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ABOUT :

"hypergeometric local systems over $ with Hodge rector (10101 . 1)
"

(hgm St with Fernando Rodriguez Villegas

arXiv : 2401 . 18529

Consider all irreducible hgm local systems on It' 10- 1 . 8) that support

a rational Variation of Hodge Structure (UH8) with Hodge rector (1 . 11:19

1) How many ? 47 cases .

GOALS :

2) A . Are they arrocated to 1 parameter families of folds ? Yeg : constructive

3) B . Analyze geometry and arithmetic at t = 1 (confold pt) .

PLAN
.

8 Background/Motivation



Of Background and Motivation X

hgm over

n21 < = (4) .. . xn) . B = (P1 . ... -n) multigeta of rational numbers .

the hgm operator H = (p)= ( + mi - 1)-
It a coordinate onH. =t (

a differential operator with regular singularities at t = 0. 1 . N .

the local system I of sins to H - X= 0 12 a complex local system of rank n on U = 1 - 10.1.8]

ham local systems on U.

2:/U . to) -> Gn(C) the monodromy representation .

hi : = e(gi) local monodromy at i Properties.

1) characteretic polynomials of ho and hos are :

· 90
= (x - ezip)q0= (x - estx)
5= /

2) ha is a preudo reflection I.e . re(m-1d) = 1
909190 = 1



Y
If Bi = 1 for some i

the hgm function F(. bit):
- -Knik t solvesH=

Curre

EXAMPLES .

· d=( . %2) . Bell.) Fipit)= (2

· x = (0.3 ./ . 45) Balliol) Fit=(



Irreduable case.
1

# /or et la irreducible E) Visel ..... h] xi-PSL

& = representation eC: /Votor + Gn(C)

(levest) go * No companion matrices of 90
go 1- Ma 90

e - up toiromorphism . 18 determined by xiBs mod I . (rigid

Mo. Mo he in GnCE) - Eck undfield generated by coefficients of go, go .
"I love) defined over E .

"

convenient format to encode the Komorphamcless of M : R(X)=E "family parameterhe

It12 a Meet of the variation of cohomology of XE . telPs

/ a
mee Alt loa



Y
If Bi = 1 for some i

the hgm function F(. bit):
- -Knik t solvesH=

Curre

EXAMPLES .

· <= (12 :Y2) . B= (1 . / F(pit)= (2
k()= =#(x-z

d

a period of the family Et : y = x (1-X)(x-t) (Legendre)

· x = (b . 46 . 3/5 . 45) B= (l(o)) #pit)=E(
& (x) = T4 ++3+T2 +T+ 1

= a period of the mirror quintic family

(T- 14



restract to E =@ 11 . 2. 90 . %0 are It of cyclotomic polynomials) at the examples #

then :

· (Corti-Golysher . Fedorov

# supporty a rational UHS (fure) whose Hodge weight W and numbers his

can be computed combinationally from X .p Hodgerector h = (hw...... how)
tractable

only depends on interlacing of ectids , eltips on St. I It broad)
· Frobenious traces · polynomial ... of Hit) are given by explicit formulas in 2 .1
(re Roberty - Rodriguez Villegas 2022).

Natural Questions .

Can we classify all He with a given Hodge rector ?

given H of weight W . does It arise from a family it of varieties of dim w ?

up toiomorphism List (0. 1) -

up to pullback by :t+/ e*H = Hp .2) one only between ( -p) and (P-d).



zig-zag diagram . (2 : (as in Roberty - Rodriguez Villegas 2022). &

1) order the parameters Xi.ps

2) draw a pe (0.0) in12 corresponding to the smallest parameter

3) proceed left to right , drawing a it in 12 parameter
moving yowards after zi downwards after BS.

vertical coordinate corresponding to the parameter c "level of or plc).

w= max p(as) =min p(xs) = maxp(ms) = Ming(ps)
h formed dy # of Its on levels between the maximum and the minimum

EASY to SEE that :

o complete intertwining of Lists givet Hodge Vector (H)

completeseparation of his gives Hodge Vector (Intrl ..... 1 . 1) .



Y
If Bi = 1 for some i

the hgm function F(. bit):
- -Knik t solvesH=

Curre

EXAMPLES .

· <= (12 :Y2) . B= (1 . / 2 ⑧
W=

F(pit)= (2 1 ⑳ ⑨
h = (11)

0
k()= =#(x-z

d

V= (-2:2 / (11)
aperiod of the family Et : y = x (1 - *)(x -t)

· x = (b . 46 . 3/5 . 45) B= (l(o)) #pit)=E(
= a period of the mirror quintic family

& (x) = T4 ++3+T2 +T+ 1
W=

4 &

(T- 14 ⑨ O O n =(er))
2 ① ⑳

V = (-Brlr1) 1 ① ⑨

O ⑧



We consider H defined over # with h =(1) Iraniw=p his=)
REASONS :

· first W= Odd after h = /101) (which corresponds to elleptic surfaces

· the rocare go = /T-1)4)= no 12 a single Jordan block) Physics : MUM at +=0 .

goo artitiary deg4 Product of cyclotomic polynomialy - but no factor (F-1)

1) cases ("MUM"cases /

* correspond to families of (Y9folds · play an important roleIn MS .

(Candelag-delaOria-Green-tarred : Batyrev-van Straten· Doran-Morgan.....

8.Conifold pay give rise to modular forms of weight 4
( Melbourn · MeCarthy , Yui , .../

In total (up to Komorphism and pullback by the/t)47 carer·

We arkJame questions (108).



& Classification : *

14 MUM cares

Def . A hgm local system associated to X.R . "the total twist of I " 18 :

the hgm local systemis atrocated to = di+ 1. . Bibit

Note · If H is irreduable , the total twist operation 18 an involution.

