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Feynman Integrals
GravityQCD

Integrals associated to geometries  
Determines suitable function space

Sphere 

MPLs

↓
Elliptic Integrals, modular forms, EMPLs

Elliptic curves 

↓ ⋯

Feynman Integrals
A zoo of geometries

Beyond elliptics

heMPLs, Siegel modular forms, …?

↓
Calabi—Yaus, hyperelliptic curves, …

[Franziska’s talk]
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x =
p2

m2

<latexit sha1_base64="ZIGooBPXhH9g0pJeMf8ejNQkEjA="></latexit>

Kinematic variable

Simplification: Equal-mass  single scale→

<latexit sha1_base64="uiTN8w+wrTFwRi/d2t5bjPm8Tjc="></latexit>

0-fold

<latexit sha1_base64="tQ+HUdTKbKcYR1ZoxUgCzdDDReg="></latexit>

1-fold = elliptic curve

Calabi–Yau…

<latexit sha1_base64="4ccDePJu9u66EIXHdmtnkYJ3Mjc="></latexit>

2-fold = K3 surface
<latexit sha1_base64="jT6ucvbNQVI3GJXJnrB02JYYEbw="></latexit>

3-fold

⋮

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

-loop Banana integral `

<latexit sha1_base64="LdPzYUzaz8yg+lbcCCDBuiCFL/g="></latexit>

-fold Calabi–Yau manifold(`� 1)

<latexit sha1_base64="SzxA1pHTHbv2Lu4ZoqYN+Xn9HrE="></latexit>

=̂
“Sunrise”

Bananas: A Calabi–Yau Prototype

3
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-factorized 
Differential Equations 

for Calabi—Yau Integrals

<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

<latexit sha1_base64="1iAuVPcCC3eR67mkVGYJWS4XKyg="></latexit>

dI = "AI
[Also see Sara’s talk]
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Just two ingredients

One Seed Integral  
via Picard—Fuchs  

operator

<latexit sha1_base64="eyKdmy3A6NK9DXGp1Sk1TbU0W18="></latexit>

I Ansatz for 
differential equation 

<latexit sha1_base64="iFkB1f28Wa5VUjwD7dvnKvPh/7k="></latexit>

A

Idea: Fix Ansatz by eliminating non- -factorizing terms<latexit sha1_base64="OX6WJZVD+eOjgfslSWyWJfbCA/E="></latexit>ω

5

Differential operator 
annihilating integral
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<latexit sha1_base64="GfhMoPDm2zUGO0w1lMwUA+TNCsA="></latexit>

I = I11111

<latexit sha1_base64="jT6ucvbNQVI3GJXJnrB02JYYEbw="></latexit>

6

Simplest non-trivial Calabi—Yau integral
Associated to Hulek—Verrill Calabi—Yau 3-fold

A CY 3-fold example
Four-loop banana integral in 

<latexit sha1_base64="bGBwjcQBwm7+OlClr/5X7dP5sMI="></latexit>

d = 2→ 2ω

The seed integral:

Picard—Fuchs operator  
(homogenous ~ maximal cut)

<latexit sha1_base64="J931cN2tYSsDPBFLSp57d4w7AS4="></latexit>

M1 =
1

ω
I11111

<latexit sha1_base64="HvXUS+z07c9pG2264P3r6RctzTU="></latexit>

M2 =
1

ω
J
dM1

dx
+ F11M1

<latexit sha1_base64="maZdIJgNDkJWxcoRHM6t/s2Qgpg="></latexit>

M4 =
1

ω
J
dM3

dx
+ F31M1 + F32M2 + F33M3

Ansatz: 

<latexit sha1_base64="W6iF4EBdgmCnNSpgrb1ABd2fS2c="></latexit>

I(4)(x)+
2
(
5x3ω+ 5x3 → 105x2ω→ 140x2 + 259xω+ 777x+ 225ω→ 450

)
I →→→(x)

