexit>

{'i}

homology group with basis 
<latexit sha1_base64="tx65MKj9vnqoZ08ozsn8ZB9nEj0="></latexit>

{�i}

dual cohomology group with basis 
<latexit sha1_base64="czm804GJCyvLtCK8KVOjn6/e4v4="></latexit>

{'̌i}

dual homology group with basis 
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Hij weighted topological intersection of      & 
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function with additional poles in
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relative twisted cohomology

twisted cohomologyPeriod of 

Period of 

<latexit sha1_base64="1RjvrpD+5xc+UKgGtXHONlCkedQ="></latexit>
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FEYNMAN INTEGRALS: RELATIVE TWISTED PERIODS
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Feynman Integrals: Baikov polynomial 

Feynman Integrals: Propagators 



WHAT IS A (MAXIMAL) CUT?
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Cut j 1 ,...,j r [I ! ] <latexit sha1_base64="Q5aDbsdra9jotWzrPQFitiNRmRo="></latexit>!

Cut 
in propagators 
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j 1, . . . , j r

Baikov representation:
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dn z !" dn ! N z
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Bases of twisted (co-)homology groups defined by

Period matrix = matrix of maximal cuts: 
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Not necessarily unique! [ Marzucca, McLeod, Page, Pögel, Weinzierl |  Jockers, Kotlewski, Kuusela, McLeod, Pögel, Sarve, Wang, Weinzierl]

How do we associate one (or multiple) geometries to a Feynman integral (family)?

FEYNMAN INTEGRALS AND THEIR GEOMETRIES

Symanzik polynomials

Maximal cut (   )

Picard Fuchs operator Polynomial equation  
(via Baikov)
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FEYNMAN INTEGRALS AND THEIR GEOMETRIES 
The geometry
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ELLIPTIC EXAMPLE: SUNRISE HYPERELLIPTIC EXAMPLE: NON-PLANAR CROSSED BOX

[ Huang, Zhang | Georgoudis, Zhang | Marzucca, McLeod, Page, Pögel, Weinzierl ]

maximal cut
loop - by - loop

<latexit sha1_base64="FhksckW9nDMZoBQVAGXXY0s09/M="></latexit>!

!
dx [(x ! ! 1)(x ! ! 2)]! 1

2 [(x ! ! 3)(x ! ! 4)(x ! ! 5)(x ! ! 6)]! 1
2 ! !

maximal cut
loop - by - loop

<latexit sha1_base64="yq6zjrQ7E2wqiUZA65334dPnjJY="></latexit>

y2 = ( x ! ! 1) (x ! ! 2) (x ! ! 3) (x ! ! 4) (x ! ! 5) (x ! ! 6)

even hyperelliptic curve of genus 2: even elliptic curve of genus 1: 
<latexit sha1_base64="7bMVC9QW+0cMpwUnXKE/Ya+Vycc="></latexit>

y2 = ( x ! µ1)(x ! µ2)(x ! µ3)(x ! µ4)

<latexit sha1_base64="cHOhEg5SbrmLsPOQ+VQ4XlbsNxk="></latexit>!
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dx x ! [(x ! µ1)(x ! µ2)(x ! µ3)(x ! µ4)]! 1

2 ! !

EXAMPLES FOR HYPERELLIPTIC FEYNMAN INTEGRALS
The geometry
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WHAT IS A (MAXIMAL) CUT? SECOND PERSPECTIVE
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dP
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The fundamental solution for the homogenous  differential equation of the top sector.
MAXIMAL CUT
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2. MORE ON CANONICAL DIFFERENTIAL EQUATIONS

C - FORM



Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]

Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]

<latexit sha1_base64="TJ6DsaTgErgaqkkw/sCMXWyHynw="></latexit>

dJ(X) = "B(X)J(X)
<latexit sha1_base64="M6VLNRRGBePIO0Sqkw5GBO++6x8="></latexit>

J(X) = U · I(X) with How do we find this (systematically)?

FINDING CANONICAL DEQs
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Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]
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J(X) = U · I(X) with How do we find this (systematically)?

(Inspired by simple basis of Abelian differentials; derivative basis)
 Make a good choice for the starting  basis  1.
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Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]

Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]
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dJ(X) = "B(X)J(X)
<latexit sha1_base64="M6VLNRRGBePIO0Sqkw5GBO++6x8="></latexit>

J(X) = U · I(X) with How do we find this (systematically)?

(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting  basis  1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse  of  the  semi-simple  part . 

<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

! = 0
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Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]

Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]
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dJ(X) = "B(X)J(X)
<latexit sha1_base64="M6VLNRRGBePIO0Sqkw5GBO++6x8="></latexit>

J(X) = U · I(X) with How do we find this (systematically)?

 Make further simple rotations (exchanges of basis elements + powers of     ) 
 to make the remaining non-canonical  part  lower-triangular .
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(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting  basis  1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse  of  the  semi-simple  part . 
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3.

(Adjustment step)

FINDING CANONICAL DEQs

(Hyperelliptic) Feynman Integrals From Differential Equations | FRANZISKA PORKERT15



Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]

Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]
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J(X) = U · I(X) with How do we find this (systematically)?

 Make further simple rotations (exchanges of basis elements + powers of     ) 
 to make the remaining non-canonical  part  lower-triangular .
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(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting  basis  1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse  of  the  semi-simple  part . 
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3.

Make ansatz  to remove these remaining non-canonical  entries and  
solve the resulting differential equations.

4.

