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Generalize IBP to the function (Hankel) integrand case.

Uniform formulas of iterative IBP and dlog DE of
arbitrary (massive & time derivative interaction)
tree-level cosmological correlators.

Hypergeometric Solutions of arbitrary vertex integral
family (1 vertex with arbitrary legs) via power series
expansion & dlog-form DE.

Factorization and solutions of homogeneous parts of
arbitrary tree-level cosmological correlators
& example of solving non-homogeneous part.

Discussion: inspiration of these techniques to flat QFT.
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Part 0 Background



Motivations of QFT in dS

* De Sitter (dS) space is the simplest curved space
(together with AdS)

* Cosmological Collider & e.t.c.

in-in formalism in cosmology:

E. Calzetta and B.L. Hu, PhysRevD.35.495,  S. Weinberg, PhysRevD.72.043514
Cosmology Collider:

Xingang Chen, Primordial Non-Gaussianities from Inflation Models, 1002.1416
Nima Arkani-Hamed & Juan Maldacena, Cosmological Collider Physics, 1503.08043

* dS/CFT duality

Modave Lecture Notes on de Sitter Space & Holography 2306.10141



In_in formalism refer to arXiv:1703.10166, Xingang Chen, Yi Wang, Zhong-Zhi Xianyu,
Schwinger-Keldysh Diagrammatics for Primordial Perturbations

N
The n-point correlation generated from the inflation of vacuum.

<Q(T)> — <Q}F(T> TO:)QI(T)F(Tv 7_0)|Q>

inflation " inflation

Q1) = ™ (1,x1) - - ™V (1, %)

Metricofds: ds” = a”(7)( —dr? +dz?), a(r) = 1/(—Hr)



Flat vs dS

plane wave vs Hankel function

space mode. e”ikx
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The Hankel function results in leftover time
integrals, including at tree level.




Feynman Rules from Schwinger-Keldysh Path Integral

[ bulk propagator ]

T1 T2
o ——o

1 T2
o——O

T1 T2
o———— e
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[

bulk-to-boundary
propagator

J

(massless)

@~

& anti-time ordered

: N .
uq (7, k) = _$€iﬂ(u/2+l/4)ﬂ[(—7)3/2}1£?(—kT)J [ T for.t1r.ne ordered

]

o~

Gi_(k;m1,m2) = G<(k3 7157'2)7
Gt (k;11,m2) = G (k; 11, T2),
G__(k;m,m) = Ge(k;11,172)0(11 — 2) + G (k; 11, 2)0(T2 — 1)
2
o Gi(k;7)=Gis(k;m.0) = 2k3(1—|—zk7) e~k
2

g G_(k;7)=G_4+(k;7,0) = (1 —ikT)e T,

2k3



Feynman Rules of the Typical Vertices

ki

A [0
ks Scalar coupling —ﬂa4(T)ap4 — T i\ / dra*(r)---
. . A g i\ 0 5

ko Space-Derivative coupling —5Y (T)e(0ip) (Oip) — £ 5(1{?12 + ko3 + klg)/ dra®(r)---, ki =k;-kj
& : L : A 2 2N T TT1[0-Ga. s 7, 7)]

ks Time-Derivative coupling 6% (T)pe™ = F 3 7a”(7)Gay (ks 7, 71) »Ga; (ki3 7, T

o i=2,3

ko + 2 permutations,

Example of Diagrams:

O G e




Current Methods for dS and Flat

Methods for dS

Cosmological Bootstrap
1811.00024, 1910.14051,
2005.04234, etc.

-

\_

Mellin-Barnes (MB) Space
1906.12302, 1907.01143,
2109.02725, etc

~

J

Partial MB Transformation
2205.01692, 2208.13790,
2301.07047, etc

Methods for Flat

[Conformal/ Symbology Bootstrap\

special cases el
(N=4 SYM,...) —p powerfu

general theory I:> not easy

\ 1102.0062, 1612.08976, etc )

Mellin-Barnes

Not easy for complicated cases
hep-ph/9905323, hep-ph/ 9909506, etc

[ ...... }

-

~

The Most
Popular Methods:

Integration-By-Parts
&
Differential Equations

Many developed automatic packages.
(Kira, FIRE6, AMFlow, DiffEXP, etc)

Preferred for the most
complicated multi-loop
calculations e.g. 2312.08131.

