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Gravitational wave from Binary BH mergers
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Energy equivalent to
three solar masses was
emitted over a few

tenths of a second.

o Gravitational wave: new window to probe our Universe

< How do we describe this system? = Solve Einstein equation (perturbatively)

<~ Are the theoretical tools we have powerful enough to solve this problem?

Toy model — Schwarzschild BH solution



Solving perturbative Einstein Equation

1. Solve Einstein Equation directly (old and brute force approach)

> Green function method
> Perturbative GR is notorious for its complexity

> Leading order correction is the practical limit [Florides, Synge 61] [Westpfahl, 85]

2. Scattering amplitude Approach (since 2018)

> Modern techniques in QFT/Quantum Gravity

Generalized unitarity Bern, Dixon, Dunbar, Kosower, hep-ph /9403226
On-She” recursion Britto, Cachazo, Feng, Witten, hep-th/0501052

COIOr-kinematiCS duallty and dOUble COPY Bern, Carrasco, Johansson, 0805.3993, 1004.0476

> Issues — convergence of the series, loop integrals, etc

3. Go back to the Einstein equation again (armed with new techniques)
[Damgaard, KL 24]



In this talk

o returning to the solving Einstein equation explicitly
c> Two main ideas

e good variable — By doubling the fields, the perturbative Einstein equation is

drastically simplified. We can hide the ugly infinite expansion.

e off-shell recursion — A new methodology for solving perturbative Einstein Equation
Remarkably, all the “higher-loop integrals” are represented by iterations of one-loop

bubble integrals.

©> For the Schwarzschild BH case, we derived all-order results — first derivation!
e Efficiency — fixed number of terms, recursions and simple loop integrals...
e Universality — binary black holes & rotating black holes, branes etc

o Recently, the similar results are derived from the amplitude point of view
[Mougiakakos, Vanhove "24]



Perturbative GR
and
doubling prescription



Tensor density representation

o Two sources of the infinite expansion: g~ and \/—_g

. Field redefinition - tensor density [Landau & Lifshitz book]:

1
O-/’tV: '/—gg/’”/, G/,[I/:—g//llj’
V8

o Why? There is no 1/ —o6. The number of 67! is always greater than ¢ due to derivatives.

~ EH action (up to total derivative) in terms of the tensor density
_ D 1 UV PO 1 UV PO NGHY C/Z\ C/Z\ C’Z\_ 1 po
Spp = | d"x ZG 0,07°0,0,, — EG d,07°0,0,,+ (D —2)o"0,dod |, o0,d=- 27 %o
3 Substitute the metric perturbation [Cheung, Remmen 18], [Deser, 70], [Capper, Leibbrandt, Medrano, 73]

o0
o =g — kB, G, =1+ Y KR,
n=1

> Provides the simplest form of the perturbative GR [Cho, Kim, Lee, 23]

* general n-th order terms of the EH action and Einstein eq.

e Three minimal building blocks



Doubling prescription

- ldea: do not substitute metric perturbations from the beginning!

o Let us treat the metric (6) and the inverse metric (c~!) on equal footing

[Gomez, Lipinski Jusinskas, Lopez-Arcos, Quintero Velez "22]

- Remove metric (6) and introduce an auxiliary field 6. on-shell value of 5, = ¢,

o Impose a constraint:

5 oW =P
6,,0 0,
o perturbative expansions:

oM =t — Y, G, =1, ]}'W,
> Then £ satisfies the constraint => i* = h** + ﬁ”php”,

(n—m)"~(m)

n—1
Y — pv 4 Z Bpe - ppv
() (n)
m=1



Source of the Schwarzschild BH

- Consider pure gravity with a matter

1 1
5= [at [2—,@\/——@ + Ejﬂy<x>gﬂv<x>]

where j,, (x) is an external source (density) without metric dependence,
< Relation to the energy-momentum tensor T,
V=81 = Ju
o Schwarzschild BH is not a vacuum solution — point mass source

< Energy-momentum tensor for a point mass traveling on a worldline x(7)
5D (y° —xf’(r))} dx* dx”
dt

\/—_g dr dr

< Source of Schwarzschild BH — a static point mass placed at the origin, x = 0

T (y) = 87rGM[ [

: 3 dx*
]W(x) = SEGMvayé (x), yH = —T = (=1,0,0,0).



