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Feynman twisted period integrals

e Amplitude at fixed loop order = sum of families. Each family = sum of master integrals

A:Z C’iIi

® Master decomposition formula (abusing notation)

(Al =2_(AlZ]) (¢, (T

ij

[ Mastrolia

Mizera ’18} [FGLMMMM 19}

of a vector (A| into a basis (Z;| using metric

Cz‘j = <I¢ |I]V>

® The scalar product (e | e) is called the intersection number [ono =8

Matsumoto,

]
® Decomposition agrees with traditional IBP-based methods  [Tkachov 's1] [ {751 | [Laporta 00
]

[Duhr, Porkert ’24} [Duhr, Porkert 24
Semper, Stawinski

e Also used to study differential equations!

Semper, Stawinski} [Franuska s talk next
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Baikov representation

Parametric representation of Feynman integrals:

1
d .
I(x) = /d km = I(z) = /CR(B(Z’ x))” 20
Features:
1. Holomorphic measure d"z :=dz; A ... Adz,

AR

Baikov polynomial B(z; z) € C[z,z] with z = {p; - p;, m?, ..
v = (d — #loops — #legs — 1)/2 € C = B" is multivalued!
Integration contour Cr C C" such that B(0Cg) =0
Compute it with Hjalte's BaikovPackage.m

d"z

3

20
L. 2n

[Baikov '96} [Frellesvig '17}
Papadopoulos,

Cr

[repo ¢ 0}


http://arxiv.org/abs/hep-ph/9604254
http://arxiv.org/abs/1701.07356
https://github.com/HjalteFrellesvig/BaikovPackage

Twisted cohomology

[ Mastrolia ]

Twist, connection, and covariant derivative Mg

U= H(Bl(z))% , w:=dlog(u), and Vi) := do) + w
Intersection number integral

(oY) = /Creg(w) A Y

Cho '95 ]
Matsumoto

Regularization in subtraction scheme . .. |

reg(go):go—ZV(hpwp), Vi, =¢ nearz=p
P

... localizes on singularities of w = zeroes of B(z)

(ple") =3 Resiey (v ¢")
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Polynomial reduction and p(z)-adic expansion

® Ansatz for p(z)-adic expansion and the -deformation [Fontana '22] [ pooma"3. |
deg B—1 ‘ deg B—1
=3 D (BQ)"£Yni o 9(B,2)=0 Y B2
neZ =0 neZ 1=0

e Differential equation with polynomial reduction

(B'(2) 95+ 9.+ w)yp —p =0 modulo B(z)—B=0

16


https://inspirehep.net/literature/2806085
http://arxiv.org/abs/2304.14336
http://arxiv.org/abs/2002.01930

Polynomial reduction and p(z)-adic expansion

¢ Ansatz for p(z)-adic expansion and the /-deformation [Fontana '22] [ o3, |
deg B—1 . deg B—1
=33 (BR)" i s U(Bo2) =D Y By
ne€Z =0 neZ 1=0

e Differential equation with polynomial reduction

(B'(2) 9+ 9, +w)yp —p =0 modulo B(z)—B=0

® Sum over poles via the global residue Res g [ Weinzierl ‘20

(16 = 3 Resemy (i ")
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Polynomial reduction and p(z)-adic expansion

Ansatz for p(z)-adic expansion and the 3-deformation [Fontana 22] [ ontan2,
deg B—1 ‘ deg B—1
v=3 D (BQ)"£Yni o U(B,2)=0 Y B2
neZ =0 neZ 1=0

Differential equation with polynomial reduction

(B'(2) 95+ 9.+ w)yp —p =0 modulo B(z)—B=0

]

Sum over poles via the global residue Res gz, [ Weinzierl ‘20

(o] ') = Res g (We¥) = C—1,deg B—1 5 P’ = Z(B(z))" 2 e

ng

Ansatz issues: many variables and expressions = replace everything with matrices!
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Intersection numbers with tensors



Running example

e Consider a family of integrals with quadratic twist

d B
I:/u@au:z'o[)’(z)’yv @:Wag(‘z) ::b0+b12+22,w:§+75

® And let's compute

(p|e¥)=(1/B|1/B%

<90 { SDV> = Res;—p, (1/11)1 SOV) + Res,—p, <¢p2 90\/) Y- Yo
1> &

(82 + w)wp = ¢ near roots p; and py of B(z)




Running example

® Consider a family of integrals with quadratic twist

d /
I:/USO,UZZPB(Z)Va ¢:W73(5) izbo+b1z+22,w:§+’75

® And let's compute

(p|e¥)=(1/B|1/B%

(9| @) = Res.p, (@B ¢") + Reseep, (EZ3 &) A ﬁg
h=1 2
<8Z + w) ‘ = ¢ near roots p; and py of B(z) /k/” / ;3/




Changes of variables and gauges

Want to work simultaneously near the roots => new variable 3

B(z)—p=0

‘ and correspond to 2 () = —b1/2 £ /b3 — 4bg + 43/2

How to remove square roots from differential equation? Gauge transform!
‘ B ll 2t (8) H‘
o

H. and correspond to irreducible monomials 1 and z

s
¥(z,8) = ¢o(B) + 211 (B) = [1 Z} ' [Z?ggﬂ - {1 Z] '
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Companion matrix dictionary

® Basic building blocks from B(z) — 8 =0 = rule 22 +— —bg + 3 — by 2

[Z 22}:[1 Z}.l() ~bo + 3

1 —b =1 =]-@
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Companion matrix dictionary