Can we generalize?

t t t
o QH QH
t t t j




Generalize
Integration-By-Parts

Part 1



Traditional IBP (Integration-By-Parts)

Polynomials

(monomials)

2
Integral / H P{ (2)%dz
family: ¢t ’

d/%k ;
Example: flat space
(k2 — m2)a1{(q — k)?] O

k

Example: conformally-coupled scalar field in dS space S= / A%z dny/—g [; 9" 0u0ud — ERY* = > ﬁd)k

k!
k>3

/OO dxq A dxzo ($1$2)6
0 (T1+22+ X1+ Xo) (21 4+ X1 +Y ) (22 + X2 +Y)

ref: 2308.03753, 2312.05303, etc




IBP of Function Integrands

Integral family:

Cosmological

Integral Family:

Polynomlals

Functions

-

LA

@dz]

\
/ dz = / dr; / dl;, l; for loop momentum

\_

= 7j, polynomial of loop momentum
F, = 7 H,(/1’2)(—k7'), (‘%H,(}’Q)(—lm'), 0(r; — Tk))

Example: IBP for dt (dk is similar)

!

The only term
involves different t;

|

[ IBP: 0=/Cd<TVOH,(/1)(—kT)) I:> O:V()/CTVO_lﬂl(jl)(—kT)dT—f—/

C

0 GTH,(}) (—k7)dr ]

Second order
derivative
terms can be
reduced!

o)

L

P

1
(k) + 0, H D (—kr) + G=

I/2

H272

JH?) (—k7) =0,

5

> 4




Factorization of IBP of Ti

For G.3: no dO(t; — T;), and integrals of different T are automatically factorized.

Reduced individually

For G, : contribution of dO(t; — T;) to IBP has two cases.

4 N [ )
Tj — T; T; — T Pinched
79 Vanish ot ) :
(d7)  1(0 (01)  a1(
- 2N _/
1 for constant vertex Subsector/

dt for time-derivative of the propagator Remaining terms .



Factorization of IBP Subsector
Remaining terms

gof‘r: /HdTMX---:[/H(dT@;J_- ---}JrR,/v

IBP of arbitrary ] P o a

AN
tree-level correlators )—<\D 2—<D

(and T-integrals in B S »

Reduction of vertex
integral family

the loop integral) —<3 f{ individually
can be factorized ! Ly
IBPofl& 1 Reduced
via IBP of 1 Solve
IBP relations of | dt-reduced IBP | Complete
loop momentum relatlons reduction

: - =1 R — /( ) ! O.fdl) =0, df =Q.fdl
/d(lllliml---f) =0, F=intn |f|\Z—p1| F = 4D =0, df =9 F
Master integrals

. DE of t-integral
of T-integral

14



of Vertex
Integral Family

Part 2



Vertex Integral Family & Construction of h-function

0 n
/ fae) = / (—T)Voeikm H h(vi{aif —kiT)dT \ notation @ :
i=1

a
base-2 — base-10

— 0

ag € 2, |ai>1 =0,1;) a=ay,--- ,an

a=ay,a2, - ,0n , a’i=071:
plor2) (ol —kr) = (—AIT)_UHE})(—]{?T) (or Hfﬁ)) x 773V (or u™),

a= 1+Zaz—2n—“’,
1 - -
= ——&Th,(l’Q)(Lf, 0; —kTIN 1

;11 / I& = I{a} - I{al:a2,"-}

For k.7 € R and v = +v* U and u* satisfy same differential equation and thus IBP as well.

A2 (pf1]—k7)

1
OFH{) (—kr) + ~ 0 H{") (~kr) + G

1
O2h(v,0;7) + ;(zu + 1)0:h(v,0;7) + h(v,0;7) =0, 7= —kr



Example: 1-fold (1-massive-leg) Vertex Integral Family

0
Integral Family Vivg,a1) = ] e Th(vy, ar; —kiT)dT,  a; =0,1, HMIs=2

Matrix Form
[ IBP Relations ] fE)]: {V (VOJVGJO’O)»V(VOJF@OJ)},

(Mfl) + 1/0]12) FOV+ (Mé” + iko]b) FO=0

@ _ 2v+1. - [0 0 D o[k
My™ = (b 2)_(0—2uj—1 ’ ° Tk 0 )

/

Pauli matrices



Example: 1-fold Vertex Integral Family Iterative reduction

Iterative reduction f(_l) — A_(Vo)].f(o), A+(VO) — (A_ (VO £+ 1))—1’
(T 0 ik b\ )
( n) — A — ) 0’ A — 11/0 7/7:0O
(z];[ 1 VO Z f (VO) ( —Vof2u1+1 _1/0—2161/1—1 )

k% —k3 ki —k3

’Lko(l/o—l—l) k1 (1/0 21/1)
A L k2 k’% k2
+<VO) - k181/0—|—1) iko(vo— 21/1)

A_(I/()) = (

k1
0 ”
k1 O ’
—vo+2v1+1

0 o 1/0;21/1
A+(VO) — vo+1 01
k1

) simplified

18



If we do not define h as introduced ...