Field equation
. Einstein tensor (density)
g/,w_lpa 0.0 06" + 0 .60 6 vAl _ p(u 00 U)G_I_a |lea~ olv)
= 20 ,050 ,070,0,,0 o 050 ,070,0,,0
1 N nA A
+ot* et [Zakaﬂaaﬂ% + (D - 2)a,<daﬂc1]

0. ((;Kﬂaﬁ)] ]

1
+— [6 c”°0 0" — 0,60 66”] + o
o) P o o p

< Einstein equation
- = jH

g = G"ge, ) = Gt

n=1

o j" contributes to the G!-order only

1
CHY — _ 5 hHY _j,m/

1 1

?%zO, n>1



Harmonic vs de Donder gauge

o One of the most straightforward gauge choices is the harmonic or de Donder gauge

1
g1, =0 or oJhn"-— Eﬂ””dﬂhﬂp =0 forg, =mn,+hn,
harmonic gauge de Donder gauge
-> Linearized harmonic gauge = de Donder gauge, but not in higher orders
gaug gaug g
o However, in the tensor density perturbations, these are equivalent
g/wrfw — aﬂ( \/Tg gﬂﬂ) — GMO'W’ — 5ﬂhup — 0

> In our perturbation convention,

harmonic gauge = de Donder gauge

o If we obtained a solution using amplitude, in what coordinates do we get the result?

<= gauge choice

- However, it is not obvious in actual computation...



Schwarzschild metric in harmonic coordinates

o> The usual form of the Schwarzischild metric

~1
2GM 2GM
ds? = — (1— >dt2+<1— ) dr? + r2dQ?

r r

> In the harmonic coordinates, the metric

r—GMd r+ GM

dr’ + (r+ GM)*dQ, obtainedbyr — r+GM
r+ GM r— GM

o The tensor density ¢/* for this metric (c** = \/—gg""),

0,9;.

+ GM)? L GEM2%xiy/
O.,ul/aﬂayz _ (I" ) 62+ <5l]_ X X )

2(r—GM) ' r4
< The corresponding metric perturbations h*

+GM)  4GM  TG*M? M3 ‘M4
h00=—1+ (7‘ ) — + _|_ _|__|_...

r2(r— GM) r r2 r3 ré
G’M?*x'x/

ré

hil =

Coefficients of 1" is fixed by “8"” while /¥ truncates at the second order



Remained ambigLIit [Fromholz, Poisson, Will 13

The Schwarzschild metric: It's the coordinates, stupid!]

o Even after the harmonic gauge, the form of the metric is not fixed yet

< Most general solution in harmonic coordinate — a new parameter C

AM  TM?* 8M°? 8M*—-2CM/3

o0 - 1 _ " _ _ -5
ol ==l — = +0 (r™)
y C 2CM? i} G*M?* C 2G*M?*C xix/
i=(1-—- +0(r ) )67+ | - +—+ +0(r %) | —
° ( 373 513 (r ) > ( 2 3 373 ( ) 2

< Solving the de Donder gauge, d,h** =0, admits an integration constant C

QY

If we turn oft C, the solution returns to the previous metric expansion.

< The existence of the parameter has recently been observed in the differential

equation.

< How can we interpret this ambiguity in the field theory context?



