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Cancellation 
of infrared singularities

 Enormous progress is rapidly setting NNLO  
 in the strong coupling as the standard;  
 state-of-the-art predictions for  collider processes 2 → 3

pp → Wbb̄ (massless) [H. B. Hartanto, et al. 2022]

pp → tt̄H  [S. Catani, et al. 2022]

LO NLO NNLO

pp → Wbb̄ (massive)  [L. Buonocore, et al. 2022]

pp → γjj  [S. Badger, et al. 2023]

pp → tt̄W  [L. Buonocore, et al. 2023]

Hard scattering  
in perturbation theory

 [J. Mazzitelli, et al. 2021]pp → bb̄Z

PDFs Non-perturbative  
effects

Introduction
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From the literature

Gloria Bertolotti

 Automated subtractions at NLO 

 Frixione-Kunszt-Signer (FKS) subtraction [9512328]

 Catani-Seymour (CS) dipole subtraction [9602277]

 Nagy-Soper subtraction [0308127]

  Proposed methods at NNLO

 Antenna subtraction [Gerhmann, Glover, et al.]

 Sector-improved residue subtraction [Czakon, Mitov, et al.]

 Nested soft-collinear subtraction [Caola, Melnikov, et al.]

 ColorfulNNLO subtraction [Del Duca, Trocsanyi, et al.]

 Projection to Born [Cacciari, Salam, et al.]

 qT subtraction [Catani, Grazzini, et al.]

 N-jettiness [Boughezal, Petriello, et al.]

 Local Unitarity [Hirschi, et al.]  …

Solved problem
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  Proposed methods at NNLO
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 Sector-improved residue subtraction [Czakon, Mitov, et al.]

 Nested soft-collinear subtraction [Caola, Melnikov, et al.]

 ColorfulNNLO subtraction [Del Duca, Trocsanyi, et al.]

 Projection to Born [Cacciari, Salam, et al.]

 qT subtraction [Catani, Grazzini, et al.]

 N-jettiness [Boughezal, Petriello, et al.]

 Local Unitarity [Hirschi, et al.]  …

Ambitious goal: 
automation of QCD predictions
in fixed NNLO event generator

Local Analytic Sector Subtraction

Solved problem

Our proposal: 

 [JHEP12(2022)042 , JHEP07(2023)140]
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Why a new scheme at NNLO?

 Room for improvement in universality and efficiency,  
 to overcome high computational complexity   

See talk by  
F. Devoto



Exploring the framework…

Local Analytic Sector Subtraction

Gloria Bertolotti

Introduction to subtraction strategy at NLO FSR

Subtraction formula at NNLO FSR
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Status & Perspective
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Explicit  polesϵ

Singular in PS

Generalities at NLO

Gloria Bertolotti
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 Subtraction algorithm: introduce local counterterm K and phase-space factorisation

 Result: subtracted NLO cross section numerically integrable in  dimensionsd = 4
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Strategy of the algorithm
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Gloria Bertolotti

 Unitary partition of radiative phase-space with sector functions   [Frixione, Kunszt, Signer 9512328]
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 Sum rules: limits of sector functions 
  still form a unitary partition 

Strategy of the algorithm
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integration

 Example of NLO sector function

 [Frixione, Kunszt, Signer 9512328]
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Strategy of the algorithm

Soft  +  Collinear  -  Overlap 

Gloria Bertolotti

 Unitary partition of radiative phase-space with sector functions  

 Collect the relevant IRC limits for a given sector
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Strategy of the algorithm

Gloria Bertolotti

 Unitary partition of radiative phase-space with sector functions  

 Collect the relevant IRC limits for a given sector
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 Catani-Seymour final-state dipole mapping

 Phase-space factorisation and parametrisation

 [Catani, Seymour 9605323]
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Strategy of the algorithm

Gloria Bertolotti

 Unitary partition of radiative phase-space with sector functions   [Frixione, Kunszt, Signer 9512328]

 Collect the relevant IRC limits for a given sector

 Catani-Seymour final-state dipole mapping  [Catani, Seymour 9605323]

 Promotion to counterterms: Improved limits
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Strategy of the algorithm

Gloria Bertolotti

 Collect the relevant IRC limits for a given sector

 Catani-Seymour final-state dipole mapping  [Catani, Seymour 9605323]
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 Promotion to counterterms: Improved limits

 Locality of the cancellation ensured by consistency relations
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  Finite in phase space  
(integrable in )d = 4

<latexit sha1_base64="nhhyuA3IxwEHrN8nHtUTLWJy1Jg="></latexit>

d�NLO

dX
=

Z
d�n

⇣
V + I

⌘
�Xn

+

Z
d�n+1

⇣
R �Xn+1 �K �Xn

⌘

<latexit sha1_base64="u1nZBeQ3XG1Lt8IPEziwjJklkFQ="></latexit>

Cij R = Cij

⇣
Si +Cij � SiCij

⌘
R

<latexit sha1_base64="YeTQiTENWAl5RCRgI5/cD5TrEnE="></latexit>

Si R = Si

⇣
Si +Cij � SiCij

⌘
R

as well as
<latexit sha1_base64="rS7iPAwMKMDQ9gEPLldyMILTxK8="></latexit>

Si Wij = Si Si Wij

Cij Wij = Cij Cij Wij

9/27



          sum rules + mapping adaptation = simple analytic counterterm integration  

Strategy of the algorithm

Gloria Bertolotti

 Collect the relevant IRC limits for a given sector

 Catani-Seymour final-state dipole mapping  [Catani, Seymour 9605323]