h(vy, a) = (—k7)2HSH

O2h(p, 0: 7) + (1 A

Not easy to find the relation between f(® and f(@+1)

19



Example: 1-fold Vertex Integral Family d log-form DE

A% 1,0 ,
8ko.f(0) _ (?/ (VO + )) _ ZA_|_(V0 4+ 1)f(0)j

iV(V0+1,1)
—V (v +1,1) 1) .
O, O = o 1V :(—M — o9 Ar (g + 1)) . FO.
klf (( 21 [QV( 0,1) +V(V()—|—].,O)) kl 1 2 ‘|‘( 0 ) f

[ dlog-form differential equations emerge automatically!! ]

df© = a0

40 — Z Q. dk; = Cydlogl(ky)|+ CQdIO{[(kO — k1)(ko + kl)]]—l— nglOg[( ko + k1 )]

i=0,1 ko — k1
(—VO - 1) 0
0 (21/1 — 7/0)

b=

Q
I
PR
o O
I
-
S o
I
'—l
N~
= -
Q
I
7 N
b —

20



n-fold Vertex Integral Family

0
Integral Family V(vg,ar,- -+ ,an) :/ ”OeZkOTHh (vi,a;; —k;7)dr,  a; =0,1.
0 1=1
Master Integrals (SO) — V(yO’ aj)’ a=ay -+ ,ay, Va;=,0,]1. HMIs = 2"
IBP Relations (M1)p, f( DI, F(Mo)py f(O) =0

-

S T\
(Ml)ba — ( )b a] Hﬁb QL + VO(Sb(/,
=1 | |
= Y (Méj )) H Obsa; | + k0dba
\ =1 | ST )

a; = 0,1 bi = 0,1
Tensor product of 2x2 matrices

\_

M9 — _

Compare to n=1

(Ml(l) + Voﬂz) FOU 4 (Mo(l) + ikoﬂz) FO =0
2v; +1

o= (0 0 G) _ _
5 (Hg 0'3) = (0 —21/j _ 1) ) M Zk 09 — (

0
k;

_kj

0

)

~

J

21



n-fold Vertex Integral Family

IBP Relations (M1)pg &y + (Mo) g ) _

N\ G) nox A
Ml—Z(Vj+§)A3+ 1/0—5—21/1' Hgn
1=1

— (4) — _
j=1 ) (Ak )ba = (O-k)bj,aj Hébi,a“ k= 1,2,3
My = —i Z kj Agj) + ikolon Pauli matrices 27
\_ im1 Tensor product of 2x2 matrices )

Iterative reduction [ A () =-M;'" My, A (vp—1)=—-M;" .M. ]

Non-diagonal, T, for diagnolization

~

of reduction of
arbitrary Vertex Integral Family
No inverse of

_ a1
A-(v) = =M~ My " ) v large matrix!
Av(vo—1) = T, My .M. T, = =T, " .My . T,,. My,




n-fold Vertex Integral Family d log-form DE

Opo £1O = if W = iA, (1) fO,

1 2y, i NG .
O, F O = (———”(ﬂgn — AWy — zA;).A+(VO)) FO fori>0.

k; 2
/ of d log-form DE of arbitrary n-fold Vertex Integral Family \
(
) _ilog [ko + 3 (205 — 1)/@2} . b=a
df9 = (0).fO =S Q.. fOdk; (Qo) = :
Z L botﬁ) \0, b+#a
diagonal o ‘ _
0 =Q.,. + zTn.QO.Tn .Ml(vo +1), (), = S a;(2v; + 1) logk;, b=a |
: 0 b+a
\ diagonal & only rely on v; L /

Two structures: d log-form + tensor product of 2x2 matrices



IBP & dlog DE of Remaining Terms H Finched ><

Iterative
= Aol oy = (M) | BaY
/

Reduction: c,b a,b

fep” R (A (0) b Fuis™=

———

’ +1 4 —2u;.1— bo—2vi.1—1
R‘(lag, 0) — 5%,1_1)_(1)a@+1_€7r1m[u](ki;1) 20511 (zir,mAL 0—2v4,1—1)
L 305

\ a’gab}’ — a1,a2, - ,Q5-1,Q341, " :a‘nlabla'“ abjflaijrla'“ :bnz a/
Check details in

\ 2401.00129

dlog DE: dy) = =i (Tn" T, 5p-a. (—1)b

a(c%;l—bj) J7

— 1 (T;l.QO;Q.Tn) 5%@%(—1)%

b(d%;l—ai)

. o, —2u;.
Selected MIs of geﬂm[y](_ki;l) 2V, 1f( Vi;1)