(Adjustment step)

(New objects step)

FINDING CANONICAL DEQs
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    - vector space of closed differential forms  
generated by the forms appearing in 
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<latexit sha1_base64="mYR+i2dGxWLX82SBNrtaHSQTvRw="></latexit>

K

<latexit sha1_base64="TJ6DsaTgErgaqkkw/sCMXWyHynw="></latexit>

dJ(X) = "B(X)J(X)

<latexit sha1_base64="A1DCu+PzCAE/e7mzHfzVzalq8ZA="></latexit>

B (X )ij =
n!

k=1

dX k f ijkwith

[ Duhr, Semper, Stawiński, FP ]

An   - factorised differential equation is in C-form, if                             .
<latexit sha1_base64="glJCi/ntTi3a5qdnn13ejx9pPUk="></latexit>

A ! dFC = { 0}<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>!

Long version: 

Rational functions in  
with singularities at the 

Elements of        :  
no pole/ pole of order > 1 

<latexit sha1_base64="gWubC5AJ/D1zMe2afh0su7QdEIo="></latexit>

dFC

in dLog-form with
<latexit sha1_base64="svIhT3iZyY9kKnRXxy75mEh9rUI="></latexit>

B (X )

<latexit sha1_base64="DPPMYJW6d0pfJEFC2oxHKrIwOfk="></latexit>

A dLog =

<latexit sha1_base64="q1Gu2lqTEgszCehYDk73yWaajEI="></latexit>

AdLog =
!

dX
aijr ! X

"
"
" all i, j, r

#

<latexit sha1_base64="tdOON4i6tJIi3SVrii3zyBoOQ2Q="></latexit>

! AdLog " dFC = { 0}

<latexit sha1_base64="k8kuKlUEuNTbFK7B7ucI+Fivp7Y="></latexit>

X
<latexit sha1_base64="2KG8Qd7wNSUVkp1DgFn7dXTFe0I="></latexit>aijr

<latexit sha1_base64="cHERL9WF+9UzLTXbcyLI1W4K88A="></latexit>

f ij =
!

r

1
aijr ! X

Example:

Short version: All known (to us) canonical DEQS for Feynman integrals are also in C-form!

<latexit sha1_base64="svIhT3iZyY9kKnRXxy75mEh9rUI="></latexit>

B (X )

THE C - FORM
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THE C - FORM : MORE EXAMPLES

Elliptic 
<latexit sha1_base64="XNbTSx3A5MxLyCceVxnvxIJyGBM="></latexit>

2F1

<latexit sha1_base64="KpKkAvugu3NsKUmjnMNMGXK2+zs="></latexit>

I 1
! =

! 1

0
dx x! 1

2 + ! 1 +a 1 " (x ! 1)! 1
2 + ! 2 +a 2 " (x ! ! )! 1

2 + ! 3 +a 3 "

Elliptic curve
<latexit sha1_base64="8PhuI6XuimR9LBI8d+mkG7/dKoE="></latexit>

y2 = x(x ! 1)(x ! ! )

2 master integrals

<latexit sha1_base64="M0rcIPbXB7Yzo+rKm51hPLWRChQ="></latexit>

Q
!
i ! ± ,

1
"

,
1

1 ! "
, " , K( " ), E(" ),

1
K( " )

"
<latexit sha1_base64="/pVGErkN2vp7pZFn4eT+e7TYViw="></latexit>

A = Differential closure of 

2 master integrals

Sunrise 
<latexit sha1_base64="5YEOE8FNxzZgCDVrj97SHCLLfEM="></latexit>

d

!

"
"
"
"
"
"
"
"
#

I 110

I 101

I 011

I 111

I 211

I 121

I 112

$

%
%
%
%
%
%
%
%
&

<latexit sha1_base64="6Y4TihxCBaGDSO1YPB0lfbV7iEU="></latexit>!

"
"
"
"
"
"
"
"
#

I 110

I 101

I 011

I 111

I 211

I 121

I 112

$

%
%
%
%
%
%
%
%
&

<latexit sha1_base64="MCORbKoVp9LgNE3YlfuTXCcIfsM="></latexit>= Specific modular and quasi-modular form



THE C - FORM FOR MAXIMAL CUTS

Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
<latexit sha1_base64="CUSXE+AHChBT7ugEgX/dqGIGd4c="></latexit>! <latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>! The intersection matrix is constant  

in the external variables,             . 
<latexit sha1_base64="lkFgRNIUJ/BJfNLbcqNfr/E/fMs="></latexit>

dC = 0

• Conceptual: Condition for canonical form and classification of appearing functions 

• Practical: Helps us find relations for new functions in canonical DEQ

<latexit sha1_base64="o36DkjtCGmufxHt9f0nWyQVVhSI="></latexit>

C =
1

(2! i )n P
!
H ! 1"T ÿP

T
Proof idea: Use and linear independence of iterated integrals 

For maximal cuts: Can choose 
<latexit sha1_base64="os2tULGIfBjPdc3MM52cJuGUtDw="></latexit>

ÿP (! ) = P (! ! )

Reminder:

Period matrix = matrix of cuts: 

Feynman integral family defines
<latexit sha1_base64="e9hZAJHvYYmc416XaC/Grpt27NQ="></latexit>

H n ! N
dR (X, ! )

<latexit sha1_base64="VazIY1/4O3bCwlBvhmhhz7xKFUc="></latexit>

Hn ! N (X, ÿL ! )
<latexit sha1_base64="5o0R03goToN3dkZo4BhU/ePNxhs="></latexit>

! = B(z)µand with
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3. EXAMPLE: INTEGRAL FAMILY RELATED TO GENUS 2 CURVE



BASIS OF DIFFERENTIALS:

BASIS OF CYCLES:

,
<latexit sha1_base64="4/yjR3p5dyWDoxQYIl4RpMuNBzw="></latexit>

b1
<latexit sha1_base64="1uDnK6M8iwM20gN5AVaAQgG6yj4="></latexit>

b2

<latexit sha1_base64="g/cZcjg6iCAQPL7Lpo6UVvcs6Lo="></latexit>

[! 1, ! 2] + [ ! 3, ! 4] + [ ! 5, ! 6]
<latexit sha1_base64="EZLPFqdb2+68FTYvZtapVyJorXY="></latexit>a1 , <latexit sha1_base64="gsKyqYR95zVzaXn+VjftZiMt7A4="></latexit>a2

<latexit sha1_base64="Tbnzf0THqmJOOgvBs/VqQzkYfPo="></latexit>

[! 2, ! 3] + [ ! 4, ! 5]
<latexit sha1_base64="Bo0bRHMmLr2oGg3Qk9Ordz1pS+s="></latexit>

[! 4, ! 5],
<latexit sha1_base64="TRxV7mzpMWT1LajcED6NCf9Qzns="></latexit>

[! 1, ! 2]
<latexit sha1_base64="IqmlluWsaltM7asQCw0eeOklQ3c="></latexit>

[! 3, ! 4],

, , , and

„first kind“ „second kind“ „third kind“

<latexit sha1_base64="JsFADiiZYIqvkbQD7lvpdOal4Vo="></latexit>

! 1 =
dx
y

!
<latexit sha1_base64="wRIzBIOJXqUPCREY1LOV3/n4hVA="></latexit>

! 3 =
! 1(x)dx

y
!

<latexit sha1_base64="VZxZuHSy0ti7ggEhVqECtIUHShI="></latexit>

! 4 =
! 2(x)dx

y
!

<latexit sha1_base64="12milGTuKzkUoLcNcu2AbK/AMto="></latexit>

! 5 =
x2dx

y
!

<latexit sha1_base64="Lm9MQOycf/8dtsvtNX4SW3NRqa0="></latexit>

! 2 =
xdx

y
!

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0) <latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)

<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$

<latexit sha1_base64="KZjVKHXT3QUsLYlWXncU/lm57L0="></latexit>p1

<latexit sha1_base64="/VhfCSf9E289zjt/RXc2RAADNN0="></latexit>p2

<latexit sha1_base64="hkISTjWFMhr7XkugdVibnHwd0p8="></latexit>p3
<latexit sha1_base64="sweGuaJddpYljoZ/NjNGpLIVuoI="></latexit>p4

<latexit sha1_base64="1105RtR1fxG4ZleohFLtlGSn/UA="></latexit>

! 1

<latexit sha1_base64="iJ349YZujkAcuNsKWR3HQNUjIAQ="></latexit>

! 2

<latexit sha1_base64="etonY2BEoIRQ6NpGnZKRjW5Lek8="></latexit>

D = 4 ! 2!
<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$MC

<latexit sha1_base64="LkAkEN4Vj2MnO2U1UEeD24jzG84="></latexit>

L (! , a) =
! ! 2

! 1

dx
"
1 ! ! ! 1

1 x
#! 1

2 + a1 "
. . .

"
1 ! ! ! 1

6 x
#! 1

2 + a6 "

<latexit sha1_base64="Arfyvv8feP3xidexYhTdPArwEcs="></latexit>

! =
6!

i =1

(1 ! ! ! 1
i x)ai !

<latexit sha1_base64="knNjO6Cn/reu3mC2IhT9ePjVYJ0="></latexit>

y =
6!

i =1

"
(1 ! ! ! 1

i x)Twist = with
<latexit sha1_base64="NhtFYmpvo0DQvhUd/QJl65yBqzA="></latexit>

!
y

&

EXAMPLE: MAXIMAL CUT OF THE NON-PLANAR CROSSED BOX
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<latexit sha1_base64="KXYG8/xzWQCDhP9jyPC36iYSEKg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$

<latexit sha1_base64="7B8T55UXIBhPI5K82R1dRhDDaYg="></latexit>

! = A ! 1 á B
„normalized“ period

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=
<latexit sha1_base64="Ua+KnK9RVkvP9rWmS4+ynLWARyk="></latexit>

P|! ! 0

<latexit sha1_base64="KZjVKHXT3QUsLYlWXncU/lm57L0="></latexit>p1

<latexit sha1_base64="/VhfCSf9E289zjt/RXc2RAADNN0="></latexit>p2

<latexit sha1_base64="hkISTjWFMhr7XkugdVibnHwd0p8="></latexit>p3
<latexit sha1_base64="sweGuaJddpYljoZ/NjNGpLIVuoI="></latexit>p4

<latexit sha1_base64="1105RtR1fxG4ZleohFLtlGSn/UA="></latexit>

! 1

<latexit sha1_base64="iJ349YZujkAcuNsKWR3HQNUjIAQ="></latexit>

! 2

<latexit sha1_base64="etonY2BEoIRQ6NpGnZKRjW5Lek8="></latexit>

D = 4 ! 2!
<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$

<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$MC

a-cycles b-cycles

first 
kind

second 
kind

<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

! ! 0

Genus 1: 

<latexit sha1_base64="LTfjsRRP7MNas3pKXmyN9tI96aM="></latexit>!
! 1 ! 2

" 1 " 2

"
<latexit sha1_base64="I0iN4iTkiMoHSVapfKr1jh7mxRU="></latexit>

! = " 2 á" ! 1
1

EXAMPLE: MAXIMAL CUT OF THE NON-PLANAR CROSSED BOX
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<latexit sha1_base64="P4qTQWxc9RB8i0QgFQieiPrFotA="></latexit>

! (1) = U(1)
6 !