<latexit sha1_base64="4LsIbA7Qd5WM2189kxt5ANFzb54="></latexit>

K =
X

i,j 6=i

h
Si +Cij � SiCij

i
RWij =

X

i

h
Si R+

X

j>i

Cij(1� Si � Sj)R
i

<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

  Finite in phase space  
(integrable in )d = 4

<latexit sha1_base64="nhhyuA3IxwEHrN8nHtUTLWJy1Jg="></latexit>

d�NLO

dX
=

Z
d�n

⇣
V + I

⌘
�Xn

+

Z
d�n+1

⇣
R �Xn+1 �K �Xn

⌘

 Unitary partition of radiative phase-space with sector functions   [Frixione, Kunszt, Signer 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

 Promotion to counterterms: Improved limits

 Locality of the cancellation ensured by consistency relations
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          sum rules + mapping adaptation = simple analytic counterterm integration  

Strategy of the algorithm

Gloria Bertolotti

 Collect the relevant IRC limits for a given sector

 Catani-Seymour final-state dipole mapping  [Catani, Seymour 9605323]

<latexit sha1_base64="4LsIbA7Qd5WM2189kxt5ANFzb54="></latexit>

K =
X

i,j 6=i

h
Si +Cij � SiCij

i
RWij =

X

i

h
Si R+

X

j>i

Cij(1� Si � Sj)R
i

<latexit sha1_base64="hD03XgV49sRIEUIvgAVtmRrjx/c="></latexit>

Si R

<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

  Finite in phase space  
(integrable in )d = 4

<latexit sha1_base64="nhhyuA3IxwEHrN8nHtUTLWJy1Jg="></latexit>

d�NLO

dX
=

Z
d�n

⇣
V + I

⌘
�Xn

+

Z
d�n+1

⇣
R �Xn+1 �K �Xn

⌘

  Free from  poles ϵ

 Unitary partition of radiative phase-space with sector functions   [Frixione, Kunszt, Signer 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="zbXiK5ATqq4K1aVPQAnJac4UsOA="></latexit>

IS /
X

k,l

B̄(ikl)
kl

1

s̄(ikl)kl

Z
d�rad(s̄

(ikl)
kl ; y, z,�)

1� z

yz

=
X

k,l

B̄(ikl)
kl

(4⇡)✏�2

(s̄(ikl)kl )✏
�(1� ✏)�(2� ✏)

✏2�(2� 3✏)

 Promotion to counterterms: Improved limits

 Locality of the cancellation ensured by consistency relations
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          sum rules + mapping adaptation = simple analytic counterterm integration  

Strategy of the algorithm

Gloria Bertolotti

 Collect the relevant IRC limits for a given sector

 Catani-Seymour final-state dipole mapping  [Catani, Seymour 9605323]

<latexit sha1_base64="zbXiK5ATqq4K1aVPQAnJac4UsOA="></latexit>

IS /
X

k,l

B̄(ikl)
kl

1

s̄(ikl)kl

Z
d�rad(s̄

(ikl)
kl ; y, z,�)

1� z

yz

=
X

k,l

B̄(ikl)
kl

(4⇡)✏�2

(s̄(ikl)kl )✏
�(1� ✏)�(2� ✏)

✏2�(2� 3✏)

<latexit sha1_base64="4LsIbA7Qd5WM2189kxt5ANFzb54="></latexit>

K =
X

i,j 6=i

h
Si +Cij � SiCij

i
RWij =

X

i

h
Si R+

X

j>i

Cij(1� Si � Sj)R
i

<latexit sha1_base64="hD03XgV49sRIEUIvgAVtmRrjx/c="></latexit>

Si R

<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

 Locality of the cancellation ensured by consistency relations

 Unitary partition of radiative phase-space with sector functions   [Frixione, Kunszt, Signer 9512328]
<latexit sha1_base64="rcEepLN1Tp3LS9vtjgvrxJOCCXk="></latexit>Wij

<latexit sha1_base64="nhhyuA3IxwEHrN8nHtUTLWJy1Jg="></latexit>

d�NLO

dX
=

Z
d�n

⇣
V + I

⌘
�Xn

+

Z
d�n+1

⇣
R �Xn+1 �K �Xn

⌘

  Finite in phase space  
(integrable in )d = 4

  Free from  poles ϵ

 Promotion to counterterms: Improved limits
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Exploring the framework…

Local Analytic Sector Subtraction

Gloria Bertolotti

Introduction to subtraction strategy at NLO FSR

Subtraction formula at NNLO FSR

<latexit sha1_base64="zJlnqAccCODkawx/ArGeQyHVEZE="></latexit>

d�

dX
=

d�LO

dX
+

d�NLO

dX
+

d�NNLO

dX
+ . . .

 = partonic cross section  
X = generic IRC-safe observable 

σ

Status & Perspective
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Generalities at NNLO
  = IRC-safe observable computed with i-body kinematics,  Xi

<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

Gloria Bertolotti

Up to  poles1/ϵ4

Up to  poles1/ϵ2

Singular in PS

Singular in PS

<latexit sha1_base64="p072InxlXl+Lx58JxLTIecG3xrU="></latexit>

+

Z
d�n+2 RR �Xn+2

<latexit sha1_base64="RVuqwnbfOZfbgEuiu4v6phcSND4="></latexit>

+

Z
d�n+1 RV �Xn+1

<latexit sha1_base64="zhNsNCk6yB1gLLJHoeauZddsjD0="></latexit>

d�NNLO

dX
=

Z
d�n V V �Xn

12/27



<latexit sha1_base64="Mg89cHIlMX3ANnnnz+YQBcaabGU="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) �K(12)

⌘
�Xn

i

<latexit sha1_base64="GWuiIDgJF11ILcxB02rRlRqlrG4="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) + I(12)

⌘
�Xn

i

<latexit sha1_base64="06mU1Je2GhBnhQufzPyerZcE/CI="></latexit>

d�NNLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV )

⌘
�Xn

Generalities at NNLO
  = IRC-safe observable computed with i-body kinematics,  Xi

<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

 Introduce local counterterms and proper phase-space factorisations   

<latexit sha1_base64="vQdCnDHjQUyUGroLYsC+oTnfHCE=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqCcJeBG8RDAPSNYwO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6uOWhinYqqbrq6vEhJQ7b9aS0sLi2vrBbWiusbm1vbpZ3dpgljLbAhQhXqtscNKhlggyQpbEcaue8pbHmjq8xvPaI2MgzuaByh6/NhIAdScEql1s19UnGOJr1S2a7aOdg8caakDFPUe6Wvbj8UsY8BCcWN6Th2RG7CNUmhcFLsxgYjLkZ8iJ2UBtxH4yZ53Ak7jA2nkEWomVQsF/H3RsJ9Y8a+l076nB7MrJeJ/3mdmAYXbiKDKCYMRHaIpML8kBFapj0g60uNRDxLjkwGTHDNiVBLxoVIxTgtppj24cx+P0+ax1XnrHpye1quXU6bKcA+HEAFHDiHGlxDHRogYARP8AwvVmK9Wm/W+8/ogjXd2YM/sD6+AQXxk2w=</latexit>

K(1)
<latexit sha1_base64="z+EHMCehoCVJlpSLflAaQLi2nyA=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJENCKhQJBokmiCRh5SY6HzZhFPOZ+tujRSZ/AQtVHSIlp+h4F+wjQtImGo0s6udHS+UwqBtf1qFhcWl5ZXiamltfWNzq7y90zJBpDk0eSAD3fGYASkUNFGghE6ogfmehLY3vkz99gNoIwJ1i5MQXJ+NlBgKzjCROtd3cdU5Opz2yxW7Zmeg88TJSYXkaPTLX71BwCMfFHLJjOk6dohuzDQKLmFa6kUGQsbHbATdhCrmg3HjLO+UHkSGYUBD0FRImonweyNmvjET30smfYb3ZtZLxf+8boTDczcWKowQFE8PoZCQHTJci6QIoAOhAZGlyYEKRTnTDBG0oIzzRIySZkpJH87s9/OkdVRzTmvHNyeV+kXeTJHskX1SJQ45I3VyRRqkSTiR5Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BeruTqA==</latexit>

K(12)

single-unresolved 

double-unresolved 

strongly-ordered
double-unresolved 

single-unresolved 

<latexit sha1_base64="5PWYqDB/kKv9BpCNrXo7Jr5HR9s=">AAAB+XicbVC7TsNAEDyHVwivACXNiQgpNJEdEFChSDRINEEiDykx0fmyCaecz9bdGimy8hG0UNEhWr6Ggn/BNi4gYarRzK52drxQCoO2/WkVlpZXVteK66WNza3tnfLuXtsEkebQ4oEMdNdjBqRQ0EKBErqhBuZ7Ejre5Cr1O4+gjQjUHU5DcH02VmIkOMNE6tzcx9X68WxQrtg1OwNdJE5OKiRHc1D+6g8DHvmgkEtmTM+xQ3RjplFwCbNSPzIQMj5hY+glVDEfjBtncWf0KDIMAxqCpkLSTITfGzHzjZn6XjLpM3ww814q/uf1IhxduLFQYYSgeHoIhYTskOFaJD0AHQoNiCxNDlQoyplmiKAFZZwnYpQUU0r6cOa/XyTtes05q53cnlYal3kzRXJADkmVOOScNMg1aZIW4WRCnsgzebFi69V6s95/RgtWvrNP/sD6+AYHgpNt</latexit>

K(2)
<latexit sha1_base64="fjyGwQMXWk0j/uwOFLiF0eQTJww=">AAACBXicbVC7TsNAEDyHVwivBEqaExFSaCIbEFBG0CDRBEQeUhKi82UTTjmfrbs1EFmu+QpaqOgQLd9Bwb9ghxSQMNVoZlc7O24ghUHb/rQyc/MLi0vZ5dzK6tr6Rr6wWTd+qDnUuC993XSZASkU1FCghGaggXmuhIY7PEv9xh1oI3x1jaMAOh4bKNEXnGEidfOFi5uo1EZ4QO1FV/V4L+7mi3bZHoPOEmdCimSCajf/1e75PPRAIZfMmJZjB9iJmEbBJcS5dmggYHzIBtBKqGIemE40jh7T3dAw9GkAmgpJxyL83oiYZ8zIc5NJj+GtmfZS8T+vFWL/pBMJFYQIiqeHUEgYHzJci6QToD2hAZGlyYEKRTnTDBG0oIzzRAyTknJJH87097Okvl92jsoHl4fFyumkmSzZJjukRBxyTCrknFRJjXByT57IM3mxHq1X6816/xnNWJOdLfIH1sc3CSCYdA==</latexit>

K(RV)
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<latexit sha1_base64="Mg89cHIlMX3ANnnnz+YQBcaabGU="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) �K(12)

⌘
�Xn

i

<latexit sha1_base64="GWuiIDgJF11ILcxB02rRlRqlrG4="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) + I(12)

⌘
�Xn

i

<latexit sha1_base64="06mU1Je2GhBnhQufzPyerZcE/CI="></latexit>

d�NNLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV )

⌘
�Xn

Generalities at NNLO
  = IRC-safe observable computed with i-body kinematics,  Xi