If H def over I . vo 12 Ht
. and h = h .



3) cases with no MUMpt . 18

=It's its own total twist1
uf to equivalence

↓

2 para ((M) .(1)



② GOALA : families of3 foldy . 19

gamma vectora and associated pairy

I defined over

a()= (x_ysigni
for a multizet U : = (w . ....(e) of non zergo . Integera with zero rum .

"a gamma vector

entries cannot all be grouped in part of integere of opporte sign . I
look back at what 2 &

8 18 In the exampled
e. g : (3. 2. 1) year 18.. 2 . 1 . 1) year (2r 1 No. at page 2

Il

"A gamma rector y corresponde toH if it satisfies A.

If U = (01 . ... . (e) correspond to He dodoez Ur = (01 . -.. Ver-noth)
but I ! gred with no pair of integere summing to 0 for the 47 cast, we list them in the table.

Ifa corresponds to H , then 8 : replace odd 21 with 128-vi) Corresponds to En
We call 8 the total twist of 0. In general J Fred



Azrume god (21 . ...Ue) = 1 (for vegred fatiohed they yo
d = l= 2

The pair associated to 18 (2 -1) where z = (i =0e
T homogeneous coord-

t # = EU/Trisi
EX

k= l -3

It defined the spar family Et = /EnzitOu Ett1 , Smooth

Beuters -Cohen-Mellit'15 21 a unique Out

Corti-Golysher 110

stalk :

EXPECTATION. H = gr! * graHitte

thm (Abdelraouf. G) If the local monodromy at 1 of it 1 not trial , then holdy.



↓ ferent presentation fr "ton models XI

Mdl
I

It - first e- powa span Her U:
MIl Mil

d = l-2. exe matrix t =

I
I .....

I · (H . ....Ke) It U . R = 1
.

191 · Re

ms : = maj - Ed -
Tid torut with coordinates .....Xd . U a coordinate on DX

via z5 + urEyms

=um) =/(

FRV : formulat for Hodge #S Coincide

however. In general W(R = 0-8

I
can we reduce dirrunion T

In our case, W < k = e - 3 every time 176.



12

&

u = ) -4 + + + - + 2224)
↑

(matrix with
columns the my (

-

↓



V3
THEOREM (G-RV) for each cate, -> (%. W) family of aflinefolds It .

gra RPMU! ↳ gro R
:

Wu!
stalkwise : gre HlZt) gre He (It

How ?

Hart from 12.) associated to gred

apply a range of dimension reduction techniques
-⑭

· include BCM technique : (Bevleera-Cohen-Mellet 15. finite hypergeometric functions - 86)
when = you ... ujr. g(d(8)= 1

/
then another model 1t (Y.W) = (E0x -· xEs.o ...to)

· using toric models.

explain geometric andHudge. theoretic relation between (E. It) & (Y.W)

extend the technique to union of arbitrary gamma rectors

associate a pair (2 . 1) to an arbitrary gammarector

·InterpretI in terms of double covers of the pair (2 .1) arrociated to a gamma rector & for H.



⑨ GAL : t= 1 . V

GEOMETRY .

Fact . If we it odd , then e has determinant 1 .

m = (d ! ) ① In (euerdoreflection + det =2)
rR(n) = Id) = 1

↓ CK4 invariants has dim 3

monddromy filtration => SEN

OWawp = V 0-grav = wa + r + grev =We/wato
amW2 = 1 am We/W2 = 2

We interpret this in terms of:
d=24

(2 .it) pair associated to U . & 0 E = (in-2) dime quadric given by

z1 = (F(:Trix) = 0) c Id blow-upf 191 4 = (xT HX =0)c(2
-1

zfz t
↑

* Hestian of *



↑ I Ve
In fact, ↓ ↓ te
first take zCV mooth , relativene Un

middle cohomology H2-2 (@) generated by the 2 rulings of Q - 1.e . families 21 and 22 of

God n linearzubspaces of Pn-

d
. % : = difference

. Sum of the 2 rulings. CQ .

: @L inclusion. Then : 1x0 =0 etH2n2(V) gendy 7 .
So you get 2 . E . 2 :

·... + Hi-2(Y) + H2n-2(@) + Hin(Y .4) + Hint()Hen1@) ....
X

0 + ④(n - 1) = Hm- 1(V) - H2 -1() + 0
↑ ↑ T

0 + Q((n- 1) +> Hen(z) - Han() + 0

matches u to a Tale twist by no 2.



ARITHMETIC V6

Lveries of (1) Euler factor for good trimes p (MAGMA computed they
(p(T) = ( - B(r)pT) = (1 = apT + po +2)

↑ T

quadratic character conjecturally the pth deficient of a

weight 2. modular formf o weight 4.
① ②

Result :
we list

⑦ 8 corresponds to quadratic Extension R/ determined by Fir Bri o these

In the table

we interpret this In terms of 6. "p"

Hessian It has det (H) = - r
fora mxm symmetric Matrix A

signed discriminant daA := (-1)M det



d= In even for 12n-2) dime quadric (XTAX = 0) · Han-1/F *

field of def of 2 rulings 200 Is (and to of 0 = 21-22) 18 :

R : = F(VA) = F) (detA)
In our care

F =Q -
and the quadratic ext given by 8 12 P= (H)/

the field of definition ofa

②Identified Modular formsf by computing ap's numerically + LMFDE.Wetable)I
⑧ finite hypergeometric zum arrociated to Felt

(lt) o St Q 71lt/

↓
character associated to quadratic field Et determined by Fir Paint

welist
there in the tablea(



thank you !