, , , and
<latexit sha1_base64="JsFADiiZYIqvkbQD7lvpdOal4Vo="></latexit>

! 1 =
dx
y

!
<latexit sha1_base64="wRIzBIOJXqUPCREY1LOV3/n4hVA="></latexit>

! 3 =
! 1(x)dx

y
!

<latexit sha1_base64="VZxZuHSy0ti7ggEhVqECtIUHShI="></latexit>

! 4 =
! 2(x)dx

y
!

<latexit sha1_base64="12milGTuKzkUoLcNcu2AbK/AMto="></latexit>

! 5 =
x2dx

y
!

<latexit sha1_base64="Lm9MQOycf/8dtsvtNX4SW3NRqa0="></latexit>

! 2 =
xdx

y
!

, , and

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

! 2<latexit sha1_base64="fTgXN3tdgcPtX0vEpZsDlDBV6gw="></latexit>

d! (1) =
<latexit sha1_base64="F3F4xKfFOXxwPY7G9YrcHfaH1hU="></latexit>

! (1)

<latexit sha1_base64="ebGaKODhCBUS7ncTe7qFZEHBRJ0="></latexit>

! (1)
1 = ! (0)

1

<latexit sha1_base64="+KnQA4UiIrLuUuokMqWwwlvF9g4="></latexit>

! (1)
2 = ! (0)

2

<latexit sha1_base64="A/NgT50UdgrL1z6EZL7Qwjetzfs="></latexit>

! (1)
5 = ! (0)

5

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>!

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)

<latexit sha1_base64="doxgStnNNr+p7HRXCmP/HynRd7Y="></latexit>

! (1)
3 =

"
"# 1

! (0)
1

<latexit sha1_base64="vCjyXEY2byKiABoAtEP7Q3GeZCw="></latexit>

! (1)
4 =

"
"# 2

! (0)
2

<latexit sha1_base64="FIzGnE4nIKWwkzUbQXqX2B9Sa2E="></latexit>

d! (0) =
<latexit sha1_base64="nrGmpHi1JhAAN+PZ0PK/N3NmmGs="></latexit>

! (0)

STEP 1: DERIVATIVE BASIS
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<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

! 2
<latexit sha1_base64="95brRx5/XQK8zABqOJJ2SuItZ9E="></latexit>

d! (2) =
<latexit sha1_base64="7Ix9Qo4lyyDMkSxyjXSaO9FgSzk="></latexit>

! (2)

<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

! ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim
<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

! ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim

<latexit sha1_base64="KXYG8/xzWQCDhP9jyPC36iYSEKg="></latexit>!

"
A B 0
÷A ÷B 0
! ! !

#

$

<latexit sha1_base64="s0Y447q2P5hscasDaxJVdx+PJj4="></latexit>!

"
1 ! 0
0 1 0
! ! !

#

$

<latexit sha1_base64="78ik/d0QhQ0EJF/xGG0KQl8BTCQ="></latexit>

S

<latexit sha1_base64="pcAhjD0B0I/OC0B056/HM79OtsQ="></latexit>!

"
A 0 0
÷A 2! i á1 0
0 0 1

#

$
<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U(1)
6

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=
<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U(1)
6

<latexit sha1_base64="Q4OzQ5ywb6W2+ZHtqJL27UxrHfk="></latexit>

P(1)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="6d8wOzpopS4RB/n9i8urp6Xrhf0="></latexit>

P(0)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U(1)
6<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

! ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

! ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim

<latexit sha1_base64="laec9SGHsJiBB4FAEfM4/c9WphI="></latexit>

! (2) = S! 1! (1)

STEP 2: SEMI-SIMPLE ROTATION
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<latexit sha1_base64="XHyLDpS/DfmICoLzcbRYK8qKfSY="></latexit>!

"
"
"
"
#

1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

$

%
%
%
%
&

<latexit sha1_base64="r6poxaAWPepRns6TwwLMhwGMeqk="></latexit>

d! (3)
<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

! 2
<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

! (3)
<latexit sha1_base64="7Ix9Qo4lyyDMkSxyjXSaO9FgSzk="></latexit>

! (2)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="OBxpOrudy3g9vR5tUC93E57oV0Y="></latexit>!

"
"
"
"
#

1 0 0 0 0
0 1 0 0 0
0 0 1

! 0 0
0 0 0 1

! 0
0 0 0 0 1

$

%
%
%
%
&

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=
<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

! (3)<latexit sha1_base64="Bj5aQyaKk+pMQCpcZcZTqyrmY3I="></latexit>

0

Remove      - terms:
<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

! 2

Lower triangular       - terms:
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

! 0

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>!

<latexit sha1_base64="qyFEsG69S4Z6KAOUdYGKSI64XtQ="></latexit>

d! (4)
<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

! (4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

! (4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

! (3)

STEP 3: ADJUSTMENTS
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Find final transformation:
We want to remove these entries!

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>!

<latexit sha1_base64="qyFEsG69S4Z6KAOUdYGKSI64XtQ="></latexit>

d! (4)
<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

! (4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="5WT+zm1iQ6tepl2FAIotiRSiyGg="></latexit>

A

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U(5)
6 =

1. Make an ansatz: 
 
 

2. Transform the differential equation:  

3. Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

! 0

<latexit sha1_base64="DejagEQ9yt+Kp835CDamX0ve6DI="></latexit>

d! (5) =
! "

dU(5)
6

# "
U(5)

6

#! 1
+ U(5)

6 A
"

U(5)
6

#! 1
$

! (5)

8 coupled differential equations of 8 unknowns  

with
unknowns

<latexit sha1_base64="4OFwLj4kx2/3AUVkqp7uSMl7K2Y="></latexit>

d! (5) = U(5)
6 ! (4)

STEP 4: ANSATZ
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3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

! 0 8 coupled differential equations of 8 unknowns  

• Non-trivial to solve ! 