<latexit sha1_base64="pRda7YwrfglEpucaeZyRo+T98KA=">AAACFXicbZA9TwJBEIb38Avx69TSZpWYYCG5U6OWRhtLTURIgFzmlgE37H24O0dCLtT+BH+FrVZ2xtbawv/igRQKTvXmeWcyM68fK2nIcT6t3Mzs3PxCfrGwtLyyumavb9yaKNECKyJSka75YFDJECskSWEt1giBr7Dqdy+GfrWH2sgovKF+jM0AOqFsSwGUIc/ebrRQEXhpzZMD3sD7RPb4DyvV9jO459lFp+yMik8LdyyKbFxXnv3VaEUiCTAkocCYuuvE1ExBkxQKB4VGYjAG0YUO1jMZQoCmmY5eGfDdxABFPEbNpeIjiL8nUgiM6Qd+1hkA3ZlJbwj/8+oJtU+bqQzjhDAUw0UkFY4WGaFllhHyltRIBMPLkcuQC9BAhFpyECKDSRZaIcvDnfx+WtwelN3j8uH1UfHsfJxMnm2xHVZiLjthZ+ySXbEKE+yBPbFn9mI9Wq/Wm/X+05qzxjOb7E9ZH99o5p6B</latexit>

�Xi ⌘ �(X �Xi)

 Introduce local counterterms and proper phase-space factorisations   

<latexit sha1_base64="mi35az41Wp3ENz8kFlQQG3Ynu5A="></latexit>

d�n+2 = d�n+1 d�rad,1

<latexit sha1_base64="9d39ftYRVXA0nWj1P0EFctlIGfQ="></latexit>

d�n+2 = d�n d�rad,2

<latexit sha1_base64="Fd24RMeY5q/aM3fbqNIo6KW7BkY="></latexit>

d�n+1 = d�n d�rad,1

<latexit sha1_base64="vQdCnDHjQUyUGroLYsC+oTnfHCE=">AAAB+XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqqCcJeBG8RDAPSNYwO+nEIbMPZnqFsOQjvOrJm3j1azz4L+6uOWhinYqqbrq6vEhJQ7b9aS0sLi2vrBbWiusbm1vbpZ3dpgljLbAhQhXqtscNKhlggyQpbEcaue8pbHmjq8xvPaI2MgzuaByh6/NhIAdScEql1s19UnGOJr1S2a7aOdg8caakDFPUe6Wvbj8UsY8BCcWN6Th2RG7CNUmhcFLsxgYjLkZ8iJ2UBtxH4yZ53Ak7jA2nkEWomVQsF/H3RsJ9Y8a+l076nB7MrJeJ/3mdmAYXbiKDKCYMRHaIpML8kBFapj0g60uNRDxLjkwGTHDNiVBLxoVIxTgtppj24cx+P0+ax1XnrHpye1quXU6bKcA+HEAFHDiHGlxDHRogYARP8AwvVmK9Wm/W+8/ogjXd2YM/sD6+AQXxk2w=</latexit>

K(1)
<latexit sha1_base64="z+EHMCehoCVJlpSLflAaQLi2nyA=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJENCKhQJBokmiCRh5SY6HzZhFPOZ+tujRSZ/AQtVHSIlp+h4F+wjQtImGo0s6udHS+UwqBtf1qFhcWl5ZXiamltfWNzq7y90zJBpDk0eSAD3fGYASkUNFGghE6ogfmehLY3vkz99gNoIwJ1i5MQXJ+NlBgKzjCROtd3cdU5Opz2yxW7Zmeg88TJSYXkaPTLX71BwCMfFHLJjOk6dohuzDQKLmFa6kUGQsbHbATdhCrmg3HjLO+UHkSGYUBD0FRImonweyNmvjET30smfYb3ZtZLxf+8boTDczcWKowQFE8PoZCQHTJci6QIoAOhAZGlyYEKRTnTDBG0oIzzRIySZkpJH87s9/OkdVRzTmvHNyeV+kXeTJHskX1SJQ45I3VyRRqkSTiR5Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BeruTqA==</latexit>

K(12)

single-unresolved 

double-unresolved 

strongly-ordered
double-unresolved 

single-unresolved 

<latexit sha1_base64="5PWYqDB/kKv9BpCNrXo7Jr5HR9s=">AAAB+XicbVC7TsNAEDyHVwivACXNiQgpNJEdEFChSDRINEEiDykx0fmyCaecz9bdGimy8hG0UNEhWr6Ggn/BNi4gYarRzK52drxQCoO2/WkVlpZXVteK66WNza3tnfLuXtsEkebQ4oEMdNdjBqRQ0EKBErqhBuZ7Ejre5Cr1O4+gjQjUHU5DcH02VmIkOMNE6tzcx9X68WxQrtg1OwNdJE5OKiRHc1D+6g8DHvmgkEtmTM+xQ3RjplFwCbNSPzIQMj5hY+glVDEfjBtncWf0KDIMAxqCpkLSTITfGzHzjZn6XjLpM3ww814q/uf1IhxduLFQYYSgeHoIhYTskOFaJD0AHQoNiCxNDlQoyplmiKAFZZwnYpQUU0r6cOa/XyTtes05q53cnlYal3kzRXJADkmVOOScNMg1aZIW4WRCnsgzebFi69V6s95/RgtWvrNP/sD6+AYHgpNt</latexit>

K(2)
<latexit sha1_base64="fjyGwQMXWk0j/uwOFLiF0eQTJww=">AAACBXicbVC7TsNAEDyHVwivBEqaExFSaCIbEFBG0CDRBEQeUhKi82UTTjmfrbs1EFmu+QpaqOgQLd9Bwb9ghxSQMNVoZlc7O24ghUHb/rQyc/MLi0vZ5dzK6tr6Rr6wWTd+qDnUuC993XSZASkU1FCghGaggXmuhIY7PEv9xh1oI3x1jaMAOh4bKNEXnGEidfOFi5uo1EZ4QO1FV/V4L+7mi3bZHoPOEmdCimSCajf/1e75PPRAIZfMmJZjB9iJmEbBJcS5dmggYHzIBtBKqGIemE40jh7T3dAw9GkAmgpJxyL83oiYZ8zIc5NJj+GtmfZS8T+vFWL/pBMJFYQIiqeHUEgYHzJci6QToD2hAZGlyYEKRTnTDBG0oIzzRAyTknJJH87097Okvl92jsoHl4fFyumkmSzZJjukRBxyTCrknFRJjXByT57IM3mxHq1X6816/xnNWJOdLfIH1sc3CSCYdA==</latexit>