(x→ 25)(x→ 9)(x→ 1)x
+

(
35x3ω2 + 60x3ω+ 25x3 → 343x2ω2 → 945x2ω→ 518x2 → 363xω2 + 1554xω+ 1839x→ 225ω2 + 675ω→ 450

)
I →→(x)

(x→ 25)(x→ 9)(x→ 1)x2
+

(2ω+ 1)
(
25x2ω2 + 40x2ω+ 15x2 → 42xω2 → 322xω→ 196x→ 207ω2 → 78ω+ 285

)
I →(x)

(x→ 25)(x→ 9)(x→ 1)x2
+

(2ω+ 1)(3ω+ 1)(4ω+ 1)(xω+ x+ 3ω→ 5)

(x→ 25)(x→ 9)(x→ 1)x2

<latexit sha1_base64="VRBmUMYGPd5tRE+N+Clyfe9PqL4="></latexit>

M3 =
1

ω

J

K1

dM2

dx
+ F21M1 + F22M2
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Ansatz + Integral:

Matching: Requiring  to vanish
<latexit sha1_base64="u7Y8VDfSE2WzsxFKfwfhEyDcurk="></latexit>

ω<0

Constraints on →

<latexit sha1_base64="h45exTP7hHpxF29nsWvy6of0raM="></latexit>

J(x) =
dω

dx
: periods of Calabi—Yau

<latexit sha1_base64="/ynWOOfuGBcoxtQU9ZFv7OPk828="></latexit>ωi

: ? (automorphic form, weight ?)
<latexit sha1_base64="/zmRKXM6MlLHu5XjP6bIfkWoaQ4="></latexit>

i
<latexit sha1_base64="/Ep3BCZkX82Teapq8lAG3EhWo2E="></latexit>

fi

Solving constraints: Constraints consistently solvable

<latexit sha1_base64="jT6ucvbNQVI3GJXJnrB02JYYEbw="></latexit>A CY 3-fold example
Four-loop banana integral in 

<latexit sha1_base64="bGBwjcQBwm7+OlClr/5X7dP5sMI="></latexit>

d = 2→ 2ω

<latexit sha1_base64="juw2j1RJPkH7RiFgw4+oXwVUM+E="></latexit>

d

dx





M1

M2

M3

M4



 = ωJ(x)





F11 1 0 0
F21 F22 K1 0
F31 F32 F33 1
→ → → →









M1

M2

M3

M4





<latexit sha1_base64="vfMl7C4FyuHm+R5jL7bYTtkPgLk="></latexit>

Fij(x),K1(x), J(x),ω(x)

<latexit sha1_base64="bgs00oTvPrggXurC9XF5C49LbYg="></latexit>

d

dω





M1

M2

M3

M4



 = ε





f2 1 0 0
f4 f →

2 K1 0
f6 f →

4 f →
2 1

f8 f6 f4 f2









M1

M2

M3

M4





<latexit sha1_base64="A8SpEO1dvRcecsuZJFHVAWoqY/Y="></latexit>ω = ε1

<latexit sha1_base64="N4F7p/vyYXI78y0OCPPoQDBXew4="></latexit>

ω =
ε2

ε1
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Banana Integrals are very idealized 
Can we find a real-world application?
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Calabi—Yaus in Gravity
Scattering of black holes

<latexit sha1_base64="nzzue0IYQC89LPeVfjv9yrz+AIE="></latexit>→

Extract classical effects from seemingly quantum description

<latexit sha1_base64="WKmQNmJw3bC/ciej614hVqUo1vw="></latexit>

b

<latexit sha1_base64="ENhyXiRD5/Pb61Bpyv2CGFsFlHM="></latexit>

|b| → 1/|q|Impact parameter

Assume long range interaction
<latexit sha1_base64="DGqY4BYJnvxhfzH37uiv91V2pRw="></latexit>

rs/|b| → 1
<latexit sha1_base64="3lrkxJYzaebeOlefD+G+JFq94Vc="></latexit>

Gm|q| → 1, thus Compute corrections in  
Post-Minkowskian expansion in 

<latexit sha1_base64="GiYss3/YWgvBvAXiYh1ypmVN5Z0="></latexit>

Gn→

Black holes modeled as massive scalars
[See Benjamin’s talk]
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Integrals for Black Holes