• Undetermined (at most 8) number of new functions !  
(not expressible just in periods and branch points)

STEP 4: ANSATZ
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3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

! 0 8 coupled differential equations of 8 unknowns  

We can simplify this, using the intersection matrix!

[ Contains the 8 unknowns       of          ]    

1. Choose basis         & dual basis       , so that                        .   

2. Compute intersection matrix         

3. Require all entries of      to be constant in parameters       and solve for (some)      . 

<latexit sha1_base64="W8aoGX57XTgSnQ6ROrPCOWfmhBQ="></latexit>

! (5)

<latexit sha1_base64="ctjF2fzbEBoXWNYEQ2oAlfDjAos="></latexit>

! i

<latexit sha1_base64="z03e8faSFckeHn2Zu7/IWnLn/64="></latexit>

ÿP (! ) = P (! ! )

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U(5)
6 =

<latexit sha1_base64="lwO7xzteWEaU+P5GMZf2K1Lsqr4="></latexit>

ÿ! (5)

<latexit sha1_base64="F/L0sdUwRXkix+9RJdwxRLbfVng="></latexit>

C
<latexit sha1_base64="F/L0sdUwRXkix+9RJdwxRLbfVng="></latexit>

C

Use this condition constructively: 

STEP 4: ANSATZ

Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
<latexit sha1_base64="CUSXE+AHChBT7ugEgX/dqGIGd4c="></latexit>! <latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>! The intersection matrix is constant  

in the external variables,             . 
<latexit sha1_base64="lkFgRNIUJ/BJfNLbcqNfr/E/fMs="></latexit>

dC = 0
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3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

! 0 8 coupled differential equations of 8 unknowns  

A constant skew-diagonal intersection

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U(5)
6 =

<latexit sha1_base64="EwCv355YMBk+7e0jeQlsDhpZuHM="></latexit>

C =

All but three entries of the final transformation  
(expressed in periods, branch points & the three remaining new functions)

The requirement, that the intersection matrix is constant, can be used constructively!

Use this condition constructively: 

Find from (now) simpler 
differential equations

STEP 4: ANSATZ

Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
<latexit sha1_base64="CUSXE+AHChBT7ugEgX/dqGIGd4c="></latexit>! <latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>! The intersection matrix is constant  

in the external variables,             . 
<latexit sha1_base64="lkFgRNIUJ/BJfNLbcqNfr/E/fMs="></latexit>

dC = 0
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<latexit sha1_base64="W8aoGX57XTgSnQ6ROrPCOWfmhBQ="></latexit>

! (5) <latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U(1)
6

<latexit sha1_base64="jpuILtlz2/vxKWs1d+dWQJx0AYs="></latexit>

U(2)
6

<latexit sha1_base64="GpVSKKa6xMZeqDMAZU3yhKF0uNk="></latexit>

U(3)
6

<latexit sha1_base64="PbvkpQbwnQ6/X/9RBtdDjL+6Z1E="></latexit>

U(4)
6

<latexit sha1_base64="zSNieLyuuSXoUxXMHdgsKEoextY="></latexit>

U(5)
6

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

Derivative basis

Rotation with the inverse of the  
semi-simple part of the period matrix

- factors
<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!

Reordering

Ansatz for final rotation 
(Use intersection matrix)

<latexit sha1_base64="QDFkNsH9Q4zEhPLJuzPfF/MwPSA="></latexit>! Initial basis 
(inspired by geometry)

<latexit sha1_base64="UEZGysJLvNqzkQCiGn7siq4gOno="></latexit>

d! (5) =
<latexit sha1_base64="xzbGtduVWS1w26OrqSHpm4NWq+A="></latexit>

! (5)<latexit sha1_base64="tEOURmk9W0PfbRFQ1d5f8555mfo="></latexit>

! B (" ) in    -form and C-form
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>!

RESULTS
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SUMMARYSUMMARY: THREE TAKEAWAYS

OUTLOOK
• Better understanding of the appearing (partially Siegel modular) forms  

• Numerical evaluation of hyperelliptic Feynman integrals 

• Better understanding of the role of the C-form (more generally)

Compute Feynman integrals in terms of specific iterated integrals (from DEQ) 
 

Differential equation for maximal cut in    - form and C-form        constant intersection matrix!  
Can be used constructively!  
 
 
The algorithm by                                            also works for hyperelliptic maximal cuts! [Görges,Nega,Tancredi,Wagner]

<latexit sha1_base64="F1PO2mezwLFhTyDASeFETXOYD1M="></latexit>

!<latexit sha1_base64="fcoMxLUGX0+A6h1E2BdJ1eYk2qc="></latexit>!



BACKUP



WHY? PROOF!
Period matrices     and     with differential equations in   -form and C-form (same algebra) 

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!<latexit sha1_base64="McIRoCOODmqieRTREVhL4ai3mfo="></latexit>

P
<latexit sha1_base64="cWd1u07yKZOwuQpk3hZ1GGUoi1s="></latexit>

ÿPAssumption: 

<latexit sha1_base64="gDSJ0rsQV6UKzknllekIuCY1v/o="></latexit>

C ! C(! )
<latexit sha1_base64="yYoSFU7Y4mzbOo6rtsKEWPqoTq4="></latexit>

dC = 0
20 TWISTED RIEMANN BILINEAR RELATIONS | FRANZISKA PORKERT



WHY? PROOF!
Period matrices     and     with differential equations in   -form and C-form (same algebra) 

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!<latexit sha1_base64="McIRoCOODmqieRTREVhL4ai3mfo="></latexit>

P
<latexit sha1_base64="cWd1u07yKZOwuQpk3hZ1GGUoi1s="></latexit>

ÿPAssumption: 
Twisted Riemann bilinear relations:

<latexit sha1_base64="ZPoXYgWy9Rw3GUyHWFJboyraUF8="></latexit>

C =
1

(2! i )n P
!
H ! 1"T ÿP

T
<latexit sha1_base64="tfW75AQQcfVnbI0JLJ5yZbJpfV8="></latexit>

= Pexp
!