Recursion Relation
for perturbative GR solutions



Off-shell Currents 77

o> Off-Shell recursions: recursions for off-shell currents [Berends, Giele '87]

for gluon amplitude at tree-level

o Rank-n Off-shell currents: sum of all (n + 1)-point Feynman diagrams

- Diagrammatic representation

off-shell leg

The off-shell line satisfy the conservation law

d,J7, = 0 without EoM — Ward identity

amputated

1 on-shell legs

9 off-shell line

l

o Off-shell lines can be glued in a specific way (interaction vertices)

Intermediate states are off-shell



Oﬂ:'She” ReCU rSiOn [Berends, Giele '87]

< Recursions: hidden self-similarity — finite number of interaction vertices (patterns)

o~ ldentifying the Hierarchy for off-shell currents: # of on-shell legs

o ¢* theory:

o Efficiency:
* Do not treat individual diagrams

* Recycling calculations - never repeat the same calculations!

o Gravity — infinite number of vertices (No patterns)




Perturbiner expansion (.., s.i..o. s, i 2

< Modern derivation: substituting the perturbiner expansion into the classical EoM

—> connects solutions of EoM and tree-level amplitudes

« The classical field in the quantum effective action formalism — 1-point function in the

presence of the source j#*

n=1 T UYLY2s Y

(0 ‘ TR o]

ijﬁlﬂl ijgﬂn
0>C S

o The field corresponds to a different physical quantity depending on the sources:

N
° ; V_
. Inverse propagator: j.* = Z
i=1 Vi
N

XY

~ikvi = scattering amplitude.

. Plane-wave: j/ = Z e~k — Correlation function.

i=1 )i

o Point-mass source: ;¥ = Mv”v”J
£

e

—ilx

xH

— solutions of EoM. V= = (—1,0,0,0).



Perturbiner expansion for classical solutions

) ) 1 .
Substituting the external sources: puriy) — o v —if),. X
7 J h(x) = Z n:Jy e Jflfz"-b‘;e B
1:€25°° 50y

n=1

o Itis convenient to shift the loop momenta, ¢, - — &,...,

— . 1 — .
hHY(x) = ezfl-xJ JHY — J ezfl-xj,uv
) ZL B S

(n)le ?
n=1 n=1 \

wo _ [ 1 JHY
ey _ .l E,
), L, (n—1)! 1202

< Compare with the amplitude perturbiner — A continuous limit

finite # of particles cannot generate the classical solutions
UV __ UV, —ik g X
h#* = ZJg)e >
P

< We call the number of the loop momenta of an off-shell current as rank.

Here the rank is equivalent to the powers of coupling G

h = Z G"nly  and RV = J JH eitx
4

Wl
n=0



Structure of loop integrals

o Substituting the perturbiner expansion into the EoMs
hHY — J eif-xj,m/ and il'W — J eif-xj,uv
(n)
£

(n) (m)|e m|e
14

- Perturbative Einstein eq

hy(xX)hy(x)+-h,(x) = [

ity X i = | it
e’ J 160206, Jnm—[ e ! [ =ty 216, e,
2 brlsint, ¢ ¢

1 2,03,
Lﬂ ol

([ J1|—f12...nJ2|f2> J3|f3"'Jn|fn
30y 2
One-loop bubble integral <
i|f1f3---fn ,
Nty 315 | a1, e,
Cpynl, s

o Fourier integrals <= loop integrals: number of loops = number of fields - 1

> Integral Factorization — iterative structure of loop integrals.

> This implies that only bubble integrals are required



Deriving and Solving the recursions



Recursions and currents at rank 1

< Rank-1 EoM — Poisson equation

AhlY = = 2jH = — 2Mv”v”[ elk-x
k

<~ Substituting the perturbiner expansion /! = [ Jfo‘”e"'f'x, we obtain the initial condition
£

of the off-shell recursion relation

kM 162GM
T = V= 7V
4 4
Or equivalently
162GM . y
Jggt,: 2P ; ]3§|f=0’ Jie =0

& Since we are assuming an asymptotically flat metric, JV cannot be a plane wave.