<latexit sha1_base64="OtRwouQf8KhvrbrJgcO0ahBr4KI="></latexit>

p1 = p1 → q/2
<latexit sha1_base64="FA2E7XoZntNRl/W2LCRbCexCQ0A="></latexit>

p2 = p2 + q/2
<latexit sha1_base64="HWxpgQJPOXi599U43nNle5TwKho="></latexit>

pi · q = 0
<latexit sha1_base64="ST5Hw21FLdbDx98rhvsGD/Wpi3o="></latexit>

|q| → 1

<latexit sha1_base64="3aKrfJTInI2wdsb3/Pm1mV9gR38="></latexit>

} Scalar propagator: 
<latexit sha1_base64="Kxg916+bAboe/PkKNmqVYgYI81Y="></latexit>

1

(k + pi)2 →m2
i

↑
1

mi

1

2ui · k
+O(q2)

<latexit sha1_base64="8WpFXPVYCvCy4GHPIbUorvQDeRI="></latexit>

ui =
pi
mi

<latexit sha1_base64="dxHckQ0cIAlXpjnfH9IkqkX080o="></latexit>

mi
2 = p2i = m2

i → q2/4

<latexit sha1_base64="p67J3tGZBgz7bqlA8CitM5xNNd0="></latexit>

u2
i = 1

<latexit sha1_base64="z38YTsjCuvO1fMorNmYkR4I7pZE="></latexit>

ui · q = 0

<latexit sha1_base64="34L4L/FCpt9qXPCfUlt/UL4NUC0="></latexit>

|q|L→2GL+1At  loops: order 
<latexit sha1_base64="AIwvjpMF67t0zeXKGVR4AulhMZ0="></latexit>

L

<latexit sha1_base64="3uuGEBwkx0NoqMTcRwq6iDfzEr0="></latexit>q

<latexit sha1_base64="uMimZdTwLr8SwEnbwlS1+4WU+Xw="></latexit>p1
<latexit sha1_base64="9QKTuwBKOwNXVMGfqWSsW4nQK3s="></latexit>p1 → q

<latexit sha1_base64="e9oCqgVaxFEkbWUYou7RcyLlTng="></latexit>

p2 + q<latexit sha1_base64="qt51/Hvp7zNDtM00Ck+uemEVmbs="></latexit>p2

Single kinematic scale: <latexit sha1_base64="xoah1AnVxWV/45+UPydbhNwb6GY="></latexit>y = u1 · u2

Classical limit described by soft 
<latexit sha1_base64="nhKXHpfg1JOElJzKUEBIjskVyDE="></latexit>

|q| limit

Great test cases: Relevance for gravitational wave physics
Single kinematic scale
At 3 and 4 loop: Calabi—Yau 2-folds (K3) and 3-folds appear

[Frellesvig, Morales, Wilhelm, ’23; Klemm, Nega, Sauer, Plefka, ’24]

Integrals with subtopologies (think DEQ with inhomogeneity)

For most, methods from  
Banana integrals are sufficient

except for one!  
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An Integral for 2-Self-force Correction

<latexit sha1_base64="3uuGEBwkx0NoqMTcRwq6iDfzEr0="></latexit>q

<latexit sha1_base64="uMimZdTwLr8SwEnbwlS1+4WU+Xw="></latexit>p1
<latexit sha1_base64="9QKTuwBKOwNXVMGfqWSsW4nQK3s="></latexit>p1 → q