!
"

ÿ! (X )
#

<latexit sha1_base64="OusyP1XWcBupJravBzIVin781X0="></latexit>

! GL(N, C(! ))
<latexit sha1_base64="vqUj57+UYYGhS0ImApzmFm5YRqY="></latexit>

= Pexp
!

!
"

! (X )
#

<latexit sha1_base64="NvUzciI/wmJSKRU3uCxYRS4Vgyg=">AAADBHichVHPTxNBFH6solBRqxy5bGhMSmKabSVSbigoJKjBxAIJS8jMdiiTzv7IzLQRNr3yb/gPcCNeuXnVM/wtHPx2ujXxQJjN7Hvzve998948nilpbBBcT3kPHk4/ejwzW3ky9/TZ8+qLl7smHehIdKJUpXqfMyOUTETHSqvEfqYFi7kSe7y/XsT3hkIbmSbf7GkmDmPWS+SxjJgFdFRdrYRWfLf55qdR/ctrP4yZPYmYyt+NwtTKWJgxxHm+PaqHQ6ZFZqRKk6Wlo2otaLRW28Gbtj92llcmTstvNgK3alSunbR6QyF1KaWIBhSToIQsfEWMDL4DalJAGbBD yoFpeNLFBY2ogtwBWAIMBrSPfw+ngxJNcC40jcuOcIvC1sj06RX2R6fIwS5uFfAN7C32mcN6d96QO+WiwlNYDsVZp/gZuKUTMO7LjEvmpJb7M4uuLB1T23UjUV/mkKLP6J/OBiIaWN9FfPrgmD1ocHce4gUS2A4qKF55ouC7jruwzFnhVJJSkUFPwxavj3ow5sks/bud3Vaj+bbR/LpcW3tfDnyGFmiR6pjqCq3RFu2gjoh+0C/6TX+8c+/Cu/R+jqneVJkzT/8t7+ovgdamZw==</latexit>

GL(N, A ! K(! )) <latexit sha1_base64="7XoqPYDa0zYpC1JGY7obANAyhSI="></latexit> !
=    - expansion with coefficients in 

<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="5ZXPxjy4qqx4bF0haX6FAGUW3kE="></latexit>

A

<latexit sha1_base64="gDSJ0rsQV6UKzknllekIuCY1v/o="></latexit>

C ! C(! )
<latexit sha1_base64="yYoSFU7Y4mzbOo6rtsKEWPqoTq4="></latexit>

dC = 0
20 TWISTED RIEMANN BILINEAR RELATIONS | FRANZISKA PORKERT



WHY? PROOF!
Period matrices     and     with differential equations in   -form and C-form (same algebra) 

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!<latexit sha1_base64="McIRoCOODmqieRTREVhL4ai3mfo="></latexit>

P
<latexit sha1_base64="cWd1u07yKZOwuQpk3hZ1GGUoi1s="></latexit>

ÿPAssumption: 
Twisted Riemann bilinear relations:

<latexit sha1_base64="ZPoXYgWy9Rw3GUyHWFJboyraUF8="></latexit>

C =
1

(2! i )n P
!
H ! 1"T ÿP

T
<latexit sha1_base64="tfW75AQQcfVnbI0JLJ5yZbJpfV8="></latexit>

= Pexp
!

!
"

ÿ! (X )
#

<latexit sha1_base64="OusyP1XWcBupJravBzIVin781X0="></latexit>

! GL(N, C(! ))
<latexit sha1_base64="vqUj57+UYYGhS0ImApzmFm5YRqY="></latexit>

= Pexp
!

!
"

! (X )
#

<latexit sha1_base64="NvUzciI/wmJSKRU3uCxYRS4Vgyg=">AAADBHichVHPTxNBFH6solBRqxy5bGhMSmKabSVSbigoJKjBxAIJS8jMdiiTzv7IzLQRNr3yb/gPcCNeuXnVM/wtHPx2ujXxQJjN7Hvzve998948nilpbBBcT3kPHk4/ejwzW3ky9/TZ8+qLl7smHehIdKJUpXqfMyOUTETHSqvEfqYFi7kSe7y/XsT3hkIbmSbf7GkmDmPWS+SxjJgFdFRdrYRWfLf55qdR/ctrP4yZPYmYyt+NwtTKWJgxxHm+PaqHQ6ZFZqRKk6Wlo2otaLRW28Gbtj92llcmTstvNgK3alSunbR6QyF1KaWIBhSToIQsfEWMDL4DalJAGbBD yoFpeNLFBY2ogtwBWAIMBrSPfw+ngxJNcC40jcuOcIvC1sj06RX2R6fIwS5uFfAN7C32mcN6d96QO+WiwlNYDsVZp/gZuKUTMO7LjEvmpJb7M4uuLB1T23UjUV/mkKLP6J/OBiIaWN9FfPrgmD1ocHce4gUS2A4qKF55ouC7jruwzFnhVJJSkUFPwxavj3ow5sks/bud3Vaj+bbR/LpcW3tfDnyGFmiR6pjqCq3RFu2gjoh+0C/6TX+8c+/Cu/R+jqneVJkzT/8t7+ovgdamZw==</latexit>