\ the sub-sector: 7 a;,b; /




Part 3

Hypergeometric Solutions
of vertex integral family

25



1-fold Vertex Integral Family (1-massive-leg, 1 Hankel in integrand)

0
Integral 15 + 2
Fam%ly: /_oo dreer (=)™ ao}i"'("l_)(al’ —kar).

For convenience,
> we consider

0
_ kot wor@ka L h(?)and real v; here.
Master I [m dre™" (—7)"h, (0, -k17)
L 0 .
Integrals: L — / dreom(—ryoh@K |y 7).
dl; = (dﬂai}) I;,
0y = —i(rp+1) (—%i[lU{-’; (ko — k1) — %“ﬁ{lﬂg(ku + fle ,
Differential ﬂlg = —1 (I/[} — 21/1) (%ﬁog (k() + k'l) — %ﬁ(’)g‘ (k(] — k‘-l}]) s
equations: 1

1
ﬂgl = —1 (V[} + l) é log (k‘-(] — klﬂ_ 5[10g Uﬂ(] + klﬂ) s

1 1.
QQQ = — (2;!/1 —+ 1 log (."4:1) —1 (U(} — 2U1) (—Eiﬁog (k'[;. — k‘l)]— Ezﬁog (]f[) + kl)]) .

26



1-fold Vertex Integral Family around boundary k, — oo

\_

All order

dlog DE is
simple

expansion of

J

(2

V0‘|'1 ?:kl(Vg—QVl)
_ r—kix3 k2x2—1
- ik (vo+1) vo—2111

kir?—1 r—k%x3

i=—1

Q:(I:D—I—Qj) _ (

.
Q(—1+25) _ ((VO +1) ky
B 0

0
?:(1/0 + 1)

27



1-fold Vertex Integral Family around boundary k, — oo

o0
Ansatz of power fi = a7 Z C(3, )’
series solutions: l =0
4 )

A solved by ' solution 1. A=y +1,

indicial equations — )\ (C(I,O)) — (Vo +1 0 ) . (C(l’{);) solution 2: A =y — 2v1,
J

Jo
Equations at : Cooy () . :
A C(i, jo) = 07 Cli, jo — 7).
cach order {( +4o)C(i,jo) = Y QY. C(i, jo — j) ]

[ 2 general solutions X 2 Mis }

28



1-fold Vertex Integral Family around boundary k, — oo

(3 ) (57%) m (K

— U

%.-1:2 )™

[l](l/r ki) = = gt Z

(ul + )m

m!

() s (57) 1 (K322)™

f[l]

L[,”(l/:r:,k ) = ik 2 Z

m=

(?/1 -+ 1)?n_|_1

m!

vg—2v ) . (VQ—QV|—I—1
m-+

)m (F2?)™

m!

Lo (5 2
z, k1) = 207 (—ikyx
2/, k) (—iky )mzzn = —
g2 5~ () (U5F) (k2
(1/3 k1) = mzo (—v1)m m!

(j[Q]f[2
~~ /

[

General
Solutions

J

-

\_

_ 1[1](1/:1:, ki) =

They can be expressed as the known
hypergeometric function ,F;, e.g.

PR (Vo +1 vy +2
z 5

v+ 1 k‘?.rQ)

~

J

29



1-fold Vertex Integral Family around boundary k, — oo

5 = [1]]1"5] i C[Q] fé[f]
\
[ Boupdary J
Coefficients

/0 d’/{eiko'r][(—'r)”““o hg) (ar, —k1 'r)]
> ;

Exponential Suppression
70

T — 0 contributes

N

/
k o 2] Cgko)(’/l) ° ikoT vo—2w1 —1
el C§ 0)(,/1)/ T (— ko) kodr| | C W/ e 0T (—koT)"0 T T T pdT
) 1 —00
_ C(ko) v ) (—i vot+1p (1, +1), C(ko) 1 Ny
_ () (=) (0 ) - Z,%yl(ﬂ)(_z) 02T (v — 2u1) .