<latexit sha1_base64="e9oCqgVaxFEkbWUYou7RcyLlTng="></latexit>

p2 + q<latexit sha1_base64="qt51/Hvp7zNDtM00Ck+uemEVmbs="></latexit>p2

<latexit sha1_base64="68NLfpBRZT/59cQLCAahtNhQTTo="></latexit>

I(4)(x)→
(
10y2 + 2

)

y → y3
+

(
25y4 + y2 + 2

)

y2 (y2 → 1)2
I

→→
(x) +

(
15y4 → 6y2 → 1

)

y (y2 → 1)3
I

→
(x) +

4y4 → y2 + 4

4y2 (y2 → 1)3
I(x) = 0

∼
In , 

<latexit sha1_base64="YOOF1ZV2o1yxsLNHDZFo8A0WwbA="></latexit>

d = 4
<latexit sha1_base64="5mlrqvK5WQplUTzngTEdA3yLLd4="></latexit>

I = I11111111111 is annihilated by

So where is the problem?

<latexit sha1_base64="/Fwe0uvnFDWCy7huCA+7egGRmaw="></latexit>

Iω1,ω2,...,ω11 =

∫
ddk1 d

dk2 d
dk3 d

dk4
ωω1
1 ωω2

2 · · · ωω11
11

Calabi—Yau operator (up to normalization of ): Associated to Calabi—Yau 3-fold<latexit sha1_base64="WqSNQxts7Qv2U/sU71vXljuHGVc="></latexit>y
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An Integral for 2-Self-force Correction
In , 

<latexit sha1_base64="/9eUJ+b1hnR93YTPCsgsfqv1rVU="></latexit>

d = 4→ 2ω
<latexit sha1_base64="5mlrqvK5WQplUTzngTEdA3yLLd4="></latexit>

I = I11111111111 is annihilated by

Two new features compared to Bananas:

2 Operator has unphysical singularity, quadratic in <latexit sha1_base64="ZqRbBsYaUy9Ik4yGmPknZdiikAw="></latexit>ω Apparent Singularity Singularity of operator  
at which all solutions are non-singular

1 Operator with different dimensions for 
<latexit sha1_base64="5aQi0NBHNcp6XMZzXV+5zGX7Vb0="></latexit>

ω → 0

factorization
<latexit sha1_base64="ZXCKNZAyqhb/W0mr0YhazNNMRXc="></latexit>

L(5) ω→0
= L(1)L(4)

evanescent Master integral in 
<latexit sha1_base64="1od4R580/0FzSpPtasM5kkBvZAI="></latexit>

d = 4

<latexit sha1_base64="NSojTsPNxpWpVQ+rbf70fg5nbew="></latexit>

L(5)I(y) = I(5)(y)

→ I(4)(y)
y
(
y2

(
16ω3 + 60ω2 → 532ω→ 51

)
→ 800ω3 + 3552ω2 + 1060ω+ 70

)

(y2 → 1) (y2 (4ω2 + 32ω+ 3)→ 4 (50ω2 + 15ω+ 1))

+ I →→→(y)

(
y4

(
16ω4 → 64ω3 → 1184ω2 + 2576ω+ 255

)
→ 3y2

(
352ω4 → 2936ω3 + 6228ω2 + 2062ω+ 141

)
+ 16

(
800ω4 + 220ω3 + 262ω2 + 75ω+ 5

))

(y2 → 1)2 (y2 (4ω2 + 32ω+ 3)→ 4 (50ω2 + 15ω+ 1))

+ I →→(y)
y
(
4y4

(
32ω4 + 108ω3 → 1020ω2 + 1009ω+ 105

)
→ y2

(
128ω5 + 9776ω4 → 30320ω3 + 30120ω2 + 12588ω+ 919

)
+ 6400ω5 + 81104ω4 + 8368ω3 + 20672ω2 + 6124ω+ 407

)

(y2 → 1)3 (y2 (4ω2 + 32ω+ 3)→ 4 (50ω2 + 15ω+ 1))

+I →(y)