- After Fourier transformation, we have the Newton potential — consistent with the

metric expansion

4GM l. y
hg? = . h8> =0 h<{> =0



Recursions and currents at rank 2

< The corresponding recursion is

K

5 7
00 _ 2 00 700
](2)|—t’1 — |£1 |2 )., _Z | le - gfIZ | fz] ](1)|—t’12‘](1)|£2 ’
o< 258 86T w0 0o |
@)= |f1 |2 Je | 4 8 (DI=212" (DA
o 1-loop bubble integrals
16xGM)* ( 1 5 7 147°G*M?
T Arrr FR R R
14 | e, 2 MEZvY 1
i (162GM)? [ | 2£\¢) +2¢5¢) — sU¢tes . o 1 | _ | 2z . 5
Q-6 2 2 2 2 N S 4]
814 76 | 16517 €12 | €1, | i 14 | 1

- The Fourier transformation gives the correct perturbed metric

|



Recursions and currents at rank 3

©> Rank-3 recursion

1€, |* % =_(GM)3[f{Xi +K{J £l Jo  gi ]
4

3= 3)-7 127 DI=212" 1%,
2

g 1 .
+ 2896 d" + —WY

17°03) o) 3)

2 7ij (i D _ Rl pk gk
|£1 | '](3)|—f1 _ J [8d(zl)f12d(l)f2 2h(Z)KZd(I)It"z
2

2

n—1
] _ ] 700 00 ] _ I Tkl kl
X(n)l—ﬁ _ ‘ Lﬂ2 Z J(n—m)l—ﬁz‘](m)lfz ? Y(ﬂ)l—t’l — J KZ‘](”—Z)I—f’lzJ(Z)Ifz >
fz m=1 fz

< Again, we need only 1-loop bubble integrals.

Scaleless integral
vanishes in dim. Reg.

3 5ij
yd+1 <%) , Ji =~ J 167:251 0
5301716

o In dimensional regularization
(GM )’
1417

00 _
Al-¢

< The only place where divergences arise!

o other regularization scheme — it does not vanish, and the solution should be modified!

< This explains the ambiguity, C factor



All-order Currents

o From n > 5 cases, the forms of the EoM/Recursion are fixed.

< In the harmonic gauge, the Landau-Lifshitz variables are extremely simple
(r+GM)> 4GM 1G*M* 8G’M® 8G*M*

h00=—1+ = + + + + .-
r2(r — GM) r r2 r3 r4
2Ag2 i
i — G“M~*x'x’
r4 .

< One can read off the currents arbitrary order in G from the Fourier transformation

w0  AGM)2PriT PR

Jhe = ,
(1€ I‘[%] |£|D_1
D 1
00 __ 20D—2_D D2
Teie =TGM)"2°*n T[22 ppy
8(GM)"n=T[2sn] 1
00 __ 5
% oT[L1eiei T [P52] 6%
L/ A 2, LoD-3| _ 2 5

< One can show the followings by using the induction



Arbitrary rank n > 5 — J%

o We can show that the off-shell currents at an arbitrary order n by induction.

o The corresponding recursion: J%, = &l _ L]

mle (@l |’
i

n fl ] ]
gl = (GM)? —( - X+ Y(zn)l_ﬁ),

@n)|-2| 2 |2 @n)|-#,
even I
A . . . g
21 — 2n_ "1 _ Y/ j _ 2i 00 ij
g@n)l—t’l = (GM) | ~ |2 ( X(Zn—2)|—z,”12 + Y(Zn—2)|—z,”12 flzj(zn—2)|—f12>‘](2)|t’2 :
1 2
%[1] - (GM)2n+1 Lﬂi Xi
Qn+l)|-#; |f |2 Qn+1)|-#) °
1
[2] _ 2n+1__ 71 v _ »2J 700 ij
%(2n+1)|—f1 = (GM) % |2 J < X(Zn—1)|—t’12 leJ(Zn—l)l—fu)J(Wz'
1 2

o Performing the bubble integrals, we have

8(GM)'n=2P~ (2 —n] 4
JOO — ,
2n) [[n] | £ |D—2n
o 8(GM)¥'a=2P~-IP[2=2221]

Qn+l) —

I'[n+ %] |2 |P~2-1



Arbitrary rank n > 5 — JY

< The EoM for the spatial components

n—1
j — J ko 7k j) _ o7Glkl j) 4 — 7GlklD 4 — @)
ARl = Y 4di, @, +2090,d" + Z(\D = 2Z(W, D + —Z0HD 4+ — W
m=1

_ ( YN % ZG lW<i|l|> il

n-2)kl (n—=2) (n—2) N (n—2) 2)

<> Divide the EoM into 3 sectors: d-sector, W-sector and Z-sector

o Interestingly, these three sectors vanish individually (induction).

o This implies JY =10, as we expected

m|e

< This shows the all-order perturbative expansion satisfies the Einstein equation.