K(RV)
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Subtracting RR singularities

Gloria Bertolotti

X

i,j 6=i

X

k 6=i
l 6=i,k

Wijkl = 1

<latexit sha1_base64="ylcprd/klMCtdRuuBM7WoO/8esM="></latexit>

RR =
X

i,j 6=i

X

k 6=i
l 6=i,k

RR Wijkl

<latexit sha1_base64="NEERMsjcZE0vz27XODsnsJgR/Xw="></latexit>

 3 topologies collecting all types of singularities  

with

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

<latexit sha1_base64="hd8UNmAIffp3e+Dwq2frPXH9v7Q="></latexit>Wijkl
<latexit sha1_base64="r6ESZidPjVz1/pH5Kd/wXTHDgJk="></latexit>Wijjk,Wijkj

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>
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Subtracting RR singularities

Gloria Bertolotti

X

i,j 6=i

X

k 6=i
l 6=i,k

Wijkl = 1

<latexit sha1_base64="ylcprd/klMCtdRuuBM7WoO/8esM="></latexit>

RR =
X

i,j 6=i

X

k 6=i
l 6=i,k

RR Wijkl

<latexit sha1_base64="NEERMsjcZE0vz27XODsnsJgR/Xw="></latexit>

 3 topologies collecting all types of singularities  

with

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

double-unresolved limits
<latexit sha1_base64="cMSWgCVPdJw8ajBiI1gxoEJ40hQ="></latexit>

Sij : Ei, Ej ! 0 uniformlydouble-soft  partons i and j
<latexit sha1_base64="us4fWuvBd5rmCSUvnTabiI/3PP4="></latexit>

Cijk : wij , wjk, wij ! 0 uniformlytriple-collinear  partons (i,j,k)
<latexit sha1_base64="GTZeQP2htDqQrBgC8opIm/SA/DI="></latexit>

Cijkl : wij , wkl ! 0 uniformlydouble-collinear  partons (i,j) and (k,l)
<latexit sha1_base64="1tcYex1GRzhZpJm9tgGDIjSqNLU="></latexit>

SCijk : Ei, wjk ! 0 uniformlysoft parton i and collinear partons (j,k)

single-unresolved limits

<latexit sha1_base64="hd8UNmAIffp3e+Dwq2frPXH9v7Q="></latexit>Wijkl
<latexit sha1_base64="r6ESZidPjVz1/pH5Kd/wXTHDgJk="></latexit>Wijjk,Wijkj

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>
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Subtracting RR singularities

Gloria Bertolotti

X

i,j 6=i

X

k 6=i
l 6=i,k

Wijkl = 1

<latexit sha1_base64="ylcprd/klMCtdRuuBM7WoO/8esM="></latexit>

RR =
X

i,j 6=i

X

k 6=i
l 6=i,k

RR Wijkl

<latexit sha1_base64="NEERMsjcZE0vz27XODsnsJgR/Xw="></latexit>

 3 topologies collecting all types of singularities  

with

<latexit sha1_base64="BYbcoC9WNYxB+WfTBnWozvVQfSQ="></latexit>

Sik

⇣X

b 6=i

X

d 6=i,k

Wibkd +
X

b 6=k

X

d 6=k,i

Wkbid

⌘
= 1

<latexit sha1_base64="74sK2+bDW7sE70KWvdcWXGwqAlQ="></latexit>

Cijk

X

abc2⇡(ijk)

⇣
Wabbc +Wabcb

⌘
= 1

…

 Sum rules: limits of sector functions 
  still form a unitary partition 

Key for 
integration

Wijjk : Si Cij Sij Cijk SCijk

Wijkj : Si Cij Sik Cijk SCijk SCkij

Wijkl : Si Cij Sik Cijkl SCikl SCkij
<latexit sha1_base64="fWF2JS/LW7dQsf+q9LlZTcpDWl4="></latexit>

double-unresolved limits
<latexit sha1_base64="cMSWgCVPdJw8ajBiI1gxoEJ40hQ="></latexit>

Sij : Ei, Ej ! 0 uniformlydouble-soft  partons i and j
<latexit sha1_base64="us4fWuvBd5rmCSUvnTabiI/3PP4="></latexit>

Cijk : wij , wjk, wij ! 0 uniformlytriple-collinear  partons (i,j,k)
<latexit sha1_base64="GTZeQP2htDqQrBgC8opIm/SA/DI="></latexit>

Cijkl : wij , wkl ! 0 uniformlydouble-collinear  partons (i,j) and (k,l)
<latexit sha1_base64="1tcYex1GRzhZpJm9tgGDIjSqNLU="></latexit>

SCijk : Ei, wjk ! 0 uniformlysoft parton i and collinear partons (j,k)

single-unresolved limits

<latexit sha1_base64="hd8UNmAIffp3e+Dwq2frPXH9v7Q="></latexit>Wijkl
<latexit sha1_base64="r6ESZidPjVz1/pH5Kd/wXTHDgJk="></latexit>Wijjk,Wijkj

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>
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double-unresolvedsingle-unresolved

Subtracting RR singularities

(τ = ijjk, ijk j, ijkl)