(
4y6

(
208ω4 + 1200ω3 → 3312ω2 + 1604ω+ 183

)
→ y4

(
64ω6 + 2176ω5 + 73232ω4 → 125184ω3 + 35788ω2 + 26808ω+ 2155

)
+ y2

(
8384ω6 + 146624ω5 + 436816ω4 → 21856ω3 + 65908ω2 + 24140ω+ 1691

)
→ 4

(
64800ω6 + 38800ω5 + 43488ω4 + 9304ω3 + 3978ω2 + 1105ω+ 75

))

4 (y2 → 1)4 (y2 (4ω2 + 32ω+ 3) → 4 (50ω2 + 15ω+ 1))

+ I(y)
12y5(1→ 2ω)2

(
4ω2 + 32ω+ 3

)
→ y3

(
64ω6 + 1152ω5 + 20112ω4 → 19136ω3 → 980ω2 + 1192ω+ 107

)
+ 4y

(
800ω6 + 400ω5 + 12432ω4 → 920ω3 + 234ω2 + 205ω+ 16

)

4 (y2 → 1)4 (y2 (4ω2 + 32ω+ 3)→ 4 (50ω2 + 15ω+ 1))
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Apparent Singularities in Feynman Integrals

Check empirically: While undesirable, almost all integrals have them

When encountering them, you have two options

 However, it can fail: 
All choices you (can) try turn out to be bad
There might not be a good choice

After extensive scan 
over candidate integrals:  
no luck

2Option : Go back and make a better Ansatz

1Option : Go back and make a “better" choice for integral

So far always the default solution
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Ansatzing -factorized DEQs<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"
(Revisited)
For Banana Integrals we made the Ansatz

<latexit sha1_base64="J931cN2tYSsDPBFLSp57d4w7AS4="></latexit>

M1 =
1

ω
I11111

<latexit sha1_base64="HvXUS+z07c9pG2264P3r6RctzTU="></latexit>

M2 =
1

ω
J
dM1

dx
+ F11M1

<latexit sha1_base64="eDAl+iLMrsoK46G0R6KehwMgDJE="></latexit>

M4 =
1

ω

J

K2

dM2

dx
M3 + F31M1 + F32M2 + F33M3

<latexit sha1_base64="IzBafwOsVP59T7dcsKgUec4p1e8="></latexit>...

<latexit sha1_base64="VZ/+0M98W4q8SV43ah5lOCL9hDo="></latexit>

M3 =
1

ω

J

K1

dM2

dx
+ F21M1 + F22M2

<latexit sha1_base64="f16IevbRqz0Jh1dUmlmvJsIB08Y="></latexit>

A → ω





0 · · · 0
. . .

...
0





all  have operators with apparent singularities
<latexit sha1_base64="czEDiQycU8GgUXBuZ8Ad8DCJgjk="></latexit>

Mi>1

Let us reverse arrow: don’t specify Masters but rather shape of differential equation 

Tune shape for operator of 
<latexit sha1_base64="cYJX5EIlP0YmD75OitmWEvjBQBs="></latexit>

M1  to have properties we want



Tackling Apparent Singularities in Calabi—Yau Feynman Integrals  Sebastian Pögel 15

Our Four-loop Integral

For 

Assume:

<latexit sha1_base64="7u1vb5+cmeA4weSEcV9jIB/F1r4="></latexit>

d

dx





M1

M2

M3

M4

M5




= ωJ(x)





F11 F12 0 0 0
F21 F22 F23 F24 0
F31 F32 F33 F34 0
F41 F42 F43 F44 F45

F51 F52 F53 F54 F55









M1

M2

M3

M4

M5





 with 5 Master Integrals

Can check: Picard—Fuchs of 
<latexit sha1_base64="EkZyt/xTKZi9HLVx905F7p6z938="></latexit>

M1 has apparent singularity, quadratic in <latexit sha1_base64="XupBcG5rquj5zO2FipENl88QGe8="></latexit>ω