Arbitrary n-fold Vertex Integral Family around boundary k, — o

4 ) " n o la;—bj] N
2" 5 A A)a—bl1 (—1)biik;x
I~ — Clb] ¢lo] General Ja [a—b[.1 H =
a = Ja . 2 : B,
4 Solutions j=1 J
= - 2 2 2 2
k (Ala AQ: Bla ) Bna k’le ’ kn’r ) )
Through N
observation Boundary X n .
& conjecture Coefficients C[ ] = ( VO—HF H —’Lk‘ —bj (21/j—|—1)céo)(yj)
(verified up to n=4) For h®, v; € R j=1 ’
\ J
( - A A nomi )
Notations A LAnBiz) = S ( 1)::@.1( 2)m.1 1T G
~ 1 /- H—l(Bz)m L L m,!
A=ww+1-b.2v+1), Ajzi(A+|ab|.11+j) : my,-- mp=0 = =1
B, —v, 41— b2 1), B; =B; + |a; — b, @ =a1,az, 500, b=b1bg 000 b
N ) V=V, ,Vp , 1:1)1)"'317
C[b] — V()—I-IF H b-(?yj—l—l)cgkﬂ)(yj)’
j=1 b ‘a_b|:lal—b1|a|a2—b2|7"' a|a7’1_b'ﬂ| .
- y,

31



Arbitrary n-fold Vertex Integral Family around boundary ky - © & k,, —» o

We give
results of all
these cases

/‘

~

\

- , :
. g (1,2)
massless leg k - By our definition of h*+#/,
General mne ) IBP & DE & general
Solutions [ _ k—o | solutions are the same
massive leg h,(a, —kt) for h(12) and v; € Im|R. J
\ S
r : ) \
@) 4.
massless leg 11:1;; Forh™, vi€R |
Boundary \ < For h®,v; € Im
Coefficients [ _ k—>o | <
massive leg i, o —ko) —\ For D, v, € Im|R
- - - ’

J

Check details of them and analytic continuation beyond the region of
convergence by numerical DE in 2411.03088.



Factorization of
Part 04 Homogeneous Solutions

33



dlog DE of 2-Vertex Integral

dI = dQI o W

ks
o_ (AR 1 \ 7N\
- 0 C (a) 2-vertex sector (b) 1-vertex subsector
4 Mls 1 MI

| ky=ki+k |

A = Oy (K12, ks) @ 1oyo + Laxo @ Qy(k3a, ks).

C = (29 + 2v1 — 1) log(ki12 + k34) + (—2v1 — 1) log(ks)
/ %i(log(k‘lg — ks) — log(k12 + ks) + log(ksg — ks) — log(kss + ks)) \
5(log(k12 — ks) + log(ki2 + ks) — log(kss — ks) — log(ksa + ks))
(—log(kio — ks) — log(kia + ks) + log(kss — ks) + log(ksy + ks))
\ 3i(log(kia — ks) — log(ki2 + k) + log(ksa — ks) — log(ksa + ks))

R —




Blow-up of DE:

easy expansion of DE around arbitrary degenerate multivariate pole.

A = Q(k12,ks) ® 1axa + Laxo @ Qy(ksq, ks),
C = (—2v + 2v1 — 1)|log(k12 + k3a)|+ (—2v1 — 1) log(ks)

si(log(kia — ks) — logMg + ks) + log(kas — ks) — log(kas + ks))
ks) —log(kss — ks) — log(ksq + ks))

Exponential suppression boundary (k;,, k34) = (0, ) is a degenerate pole

4 ) 4
T = k3a/k12 pole: (z,y) = (0,0)
blow-up: j‘> _
= 1/ksq4 region: k12 > k3qs > 1
\§ , \ J

9&2’1)}&(1}13 b, —ksTo)

35



Indicial equations of 2-Vertex Integral Family

Power series
expansion ansatz

C(5,0,0)=0 - fs=0
four homogeneous
solutions

One non-homogeneous
solution

<

7,k=0
O {C>i #£1,0,0) = 0\ = 1o+ 1, i = 2u9 + 2},
{C(i # 2,0, ())= =vo+ 1, u=1+4 219 — 211},
(C(i £3.0.0) = 0.) = 1o — 21t = 1+ 209 — 20},
L {C(i #£4,0,0) =0,\ =vp — 2v1, u = 219 — 41 },
C(5,0,0) C(5,0,0)
C(2,0,0) = —=.(C(3,0,0) = —
{(! ) 21 — 1y () vo+1

> Cli, 4, k)aly*

C(1,0,0) = C(4,0,0) = 0,\ = 1 = 209 — 201 + 1}

36



Factorization of homogeneous general solutions

(a) 2-vertex sector

(3

(- 5
[ = Z Clil pli]
=1

~\

J

-

\—

A =

Factorized IBP—- factorized DE
[Ql(kw, ks)]® loxo + 1oxo ®[Q1(k34, ks)]

— factorized homogeneous
general solution

i = Vi@V w), £ =0

~

J

4 homogeneous
general solutions

b b
//
h i )
(2 [
4 () = f; (1/@, ks)
2 general solutions of
1-fold vertex integral family we

solved
\_ J

37



Factorization of homogeneous boundary coefficients

kl k4
region of blow-up region for 5
::> - 1<K <0
k1o > k3ga > 1 integrand: 2 1
k2 k3
Leapy = — deldT:z(’iTl)v”eﬂ/(Iy)(iTg)meT?/y (a) 2-vertex sector