<latexit sha1_base64="c+ujP3ZVW5B9o+EhdYnz/17W1fU="></latexit>

RRW⌧ �
h
L(1)
ij + L(2)

⌧ � L(1)
ij L(2)

⌧

i
RRW⌧ ! integrable

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

<latexit sha1_base64="b0xY7IdSqkCQAP5uH7mjaHR1B80="></latexit>

L(1)
ij = Si+Cij(1� Si)

<latexit sha1_base64="zp4UavHL6STQdXJaEEhVrCNRRbQ="></latexit>

L(2)
ijjk = Sij+Cijk(1�Sij)+SCijk(1�Sij)(1�Cijk)

L(2)
ijkj = Sik+Cijk(1�Sik)+(SCijk+SCkij)(1�Sik)(1�Cijk)

L(2)
ijkl = Sik+Cijkl(1�Sik)+(SCikl+SCkij)(1�Sik)(1�Cijkl)

Gloria Bertolotti

 Collect the limited relevant IRC limits reproducing all singularities

Notation
<latexit sha1_base64="/SlDcfY/hMXY3Cq0V1z0oIrTvzE="></latexit>

LRRWijkl = (LRR) (LWijkl)
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double-unresolvedsingle-unresolved

Subtracting RR singularities

(τ = ijjk, ijk j, ijkl)

<latexit sha1_base64="c+ujP3ZVW5B9o+EhdYnz/17W1fU="></latexit>

RRW⌧ �
h
L(1)
ij + L(2)

⌧ � L(1)
ij L(2)

⌧

i
RRW⌧ ! integrable

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

<latexit sha1_base64="b0xY7IdSqkCQAP5uH7mjaHR1B80="></latexit>

L(1)
ij = Si+Cij(1� Si)

<latexit sha1_base64="zp4UavHL6STQdXJaEEhVrCNRRbQ="></latexit>

L(2)
ijjk = Sij+Cijk(1�Sij)+SCijk(1�Sij)(1�Cijk)

L(2)
ijkj = Sik+Cijk(1�Sik)+(SCijk+SCkij)(1�Sik)(1�Cijk)

L(2)
ijkl = Sik+Cijkl(1�Sik)+(SCikl+SCkij)(1�Sik)(1�Cijkl)

 Products of known splitting kernels x lower-multiplicities MEs
 [Catani, Grazzini 9810389, 9908523]

<latexit sha1_base64="DPP5s5Ic/o3SQrS2H/R4hqhf2f8="></latexit>

Sik RR � N 2
1

2

X

c 6=i,k
d 6=i,k,c

⇢
scd

sicsid

 X

e 6=i,k,c,d
f 6=i,k,c,d,e

sef
skeskf

Bcdef ({k}/i/k) + 2
scd

skcskd
Bcdcd({k}/i/k)

��

Gloria Bertolotti

 Collect the limited relevant IRC limits reproducing all singularities

Missing momentum conservation  
out of the double singular region!

Notation
<latexit sha1_base64="/SlDcfY/hMXY3Cq0V1z0oIrTvzE="></latexit>

LRRWijkl = (LRR) (LWijkl)
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Subtracting RR singularities

 Collect the limited relevant IRC limits reproducing all singularities

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

Gloria Bertolotti

 Minimal set of involved momenta

 Still clear factorisation of radiative d.o.f. 

 Smart and adaptive parametrisation  
  simplifies kernel expressions

<latexit sha1_base64="p7Sy7Wm3oo+GCQOjG2x0/i7kZmo="></latexit>

d�n+2 = d�(abcd)
n d�(abcd)

rad,2

<latexit sha1_base64="nTniw6qTnDqkTTE0KWZ3gVVRpnY="></latexit>

d�n+2 = d�(abcd)
n d�(abc)

rad d�(def)
rad

<latexit sha1_base64="QkirZMGDGObphy/eM8o7KZeJLk4="></latexit>

Sik RR � N 2
1

2

X

c 6=i,k
d 6=i,k,c

⇢
scd

sicsid

 X

e 6=i,k,c,d
f 6=i,k,c,d,e

sef
skeskf

B̄(icd,kef)
cdef

+2
scd

skcskd
B̄(icd,kcd)

cdcd

��

 Nested Catani-Seymour mappings from  kinematics (n + 2) → n

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="nEL3oQ1qtiKPIKeky3TKfh0nKW8="></latexit>

{k} ! {k̄}(abcd)

<latexit sha1_base64="O4HE1eIiNtZCv42R506cmj3Z1qM="></latexit>

{k} ! {k̄}(abc,def)

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f
<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f

<latexit sha1_base64="prgn+GZ7QR9+6F18pzZ3pUlqzuM="></latexit>

a b c d e f
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 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Nested Catani-Seymour mappings from  kinematics (n + 2) → n

 Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,  
                                          while tuning action on sector functions when necessary

 Collect the limited relevant IRC limits reproducing all singularities

uniform 
double-unresolved limits

strongly-ordered 
double-unresolved limits

K(2) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(2)
ijkl RR Wijkl

<latexit sha1_base64="/PoYvHY/brf/MrPK22ZRYZ9ySvs="></latexit>

K(1) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij RR Wijkl

<latexit sha1_base64="55+Nj2wscQwekSq0t8tArqooPlw="></latexit>

single-unresolved limits

<latexit sha1_base64="4la19mqWjMD5n7ypt2vjLFldBeY="></latexit>

K(12) =
X

i,j 6=i

X

k 6=i
l 6=,k

L
(1)
ij L

(2)
ijkl RRWijkl

Subtracting RR singularities

Gloria Bertolotti 17/27
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 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

 Nested Catani-Seymour mappings from  kinematics (n + 2) → n

 Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,  
                                          while tuning action on sector functions when necessary