Fits singularity  
of operator of  

<latexit sha1_base64="D+LarrhT6Qpq7m87IuQcVVGE2NU="></latexit>

I11111111111
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Matching Ansatz
(Revisited)
In case of Bananas

<latexit sha1_base64="Ir2vxFTQ39RiWSBINVtiIjKonSQ="></latexit>

M1 =
I

ω
<latexit sha1_base64="HL3qETV2DSMUQZd4cYCTj2wojns="></latexit>

M2 =
1

ω
J(x)

dM1

dx
+ F (x)M1

<latexit sha1_base64="KXRs0W37Ve+VlgHDFonKjCFTnio="></latexit>

d

dx

(
M1

M2

)
= ωJ(x)

(
F (x) 1
→ →

)(
M1

M2

) Eliminate  
non- -factorizing 
pieces

<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

Match coefficients 
at each order in <latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

<latexit sha1_base64="d+WgB00LB2ityliQ0sQsxlkYmUc="></latexit>

d

dx

(
M1

M2

)
= ωJ(x)

(
F11 F12

F21 F22

)(
M1

M2

)

For more general Ansatz: Matching of operators

Completely general: No a priori knowledge of possible kernels (not limited to Calabi—Yau)
Accommodates any shape of DEQ

<latexit sha1_base64="x8coFixEatBna0glcAa7Ve+Otok="></latexit>

LM1
<latexit sha1_base64="O/pbTAITYLp2PoyQZ3Ms2og3fvw="></latexit>=

Operator of normalized seed integral

<latexit sha1_base64="HzFT0P6zFmE+lq3oex2jmAolM4M="></latexit>

P (x)LI/ω
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-factorized DEQ<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

For performed matching 

<latexit sha1_base64="7u1vb5+cmeA4weSEcV9jIB/F1r4="></latexit>

d

dx





M1

M2

M3

M4

M5




= ωJ(x)





F11 F12 0 0 0
F21 F22 F23 F24 0
F31 F32 F33 F34 0
F41 F42 F43 F44 F45

F51 F52 F53 F54 F55









M1

M2

M3

M4

M5





<latexit sha1_base64="7u1vb5+cmeA4weSEcV9jIB/F1r4="></latexit>

d

dx





M1

M2

M3

M4

M5




= ωJ(x)





F11 F12 0 0 0
F21 F22 F23 F24 0
F31 F32 F33 F34 0
F41 F42 F43 F44 F45

F51 F52 F53 F54 F55









M1

M2

M3

M4

M5





<latexit sha1_base64="5mlrqvK5WQplUTzngTEdA3yLLd4="></latexit>

I = I11111111111
<latexit sha1_base64="x8coFixEatBna0glcAa7Ve+Otok="></latexit>

LM1
<latexit sha1_base64="O/pbTAITYLp2PoyQZ3Ms2og3fvw="></latexit>=

<latexit sha1_base64="HzFT0P6zFmE+lq3oex2jmAolM4M="></latexit>

P (x)LI/ω

Consistently solvable constraints for 
<latexit sha1_base64="xW0VueCIs45rbxPyMBOs/erdVX0="></latexit>

Fij(x), J(x),ω(x)

-factorized DEQ for <latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

self-dual
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Beyond Top-sector
Full integral depends on subsectors

<latexit sha1_base64="KeodlhwLWhVKaC+6bO16BqdgFOs="></latexit>






<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

Fully -factorized<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

purely polylogarithmic
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Conclusions

19

Feynman Integrals with Calabi—Yau geometries are relevant for both 
collider phenomenology and gravitational wave physics

Thank you!

Applied method to derive -factorized differential equation for real-world 
four-loop integral for 5PM correction

<latexit sha1_base64="6EcUqK5dTTLfLgbp5iPmVwRB+no="></latexit>"

Open question: What is the significance of such singularities?  
When can they be avoided? 

New tools to accommodate operators with apparent singularities

Extended existing methods to tackle new features in multi-loop integrals

Allows to work with sub-optimal seed integral