X [h(l)(yl, a,iksT |0(T — Tg)]’l(Q)(yl, b,iksTs) +h.(2)(1/11 a,iksT )0(T0 — Tl)]h,(l)(r/h bj’iksfrg)]

the integrand
for getting boundary coefficients

Factorized! [[ / dry(—71)e*2 D (yy a, —ks’?‘l)”[[ / dro(—7) 0 €342 (2 (1) b, —k.q'rg)ﬂ

@ expand @expand

Clt = —emmor(yy + 1)2CT5 (1) C1 (1)

Cl2) = _jemimto=m) p=2i=1p(y 4 1) (1 — 21/1)0’{(’“") " Cgko)(ul)
OB = —jemim(o—r) g =21=1p (10 4 1D (i — 21/1)0;(1@0)

CHI = (1) ™ e By — 20 )P ) O

Homogeneous boundary coefficients
1 boundary coefficients of the

vertex integral family
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Factorization of homogeneous solution

.

\_

expansion of
dlog-form DE

( e )
Hypergeometric k - o
YPETE! masslessleg =~ _.,
solutions of L ne ™
arbitrary vertex k- o
integral family massive leg ;. ;. 4 —kp)
by power series J

analytic continuation to
any region via NDE

(

Factorization blow-up of k;
of IBP & DE 1
order of t;
@ H(Ti — T]) = 0,1
( ) ( )
Factorization Factorization
of homogeneous of homogeneous
general solutions boundary coefficients
. J . J
J
Y
4 )
Factorization
of homogeneous |
(special) solutions
. J

\ 4

\

Homogeneous solutions
of arbitrary tree-level
cosmological correlator

solutions of

=HE/erteX integral familyj

W

39



Example of non-homogeneous solution

>

2.

\

2.

f[i')} _ x2y0—2u1 +1y2v0—2v1+1

2ey)""

21/0 2v1+ 1) myons1 (diz™y™) \

( Z’?r?,nzo i (

4m.k3(ﬂ#+7)
7(7 )m(lkZ 2

" (§(m+u0—21/1+1))n+1
T
2) (2V0*2V1 +1)m+2n

> om -
m,n=0 9, (v—l—zJr

(—2)™ (2vp—2v1+1)m+2n (%k?a’:zyz)n

)n(%(quuO—Qz/l))

n+1

X o0
Zm,n:O 9! ( v+l | m)
: 2

_ ( 1 (m—l—ug—2v1+1))

H(200 201+ 1) p2n g1 (diz™y")

Z?rin:o —(—z)™ (%kgxy)

2
4mlk, (202 42 )

(5 (m—l—uo—Qul))n

y?)

ko
(a) 2-vertex sector

k1 k

ko ks

(b) 1-vertex subsector

n-+1 +1
\ (1 _|_$)—1—21/0+2V1 )
—iksxy(—x)™ (200 —2014+1) 1y 41 m+3 vo+m+3 vo—2vi+m+3. 1.2..2. 2
m=0 m'(uo+m+l)(uo 2v1+m—+1) ?‘FQ( Vo — 1 + Vo — 1 + 1 2 ’ 2 k )
oo —(—x)™ (2vg—2v1+41),, m+1 m+2 Vo+m+2 yg—2u1+m+2 2
m=0 m!(vg—2v1+m) FQ(VO — v+ Vo — V1 + 1 2 ? k

2 m=0

oo

m=0

(—x)™ (2v0—2v14+1)m

sFo(vg — 11 + 25—

, Vo — V1 +

m!(vo+m+1) 2 ’ 2
—ikszy(—x)" (2v0—2v141)my1 m—l—2 m+3 . vg+m+4 ug—2ul—|—m+2_ 2
m!(vo+m+2)(vo—2v1 +m) 3F2(V0 — + Vo — 1 + 2 15 2 ’ 2 9]{:.3
(1 _|_$) 1 2v9+211

m+2 1 vo+m+3 uo—2ul+m+1 k‘2 2. 2

y7)

$2y2)

/
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Part 5

Discussion:
Techniques & Flat QFT

41



d log-form DE: towards analytic evaluation beyond MPL?

MPL
cases

/

-

Canonical
Differential

Equations
arxiv: 1304.1806

e-form
d log-form

MPL GPL

\

elliptic & beyond
cases

\ 4

e-form

eMPL & e.t.c.

comparison:
algebraic & simpler
easier to get

\ 4

-

.