Quantum Generalization



Quantum Perturbiner Method . .

<~ Quantum off-shell currents: sum of all (n + 1)-point all-loop Feynman diagrams

off-shell leg
Inverse two-point function

) iK(—k) iK(—k)
Gc(_kil---in’kil’""kin) - . o

All loops

i
I

ijoei,

amputated
9 L on-shell legs

> Fields in quantum effective action formalism — 1pt function with the external source j, = j(x)

SWT o " J
= = G X, Vi, Voo, | ] eee]
¢x 5]x Z hnn' — ¢ ( yl y2 yn)])ﬁ])’z ‘]yn

n=1

N N
< Choice of the external source for amplitude j, = Z K, e " = Z K(—k;)e ki~
i=1 V% =1

N Quantum perturbiner expansion: ¢, = Z (I)g,e—ik@'x

P
Substituting into the “quantum” EoM?



Dyson-Schwinger equation

< Quantum analogous of classical EoM: Dyson-Schwinger equation

< Quantization <= deformation of a field to an operator

) hos
b= Q=@+ ——
i O,
o DS equation for phi-4 theory:
A Ah Op 1 &%
K x, + 3 — * — X + hz X .
L QNP+ 0 = I = 50t s

o Strategy: Treat the functional derivatives ¢, as new independent field variables

 Descendant fields: higher point functions with external sources, multiple off-shell legs

6p,  S*WIj] 8%,  SWIj]
1Stil//xy= — = —, 2nd ;w)’cyzz — = T
O 9Jx0Jy 00y 0Jx9),9];

< Derive the perturbiner expansion for the descendant fields

l//x,y = [

p

- ' ip-(x=y)+iq-(x—z) , —ikgpx
Viyz = Z J Tp,qlg’e € ’ :
P pq n o 1

‘IJp|12~--n .

\Pplgeip.(x—y) + Z J \ijlgéeip-(x—y)e—ikgyx :
P D



Descendant equations i« 22

0
< Derive the descendant equations: acting — on the DS eq,.

O
A 5 A p
'¢a: z — Dwz S my¢y¢y,z + 1h— Dwy (qbywy,y,z + ",by,zwy,y)
2 2 Jy
/way‘py,y Y,z

a:,z,w - / 2¢y'¢'y wwy z T ¢2¢y,z,w)
Y
+ 'Lh / Dwy ’l,by w¢y,y, + ¢y¢y Y,2,w + /l*b:,y,Z,’w/l'by’y + Q,by,z'lp;/,y,w)

2 /11
h Q/Dwy?’by,y,y,z,w'
vy

< However, new descendant fields arise ¢ and y”

o> How to truncate them?



h expansion and recursions

< Up to now, all the equations are exact
o~ N expansion
e A < (" AN
Py = 2 (7) (D)En), l//x,y — 2 <7> l//g@y), l//x,y,z — 2 <_> l//x(,’;,)z
n=0 n=0 n=0 !

< We can truncate the new descendant fields because these are from higher 7i-order terms

o 1-loop DS equations and tree-level descendant equation

A 2
(D — (1) 0 1 0),,.(0
Ps _J D, []y _5<(¢y( )> # + o, )l/jy(y)>]

y

0) A 0) 2 0)

Yz = sz — EJ ny <¢y > Yy.z
y

< Substitute the perturbiner expansion into the DS equation
o) = _ 4 l Z dOPOPD 4 Z POp©)
P~ 5 2 e RS e " pl%
(ko)™ +m2 \ @=guzus P=GUR P

A 1
0 —_Z2 O)HOPO)
P =3 > OOV
g=cuaus (P —ka)” +m




reduction of higher loop integrals

< 2-loop recursion

A 1
R Z: OpOp® OpDep)
O = < <CD@Q)%CI)S +2®@®%®5>

7 2kp+m?\ s
D N R | xpl'g’fgl@),
P=QUR " P P4
o e, S (2ol ropegy)
1 ,
o, 2], (O )
L P m gl W LR LA