GL(N, A ! K(! )) <latexit sha1_base64="7XoqPYDa0zYpC1JGY7obANAyhSI="></latexit> !
=    - expansion with coefficients in 

<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="5ZXPxjy4qqx4bF0haX6FAGUW3kE="></latexit>

A

<latexit sha1_base64="0j0wKMMZrkqlr6XFrGr9ogJ+3H8="></latexit>!

k

! k
!

w

cw J (w)entries:

 basis of words
iterated integrals 
with 

<latexit sha1_base64="QtPh3iyr8UzW9GJDBrfVQ1ivdGM="></latexit>

J (! ) = 1

<latexit sha1_base64="Cb0lj/jnFz3tCXZI9PDbvoMMjCM="></latexit>

k

<latexit sha1_base64="aAHkQgTBzmqcf7chkaXeUQX0qUo="></latexit>

! C " FC

entries:
<latexit sha1_base64="tX9YL4i/9zsUMpLGCZG/F1gEo20="></latexit>!

k

! k ! k
<latexit sha1_base64="SbV/iOkAl8dA8c0EjpewRXD4NyM="></latexit>

! FC

<latexit sha1_base64="gDSJ0rsQV6UKzknllekIuCY1v/o="></latexit>

C ! C(! )
<latexit sha1_base64="yYoSFU7Y4mzbOo6rtsKEWPqoTq4="></latexit>

dC = 0
20 TWISTED RIEMANN BILINEAR RELATIONS | FRANZISKA PORKERT



WHY? PROOF!
Period matrices     and     with differential equations in   -form and C-form (same algebra) 

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!<latexit sha1_base64="McIRoCOODmqieRTREVhL4ai3mfo="></latexit>

P
<latexit sha1_base64="cWd1u07yKZOwuQpk3hZ1GGUoi1s="></latexit>

ÿPAssumption: 
Twisted Riemann bilinear relations:

<latexit sha1_base64="ZPoXYgWy9Rw3GUyHWFJboyraUF8="></latexit>

C =
1

(2! i )n P
!
H ! 1"T ÿP

T
<latexit sha1_base64="tfW75AQQcfVnbI0JLJ5yZbJpfV8="></latexit>

= Pexp
!

!
"

ÿ! (X )
#

<latexit sha1_base64="OusyP1XWcBupJravBzIVin781X0="></latexit>

! GL(N, C(! ))
<latexit sha1_base64="vqUj57+UYYGhS0ImApzmFm5YRqY="></latexit>

= Pexp
!

!
"

! (X )
#

<latexit sha1_base64="NvUzciI/wmJSKRU3uCxYRS4Vgyg=">AAADBHichVHPTxNBFH6solBRqxy5bGhMSmKabSVSbigoJKjBxAIJS8jMdiiTzv7IzLQRNr3yb/gPcCNeuXnVM/wtHPx2ujXxQJjN7Hvzve998948nilpbBBcT3kPHk4/ejwzW3ky9/TZ8+qLl7smHehIdKJUpXqfMyOUTETHSqvEfqYFi7kSe7y/XsT3hkIbmSbf7GkmDmPWS+SxjJgFdFRdrYRWfLf55qdR/ctrP4yZPYmYyt+NwtTKWJgxxHm+PaqHQ6ZFZqRKk6Wlo2otaLRW28Gbtj92llcmTstvNgK3alSunbR6QyF1KaWIBhSToIQsfEWMDL4DalJAGbBD yoFpeNLFBY2ogtwBWAIMBrSPfw+ngxJNcC40jcuOcIvC1sj06RX2R6fIwS5uFfAN7C32mcN6d96QO+WiwlNYDsVZp/gZuKUTMO7LjEvmpJb7M4uuLB1T23UjUV/mkKLP6J/OBiIaWN9FfPrgmD1ocHce4gUS2A4qKF55ouC7jruwzFnhVJJSkUFPwxavj3ow5sks/bud3Vaj+bbR/LpcW3tfDnyGFmiR6pjqCq3RFu2gjoh+0C/6TX+8c+/Cu/R+jqneVJkzT/8t7+ovgdamZw==</latexit>

GL(N, A ! K(! )) <latexit sha1_base64="7XoqPYDa0zYpC1JGY7obANAyhSI="></latexit> !
=    - expansion with coefficients in 

<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="5ZXPxjy4qqx4bF0haX6FAGUW3kE="></latexit>

A

<latexit sha1_base64="0j0wKMMZrkqlr6XFrGr9ogJ+3H8="></latexit>!

k

! k
!

w

cw J (w)entries:

 basis of words
iterated integrals 
with 

<latexit sha1_base64="QtPh3iyr8UzW9GJDBrfVQ1ivdGM="></latexit>

J (! ) = 1

<latexit sha1_base64="Cb0lj/jnFz3tCXZI9PDbvoMMjCM="></latexit>

k

<latexit sha1_base64="aAHkQgTBzmqcf7chkaXeUQX0qUo="></latexit>

! C " FC

entries:
<latexit sha1_base64="tX9YL4i/9zsUMpLGCZG/F1gEo20="></latexit>!

k

! k ! k
<latexit sha1_base64="SbV/iOkAl8dA8c0EjpewRXD4NyM="></latexit>

! FC

<latexit sha1_base64="gDSJ0rsQV6UKzknllekIuCY1v/o="></latexit>

C ! C(! )
<latexit sha1_base64="yYoSFU7Y4mzbOo6rtsKEWPqoTq4="></latexit>

dC = 0

<latexit sha1_base64="bqCRvtrrjEJNorfM4HntQFDk2vY="></latexit>

! k J (! ) =
!

w

ck
w J (w) <latexit sha1_base64="He13bpZT/09bvIZxYhxjypacx0Y="></latexit>!