<
d log-form

Multivariate
Hypergeometric
Functions (MHF)

J

getting MHF may
not be easy

define new

via d log DE

= A;

\. J

All-order expansion of
dlog DE is simple

=y
CO_Ci_ - Co

i j=0

special functions

B properties
of MHF \

C

o

J
i

J
0

Fast evaluation

Properties of
singularities

Analytic
Continuation

Relations between

power series solutions

around different
singular or regular
points

42



Notes: power series expansion & blow-up of DE

4 N
4 _ ) generalized power series expansion
When do we need power series arxiv: 1907.13234
« ner llZ n? expansion VS i ~ N; - | :
the “generalized V(L +r+ ) HOEDID DD ('L’ﬁ’””ﬁ”)(t—T)“’“ﬂ{log (t—T)“]
\. J J1€8; j2=0 j3=0
N )
Lre ] l | 1 [toglrl)e (Loglri?e’ ofer?
J expand [ r r 2r
[ Blow-up of DE ] VS [ Method of Region ]

one blow-up transformation for one of the
regions around the selected pole
— boundary condition at a regular point
— analytic continuation to all region by NDE

I’'m not saying it’s better (at this moment, | don’t know), but worth a try.

Sum over the contributions
of all regions
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Part 05 Summary



Summary

We generalize IBP & DE to integrals with function (Hankel) integrand case.
Factorization of IBP — Factorization of DE — Factorization of homogeneous
part solutions

Construction of the h function — Formulas of iterative IBP & dlog DE
(including remaining/subsector terms)

: : : .y tfactorization
Solutions of arbitrary vertex integral family > homogeneous part

solutions of arbitrary tree level cosmological correlators
Techniques: solving dlog DE by power series expansion and give MHF

solutions & blow-up of DE.
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Thank you for listening



Backup




Details of IBP of O-function

For G+- and G-+, no dO(ti-1j), IBP of T automatically factorized.

/[(8Tk17k( ;Tk)di)JX H (VJ( ;Tj)de) flla, - k- akE)Hde'
J#k ;

For G++ and G--, contributions from dO(ti-t)) to IBP have two cases.

_h(“}(rf: 0, —fﬁ'ri)(Eiﬁﬁij)!"a.{?’_“}(u, 0, —kT1;) + LB~ (1,0, —fﬁﬂ-)(Eﬂﬁﬁji)h(”‘}(f,f, 0, —k.‘.’rj)_ X o
1D (1, 1, —k7;) (05,00 03D (1,0, —k1;) + KRG~ (v, 1, —k73) (D5, 0;:) 0D (1,0, —k;) | x - -

_h(“}(m 0, —fﬁ'ri)(Hﬁf?ij)!"a.{?’_“}(y, 1, —k7;) + LB~ (1,0, —fﬁﬂ-)(Eﬂﬁﬁji)hﬁ”’}(f,f: 1, —k:’rj)_ X e

1D (1,1, —k7;) (05,0:)h =D (1,1, —kr;) + KO~ (0, 1, —k73) (D5, 0;:)h D (v, 1, k)| x - -

0ij =0(ri —75), a=1,2.
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Details of IBP of O-function

f(lﬁ(lrj [h.(“)(u, 0, —k7:)h =9 (1,0, —kTj) — K3~ (1,0, —k7;) b\ (v, 0, —kT;j ] O(T —Tj) X -

= /dﬁ [h,(“')(r/, 0, k)3 (1,0, —k7;) — h® (1,0, —k7) LD (1,0, —k7;)

Ja
)

Vanish

,[dﬁde [h.(“)(y, 1, —k'ﬂf;)f.ﬁ(:*_”’)(u, 1, —k1;) — h_.w_“}(u, 1, —I'f:'r,‘;r)."'.'_.(“')(r/: 1, —kt;j ] O(T —Tj) X -

= /d’r.-;, [h,(“)(v, 1, —km)hB (w1, —kr;) — hC D, 1, =k )W (1, 1, — k7)) | % - - :.

)
|
)
|

— (—1)”’/{1’5— |F(—kT;)] x--- = +fd’ﬁa CI,%{—!;:TE-)_}E”_l X e
s
+ (—1)”’/{1’5— \F(—k1;)| x - = — fdﬁ CI,%{—L:Ti)_zi’_l X e
s
P|nChed F(—kr;) = kD, 1, —kr) b2 (1,0, —k7;) — B (v, 1, —k7:) bV (1,0, — k)
1 P R ﬁ -y —2r—1
F(—kr;) = C, - (—kT;) :
1 for real v
Cv — :
{(—.”“’ for imaginary v
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Construction of h-function & IBP and DE of ki

For IBP of ©

-
O-h(v,0,—k1) = —kh(v,1, —kT)