 Collect the limited relevant IRC limits reproducing all singularities

K(1) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(1)
ij RR Wijkl

<latexit sha1_base64="55+Nj2wscQwekSq0t8tArqooPlw="></latexit>

single-unresolved limits

Subtracting RR singularities

Gloria Bertolotti

K(2) =
X

i,j 6=i

X

k 6=i
l 6=i,k

L
(2)
ijkl RR Wijkl

<latexit sha1_base64="/PoYvHY/brf/MrPK22ZRYZ9ySvs="></latexit>

<latexit sha1_base64="rg2qr7TNMWPqJok1tNb6J1cYZII="></latexit>

K(2) =
n X

i,k>i

Sik +
X

i,j>i

X

k>j

Cijk

⇣
1� Sij � Sik � Sjk

⌘

+
X

i,j>i

X

k 6=j
k>i

X

l 6=j
l>k

Cijkl

h
1� Sik � Sil � Sjk � Sjl

�SCikl(1� Sik � Sil)� SCjkl(1� Sjk � Sjl)

�SCkij(1� Sik � Sjk)� SClij(1� Sil � Sjl)
i

+
X

i,j>i

X

k 6=i
k>j

SCijk(1� Sij � Sik)(1�Cijk)
o
RR

<latexit sha1_base64="rg2qr7TNMWPqJok1tNb6J1cYZII="></latexit>

K(2) =
n X

i,k>i

Sik +
X

i,j>i

X

k>j

Cijk

⇣
1� Sij � Sik � Sjk

⌘

+
X

i,j>i

X

k 6=j
k>i

X

l 6=j
l>k

Cijkl

h
1� Sik � Sil � Sjk � Sjl

�SCikl(1� Sik � Sil)� SCjkl(1� Sjk � Sjl)

�SCkij(1� Sik � Sjk)� SClij(1� Sil � Sjl)
i

+
X

i,j>i

X

k 6=i
k>j

SCijk(1� Sij � Sik)(1�Cijk)
o
RR

Collection of 
universal kernels!

uniform 
double-unresolved limits
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Subtracting RR singularities

 Collect the limited relevant IRC limits reproducing all singularities

 Smooth unitary partition of double-unresolved phase space            into sectors 
<latexit sha1_base64="HWbqGjuwQP8vBu2bP78ODVaRiDk="></latexit>

�n+2 Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

Gloria Bertolotti

verified 
sector by sector

 Locality of the cancellation ensured by  
consistency relations

<latexit sha1_base64="pMelAjbF3PS698+OYUm/QlMI89U="></latexit>

Si, Cij , Sij , Cijk

Selection of displayed limits

 Nested Catani-Seymour mappings from  kinematics (n + 2) → n

 Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,  
                                          while tuning action on sector functions when necessary
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Subtracting RR singularities

<latexit sha1_base64="Mg89cHIlMX3ANnnnz+YQBcaabGU="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) �K(12)

⌘
�Xn

i

Gloria Bertolotti

<latexit sha1_base64="RVuqwnbfOZfbgEuiu4v6phcSND4="></latexit>

+

Z
d�n+1 RV �Xn+1

<latexit sha1_base64="zhNsNCk6yB1gLLJHoeauZddsjD0="></latexit>

d�NNLO

dX
=

Z
d�n V V �Xn

  Finiteness of double-real correction (integrable in )d = 4
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Subtracting RR singularities

Gloria Bertolotti

<latexit sha1_base64="GWuiIDgJF11ILcxB02rRlRqlrG4="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) + I(12)

⌘
�Xn

i

<latexit sha1_base64="Mg89cHIlMX3ANnnnz+YQBcaabGU="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) �K(12)

⌘
�Xn

i

  Finiteness of double-real correction (integrable in )d = 4

<latexit sha1_base64="VHp9bMtyx7XSOEy2J4+E9xLpXTg="></latexit>

I(1) =

Z
d�rad K

(1)

<latexit sha1_base64="zq5hCUYR/tTRAzIRiBEgxGCkk2w="></latexit>

I(12) =

Z
d�rad K

(12)

<latexit sha1_base64="AoBGsIKb1PWhyrsAwW+aPWuTYzM="></latexit>

I(2) =

Z
d�rad,2 K

(2)

NNLO 
complexity

             sum rules + mapping adaptation  analytic integrations by means of standard techniques  →Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>  [Magnea, et al 2010.14493]

 Logarithmic (trivial) dependence on Mandelstam invariants 

 Note: no approximations in local terms!

<latexit sha1_base64="ae0dGIlJbcCTYkK4w3rXXW+uCQs="></latexit>

d�NNLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn
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Subtracting RV singularities

<latexit sha1_base64="GWuiIDgJF11ILcxB02rRlRqlrG4="></latexit>

+

Z
d�n+1

h ⇣
RV + I(1)

⌘
�Xn+1 �

⇣
K(RV) + I(12)

⌘
�Xn

i

<latexit sha1_base64="Mg89cHIlMX3ANnnnz+YQBcaabGU="></latexit>

+

Z
d�n+2

h
RR �Xn+2 �K(1)�Xn+1 �

⇣
K(2) �K(12)

⌘
�Xn

i

<latexit sha1_base64="ae0dGIlJbcCTYkK4w3rXXW+uCQs="></latexit>

d�NNLO

dX
=

Z
d�n

⇣
V V + I(2) + I(RV)

⌘
�Xn

Gloria Bertolotti

 More intricate cancellation pattern involving both poles and phase-space singularities

<latexit sha1_base64="oHNTNotQHQCuMJwWE77ly+A9BbQ="></latexit>

I(1) � I(12) ! integrable

<latexit sha1_base64="BLidI5h98IgyIWFVeMSIRY5xkH0="></latexit>

RV + I(1) ! finite in ✏ Still singular in PS

Contains poles in ϵ
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<latexit sha1_base64="jJitj0rs7DmEqVfvoQDPYAw83k4="></latexit>