<latexit sha1_base64="H5hA3EiLpDD1i/su5GXGqxaElfo="></latexit>

0 = ( ck
! ! ! k )J (" ) +

!

w"= !

ck
w J (w)
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WHY? PROOF!
Period matrices     and     with differential equations in   -form and C-form (same algebra) 

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>!<latexit sha1_base64="McIRoCOODmqieRTREVhL4ai3mfo="></latexit>

P
<latexit sha1_base64="cWd1u07yKZOwuQpk3hZ1GGUoi1s="></latexit>

ÿPAssumption: 
Twisted Riemann bilinear relations:

<latexit sha1_base64="ZPoXYgWy9Rw3GUyHWFJboyraUF8="></latexit>

C =
1

(2! i )n P
!
H ! 1"T ÿP

T
<latexit sha1_base64="tfW75AQQcfVnbI0JLJ5yZbJpfV8="></latexit>

= Pexp
!

!
"

ÿ! (X )
#

<latexit sha1_base64="OusyP1XWcBupJravBzIVin781X0="></latexit>

! GL(N, C(! ))
<latexit sha1_base64="vqUj57+UYYGhS0ImApzmFm5YRqY="></latexit>

= Pexp
!

!
"

! (X )
#

<latexit sha1_base64="NvUzciI/wmJSKRU3uCxYRS4Vgyg=">AAADBHichVHPTxNBFH6solBRqxy5bGhMSmKabSVSbigoJKjBxAIJS8jMdiiTzv7IzLQRNr3yb/gPcCNeuXnVM/wtHPx2ujXxQJjN7Hvzve998948nilpbBBcT3kPHk4/ejwzW3ky9/TZ8+qLl7smHehIdKJUpXqfMyOUTETHSqvEfqYFi7kSe7y/XsT3hkIbmSbf7GkmDmPWS+SxjJgFdFRdrYRWfLf55qdR/ctrP4yZPYmYyt+NwtTKWJgxxHm+PaqHQ6ZFZqRKk6Wlo2otaLRW28Gbtj92llcmTstvNgK3alSunbR6QyF1KaWIBhSToIQsfEWMDL4DalJAGbBD yoFpeNLFBY2ogtwBWAIMBrSPfw+ngxJNcC40jcuOcIvC1sj06RX2R6fIwS5uFfAN7C32mcN6d96QO+WiwlNYDsVZp/gZuKUTMO7LjEvmpJb7M4uuLB1T23UjUV/mkKLP6J/OBiIaWN9FfPrgmD1ocHce4gUS2A4qKF55ouC7jruwzFnhVJJSkUFPwxavj3ow5sks/bud3Vaj+bbR/LpcW3tfDnyGFmiR6pjqCq3RFu2gjoh+0C/6TX+8c+/Cu/R+jqneVJkzT/8t7+ovgdamZw==</latexit>

GL(N, A ! K(! )) <latexit sha1_base64="7XoqPYDa0zYpC1JGY7obANAyhSI="></latexit> !
=    - expansion with coefficients in 

<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>! <latexit sha1_base64="5ZXPxjy4qqx4bF0haX6FAGUW3kE="></latexit>

A

<latexit sha1_base64="0j0wKMMZrkqlr6XFrGr9ogJ+3H8="></latexit>!

k

! k
!

w

cw J (w)entries:

 basis of words
iterated integrals 
with 

<latexit sha1_base64="QtPh3iyr8UzW9GJDBrfVQ1ivdGM="></latexit>

J (! ) = 1

<latexit sha1_base64="Cb0lj/jnFz3tCXZI9PDbvoMMjCM="></latexit>

k

<latexit sha1_base64="aAHkQgTBzmqcf7chkaXeUQX0qUo="></latexit>

! C " FC

entries:
<latexit sha1_base64="tX9YL4i/9zsUMpLGCZG/F1gEo20="></latexit>!

k

! k ! k
<latexit sha1_base64="SbV/iOkAl8dA8c0EjpewRXD4NyM="></latexit>

! FC

<latexit sha1_base64="gDSJ0rsQV6UKzknllekIuCY1v/o="></latexit>

C ! C(! )
<latexit sha1_base64="yYoSFU7Y4mzbOo6rtsKEWPqoTq4="></latexit>

dC = 0

<latexit sha1_base64="bqCRvtrrjEJNorfM4HntQFDk2vY="></latexit>

! k J (! ) =
!

w

ck
w J (w) <latexit sha1_base64="He13bpZT/09bvIZxYhxjypacx0Y="></latexit>!

<latexit sha1_base64="H5hA3EiLpDD1i/su5GXGqxaElfo="></latexit>

0 = ( ck
! ! ! k )J (" ) +

!

w"= !

ck
w J (w)

<latexit sha1_base64="X28pYX8S7QcgFR0a9fd8b/TrB3s="></latexit>

ck
w = 0

<latexit sha1_base64="afLl87enT3V9fr85pj0FwKy9VnQ="></latexit>

w != "for and
<latexit sha1_base64="AGx7AFcg+Zzo2r+MdOhXEc9F4hU="></latexit>

c! ! C<latexit sha1_base64="He13bpZT/09bvIZxYhxjypacx0Y="></latexit>!C-form                  are linearly independent over 
<latexit sha1_base64="p5Ags7Ykj/OFYK2XcxybkPhfL7k="></latexit>

J (w)
<latexit sha1_base64="A2zdxtF1fbYslBky8JVRmoPVTRc="></latexit>

FC
<latexit sha1_base64="dw+FpSK5wkzoB8RuvyQAhesFQRE="></latexit>!

[Deneufchatel, Duchamp, Hoang Ngoc Minh, Solomon]
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