~

J

Orh(v, 1, —k7) = —k[,{i(% + Dh(v, 15 —k7) — h(v, 0; —k»r)]
\ T
For IBP and DE of k
4

oxh(v,0,—k1) = —7h(v,1, —kT)

\_ T

oxh(v,1,—k1) = —71 [ki(QV + Dh(v,1; —k1) — h(v,0; —kT)

|

~N

J
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n-fold Vertex Integral Family

0
Integral Family V(vg,ar,- -+ ,an) :/ ”OeZkOTHh (vi,a;; —k;7)dr,  a; =0,1.
0 1=1
Master Integrals (SO) — V(yO’ aj)’ a=ay -+ ,ay, Va;=,0,]1. HMIs = 2"
IBP Relations (M1)p, f( DI, F(Mo)py f(O) =0

-

S T\
(Ml)ba — ( )b a] Hﬁb QL + VO(Sb(/,
=1 | |
= Y (Méj )) H Obsa; | + k0dba
\ =1 | ST )

a; = 0,1 bi = 0,1
Tensor product of 2x2 matrices

\_

M9 — _

Compare to n=1

(Ml(l) + Voﬂz) FOU 4 (Mo(l) + ikoﬂz) FO =0
2v; +1

o= (0 0 G) _ _
5 (Hg 0'3) = (0 —21/j _ 1) ) M Zk 09 — (

0
k;

_kj

0

)

~

J
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n-fold Vertex Integral Family

IBP Relations (M1)pg Y+ (Mo)pg O~

~

(A’(“j))ba = (J_k)bjaaj Hébmaw k=123

Pauli matrices 7

\_ - J

S
|
[N

'ET
-

)
_|_
~
=~

o
=
[\
3

(ufoe)
n=2 matrix form Vo 0 0 0 iiko —ko —k1 0
_ 0 vg—2v9 —1 0 0 ko kg 0 —k fT _0
My = Ml(l) QI +1r ® M1(2) + volly @ Iy 0 0 gy — 21/1 —1 0 kl 0 @k() —kQ ,
My = Mél) 9l + 1y ® Méz) + ikoly @ I, 0 0 0 g — 21/1 — 2V2 -2/ 0 kl kg Zk()

F={rC0 Oy fO = (0 g R 1



n-fold Vertex Integral Family Iterative Reduction

0 0 tkg —ko —k1 O

0 0 k‘g ik() 0 —kl . —1 . —1
vo — 211 — 1 0 ki 0 iko —ko [ A—(VO) — —/M1 Mo , A+(V0 - 1) = "Mo My . ]
0 Vg — 21/1 — 21/2 -2/ 0 ]ﬁ k2 ik() / ;
M . . .
1 M, Inverse of Inverse of this matrix is NOT easy

diagonal matrix

171} 0
0 1/0—21/2—1
0 0
0 0
(
\_

iL(l/@', A, —]CT) E— Z Taibz’ h(l/i, bi; —kT)
b;=0,1

1 (1 - 1 1
T_ﬁ<—z‘1>’T ﬂ(zl)

~

to compute for large n,

l

T.00. T} = 03,

| Diagonalization of
M, can help.

T.o3. T = —0y,

flao) = flao) (Th)pa = HTb‘ia%’ 7 Tn-Agj)'qul — Aéj) ; Tn-Agj)T;l - _Aéj) :
=1
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n-fold Vertex Integral Family Iterative Reduction

[ Example: n=2 matrix form IBP ]

After diagonalization of M, relations after diagonalization

p 2w 41 y ‘ AT _ F_ (FD FO)
0 = 20y b)) = —ikjo, (4 |0to) FT =0,  F={FCV, O,
n vg— 1] — o — 1 %Z (21/2 —+ 1) %Z (2V1 + 1) 0
~ 1) (5 n ~ —12'(21/ +1) vy—v1—we—1 0 l’é(QV +1)
- i _ J, . . " My = P) 2 0 1 2 D) 1
My = Z(V~7+2) AT+ 9 ZVZ Ian, ! ~Liun +1) 0 vo—vi—va—1  Liu+1)
j=1 i=1 0 —liu+1) —Li@u4l) - -1
n
~ . i . ko — k1 — k 0 0 0
My — — 1A () . 0= K1 — k2
0 Zlijg +lk0ﬂ2 i 0 ko — k1 + ko 0 0
j=1 0= 0 0 ko + k1 — ko 0
0 0 0 ko + k1 + k2

~

of reduction of arbitrary

n-Hankel Vertex Integral Family No i f
o inverse o

A_(n) = —M[ .My, large matrix!
Ar(vo—1)=-T,; ' My . M. T, = =T, . My 1. T,,. M,

n
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