K(RV) =
X

i,j 6=i

h⇣
Si +Cij(1� Si)

⌘
RV Wij +�ij

i

Subtracting RV singularities
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 More intricate cancellation pattern involving both poles and phase-space singularities
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 Apply NLO strategy to define the real-virtual local term  [Bern, at al 9903516]
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Analytically checked  
finiteness  

of RV contribution! 
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Subtracting RV singularities
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Removing VV poles

 Extract the  poles of the double-virtual correction and sum counterterm integrationsϵ

 Analytically verified for an arbitrary number of final-state partons
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NNLO subtraction formula 
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Massless QCD final-state radiation  

 Verified for an arbitrary number of final-state coloured particles  
(as well as of arbitrary massive/massless colourless ones)

 No approximations introduced in local and integrated terms

 Analytic finite remainder retaining mostly simple logarithmic dependence 
on kinematic invariants
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NNLO subtraction formula 
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Analytic  
and compact!

Massless QCD final-state radiation  
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NNLO subtraction formula 
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Massless QCD final-state radiation  

 Verified for an arbitrary number of final-state coloured particles  
(as well as of arbitrary massive/massless colourless ones)

 Ready to be implemented in a numerical framework equipped with  
the relevant matrix elements

 No approximations introduced in local and integrated terms

 Analytic finite remainder retaining mostly simple logarithmic dependence 
on kinematic invariants
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Symmetrised sector functions

Gloria Bertolotti
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Exploring the framework…

Local Analytic Sector Subtraction

Gloria Bertolotti

Introduction to subtraction strategy at NLO FSR

Subtraction formula at NNLO FSR
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X = generic IRC-safe observable 

σ

Status & Perspective
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  General analytic subtraction formula for massless FSR at NNLO  

Status & Perspective

  General analytic subtraction formula for massless FSR and ISR at NLO  

Next steps…

Gloria Bertolotti

 Numerical implementation of the NNLO FSR formula

 Extension to initial-state coloured particles for LHC applications 
(expected integrals of complexity similar to massless FSR)

 Treatment of the massive case: less singular limits, but more involved integrals
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  Numerical validation of the NLO subtraction formula in MadNkLO 
 [ GB, Torrielli, Uccirati, Zaro 2209.09123 ]

 [ GB, Limatola, Torrielli, Uccirati  to appear soon ]•  Improved-MadNkLO
 [ Kardos, Bevilacqua, Chargeishvili, Moch, Trocsanyi 2407.02194,  2407.02195 ]

[ GB, Limatola, Torrielli, Uccirati  “Massive @ NLO” to appear soon ]

• e+ e- > 3 jets



  General analytic subtraction formula for massless FSR at NNLO  

Status & Perspective

  General analytic subtraction formula for massless FSR and ISR at NLO  

Next steps…

Gloria Bertolotti

 Numerical implementation of the NNLO FSR formula

 Extension to initial-state coloured particles for LHC applications 
(expected integrals of complexity similar to massless FSR)

 Treatment of the massive case: less singular limits, but more involved integrals

  Numerical validation of the NLO subtraction formula in MadNkLO 
 [ GB, Torrielli, Uccirati, Zaro 2209.09123 ]

 [ GB, Limatola, Torrielli, Uccirati  to appear soon ]•  Improved-MadNkLO
 [ Kardos, Bevilacqua, Chargeishvili, Moch, Trocsanyi 2407.02194,  2407.02195 ]

[ GB, Limatola, Torrielli, Uccirati  “Massive @ NLO” to appear soon ]

• e+ e- > 3 jets

Thanks for your attention!
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NNLO subtraction formula 
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Consistency relations

Primary

Auxiliary

Secondary

 Limits selected by the full sector functions

[α > 0]

 Limits damped by the full sector functions, but not by improved limits of sector functions
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<latexit sha1_base64="mNsaPX4IBzmlNhFQ3y3UKg7z0Og="></latexit>

Wabcd =
�abcdP

a,b6=a

P
c 6=a
d 6=a,c

�abcd
, �abcd =

1

(ea wab)↵
1

(ec + �bc ea)wcd

Non
singular Still potentially singular in PS (τ = ijjk, ijk j, ijkl)

<latexit sha1_base64="1ZoaH4tU0fXe1Pb2hqVWpjlOPCw="></latexit>

LS

h
RRW⌧ �

⇣
L
(1)
ij + L

(2)
⌧ � L

(12)
⌧

⌘
RRW⌧

i
! integrable

 Generated by spurious singularities in collinear kernels

Gloria Bertolotti

<latexit sha1_base64="BZquyp+oGyuZTVXNJV6pYZZzPHU="></latexit>

Cir

h
Cij

�
1� Si

� i
R ! integrable

Cir

h
Cij

�
1� Si

� i
RWij ! singular

<latexit sha1_base64="+7wkHQ+3hms4IC8tHa9BFXS3fYA="></latexit>

Pµ⌫
ij(r)(zi) � #

zj
zi

⇠ #
sjr
sir

 Generated by the specific definition chosen for sector functions

<latexit sha1_base64="K4GoMmdf5UyLaOPxhKZT5sa3UPg="></latexit>�!
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Cij Wij =
ej

ei + ej

<latexit sha1_base64="lFIPgFnrP3k8SVE1mUFUiGJmnX8="></latexit>

Cij Wij ⌘ ejwir

eiwir + ejwjr

Singular in PS

<latexit sha1_base64="K4GoMmdf5UyLaOPxhKZT5sa3UPg="></latexit>�! Integrable in PS