® Basic building blocks from B(z) — 8 =0 = rule 22 +— —bg + 3 — by 2

[0 ~b+8 o
Qzl1 —by ’ Qaz[o 0]
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Companion matrix dictionary

® Basic building blocks from B(z) — 8 =0 = rule 22 +— —bg + 3 — by 2

10 =bo+ B 101
Q2l1 —by ’ Qf’z[o 0]
® Algebra works: division is matrix inversion
_ 1 by —bo+
— 1 _ 1 0
Ql/z = Qz - —bo + 1 0

b1 2(=bo + B)

Qpr=b01+2Q, = , B =b+2z
2 —by
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Companion matrix dictionary

® Basic building blocks from B(z) — 8 =0 = rule 22 +— —bg + 3 — by 2

0 —bo+p 0 1
Q2l1 —by ’ Qf’z[o 0]
® Algebra works: division is matrix inversion
1 by —bo+p

— -1 _

| b1 2(=bo+B)
Qp = [ 9 b 1

_ 1 by 2(—by+
QB’1:A+45[21 (_Obl )], A= b} — by
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Companion matrix dictionary

® Basic building blocks from B(z) — 8 =0 = rule 22 +— —bg + 3 — by 2

[0 2] ae[11]
® Algebra works: division is matrix inversion
Q. =Q;" = _b01_|_ 3 bll _bo()+ ’
Op — [ 521 2(_501: B3) 1
sl = Aiw[b?l 2(—Eob1+5) ] C A—R

e System of differential equations becomes rational!

v _ _ Yo(B) (B
(aﬁ - B - legll : Ql/z + lel : Qaz) : |}b?(5{| - ngrl : [ 0 ‘| =0
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Series expansion

® Only need 5 — 0 behavior = Laurent expand

Po-1
P11

Yoo
(T

Vo1
Y1
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Series expansion

® Only need 5 — 0 behavior = Laurent expand and cut

oo, =SS v =[1 2]

a=0n>0

0 g
0 g

Yo
Y11

] |

5—1
1
B
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Series expansion

® Only need 5 — 0 behavior = Laurent expand and cut

-1
lo Yoo wm], @
0

1
w(z,ﬁ)‘%o:zzzawanmz[l Z} Yo Yn B

a=0n>0

e Corresponding blocks of differential equation

vy o - - by 1 b1 Yoo Vo1
85— =+ —£ 0 - ) lo
(ﬁ 5+A - A 2 i ) <+¢10+¢116

-85 ) m:



Series expansion

® Only need 5 — 0 behavior = Laurent expand and cut

-1
lo Yoo wm], @
0

1
w(z,ﬁ)‘%o:zzzawanmz[l Z} Yo Yn B

a=0n>0

e Corresponding blocks of differential equation

vy o - - by 1 b1 Yoo Vo1
85— =+ —£ 0 - ) lo
(ﬁ 5+A - A 2 i ) <+¢10+¢116

-85 ) m:

e Convert expressions into tensors!



A quick reminder about tensor product

Nl O
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A quick reminder about tensor product

0

Ly

wix

0

0

0

0
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A quick reminder about tensor product

0

Ly

wix

0

0

0

0

0




Tensor algebra for series expansion

® Dictionary for 95 and 37! terms

00 0 010
Lo, =0 01 and Lgr=|0 0 1],
000 000

® | eading term of differential equation

-W
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Full system of differential equations
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Global residue as covector

(] 9") = —Resig) (¢ ¥)

=—[0 1]0 ofo o]

70 0|0 0[1 07 [ 0 7
0 0[0 0[0 1 0
0 0[0 0[0 0 Do
0 0[0 0[0 0 P
0 0[0 0[]0 0 Yo
0 0[0 0[0 0] [ ;.
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Global residue as covector

(¢ 19") = —Resgy (9 )

0
=—[0 0jo ofo 1] ioo

10
Yo1
_¢11_
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Putting all pieces together

[ 0 1 (o leY) 0
0 Yoo
0 0 : (T =
1_2251 0 Yo _—4(27l
2(1—p) " —8
L A L 11 i L A2
8 —4by + Ap

(ple’) =~y = A2(y = 1) + boA2(y — 1)y

Crisanti

In agreement with the awesome analytic formula of [, [Giuti's talk later|
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Application to 2-loop 5-point reduction

e Result of recent efforts [2401.01897} [2408.16668} [repo@O]
® Numerical decomposition into 62 masters (no symmetry) P | 2 Ps
6
2 8
1= / dz = Zi1111111-200 s P
Z1RQR3ZAREZGRTRS Pq_ 3 3
s> T [
® 1l-variate intersections using spanning cuts rank | x10% sec
5 2.04
¢ Automatic intermediate (candidate) bases 10 4.19
generation GetBasis.m ) 15 6.97
20 10.82

® Extensive usage of tensors in FINITEFLOW [/[oae. 00 |
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The FiniteFlow data graph

FFAlgLaurent

|FFA1gNodeSparseSolver|

(pleY)
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Conclusion



Conclusion

Twisted cohomology describes multivariate integrals of multivalued functions, which
are commonly encountered in theoretical physics.

Intersection number is a scalar product on the space of twisted periods, allowing for
the direct decomposition of Feynman integrals via the master decomposition formula.

Today we explored tensor structures of intersection numbers that arise from the
companion matrix representation.

This new formulation enabled the full numerical reduction to master integrals of the
massless 5-point 2-loop Feynman integral family.
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