P=QUAUS

-> General structure
e Theories with n-point vertex — (n — 2) loop reducible

e pure YM/pure GR — 3pt vertices using the first-order formalism (1-loop reducible)



Steps of deriving the recursions

Write down the EoM

Constructing the Dyson-Schwinger equation from the EoM by the deformation
Substituting the perturbiner expansion

h-expansion and truncate the higher 7 order terms

Deriving the off-shell recursion relation

Solve them!

Applied to
- phi-4 theory: 2-loop
Pure Yang-Mills theory: 1-loop 4pt
Einstein-scalar theory (for binary BH system): 2-loop 4pt



Generalization to
Binary black holes



Kinematics

< In the inspiral phase, we may treat the spinless BHs as point particles

- Considering two body motions (massive point particles)

My — YH nyH —
X=X @+ ) X' (D) a=12

n=1

X (D)
U — HH H 1,(n)
XY o)(0) = bl + vl /

HopH
ml,vl,b1 o >

-----
----------
a
Y
L]
L]
.
]
-
.
.

........................ < o My, vg, bg‘
Z — pH 4 PH
X, (O)(T) =b, +vit

< We will consider the conservative potential — leading order

< Goal: Compute the momentum kick order by order in G, AP{‘2 = [ er’i‘ 2(T)



Action/EoM for two point masses

< Change the notation:
g =,/—gg", ¢, =——8,

o> Action:

Jd“xj””(x)%ggm,(x)

Sla, 7] =S +
18, /] = Sgulgl N

167G
The external source/Energy momentum tensor
dX!(7) dX;(7) 54

dr dr

2
j*(x) = 8nG Z ma"df (x” — Xg(f))
a=1

- Einstein equation:

1 1 1
5,8 = d"x g, |- + —| " — =g
g 167Z'G" g/,w|: \/_—g<] 2g .] gp6>:|

o Geodesic equation:

a1 _ .1 1 1 o
ngXa =Eap ﬁgm/ x—>XaXaXa




Perturbiner expansion

o> The n-th order metric fluctuations h(ﬂg is a function of coordinates x¥, as well as the

impact parameter b, implicitly
h'uy(X) h’W(X bl’ bz)

< Perturbiner expansion (x = x* — b¥, a =1,2, ¢, arethe Fourier dual of x)

. 1l1-x 1o -
n=1: hi)(Ta)= _/e - 1J(l)l[él, O] +/g e 2J(1)|[0 £2]
1 2

. pv _ 14121 tlo-xo TH tl1-x1+ily-xo TUV
n>1: ha(za) —/1Z Jrlits 0 +/e J >|[062]+/£ , Sl 2]
1 2 1,42

1. P _":el'Xa,l,(O) Y —1€2- X 2,(0)
n=1: X ,(1) / Xa (1)|[£1,O] + Xa,(1)|[0,£2]e )

. P _ e~ W1 Xa,1,(0) e~ W2 Xa,2,(0)
n>1: Xp (7 _/e Xa ,(n)|[€1,0]€ +/ Xa \(m)][0,£2]

1

M —'l:£1'Xa’l’(O)_iEZ'Xa,2,(O)
* 010 Xa ()| [€1,£2] € ’
1,2
7 N N7 N ¥ H
X a,[3,(0) = bq bﬂ+vaT'



Summary and future directions

» Established a new computational framework for perturbative GR

> defined a “good” variable — tensor density & doubled metric
> derived a recursion relation in a remarkably simple form — no infinite expansion
> Showed the integral factorization occurs — only bubble integrals arise
> Derived Schwarzschild BH solution all order in Newton constant
» Applications
> Extension to binary black holes — two moving point masses
> Kerr BH — massive higher spin or worldline SUSY
> Finding interesting unknown solutions — physically intuitive setup.

> Computing scattering amplitudes for QCD/SM



Thank you!



