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Outline

biased selection of examples

o Gaussian restricted Boltzmann machines
o detection of phase transitions

o inverse renormalisation group

o (sign problem and diffusion models)

o outlook
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Restricted Boltzmann Machine: generative network

o energy-based method
Information forwarding & retrieval
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Scalar field RBM as a generative network

input data: MNIST - 28 x 28 images —> each image is a vector with 784 components
encoded in the variable ¢ on the visible layer

train Gaussian RBM to model/learn the probability distribution

/ Dhp(¢,h) = —eXp <——¢TK¢ + JTqb)

kernel K = ,uZ]l — aiWWT depends on the weight matrix W : determine optimal W

generate new images



MNIST kernel: two-point function

o take MNIST data set (28 x 28 images)
784 eigenvalues

o compute spectrum of two-point 61 infrared — 6.572
—— 4.806
i
— 3.650 |
: N 1 §4 - — 3.207
inver rum _
o erse spectrum 1/k x 2 090 1
— —— 2216
. 9L 1.953 —
o this spectrum should be e
reproduced by RBM kernel 1.596

ultraviolet 1.428
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Scalar field RBM

distribution:  p(¢, h) = %e_s(qb’h) S(¢,h) =

M x N = N, x N weight matrix W

induced distribution on visible layer p(¢) = /th(qﬁ, h) = %exp (—%¢TK¢ — JT¢)

all information is stored in quadratic operator K = uzll — J%WWT , With spectrum (use SVD)

Dy = diag(p* — 07ét, 1° — 0583, - b
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Scalar field RBM as an ultraviolet regulator

o spectrum Dy = diag( p* — 078, 1* — 0385, .. ., 4°

-

Ny, Ny—Ny,

2 ¢2 2 2
_O-thh/a/J gy )

_J/

o what if NV}, < N, ? not all eigenvalues can be reproduced
o role of hyperparameter uz ? if chosen too low, not all eigenvalues can be reproduced

o both N} and ,uz act as ultraviolet regulators




O

MNIST with fixed RBM mass

O

N, =N,=784

fixed RBM mass p = 100

O

spectrum regulated

infrared modes learned
approximately correctly

(see below)
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MNIST with N, < N,
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Summary RBM

o simplest case of Gaussian RBM: two scalar fields with bilinear interaction

o when phrased as a LFT: spectrum, IR and UV cutoffs
o role of hyperparameters understood as UV regulators of spectrum

o even this simple case has good generative power
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Classification of phases of matter

Published: 13 February 2017
Machine learning phases of matter

Juan Carrasquilla®™ & Roger G. Melko

Nature Physics 13, 431-434(2017) | Cite this article
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https://arxiv.org/abs/1605.01735v1

Classification of phases of matter

o matter can exist in different phases
o prototype: 2d Ising model -> ordered/disordered or cold/hot phases

o task: determine phase a configuration is in, determine critical coupling or temperature
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ML excels in pattern finding

* supervised learning problem:
use sets of configurations deep in the ordered and in the disordered phase
* input: configurations <--> output: ordered/disordered

* “train the ML algorithm”, i.e. adjust parameters in the neural network so that it
reproduces the correct classification for the training set

Y/ .

Y
Y
/

> ( PG p(b))

FC4+SOFTMAX

L MAXPOOL FC+4+ReLU

CONFIGURATION CONV+ReLU

* new, unseen configurations -- > determine probability to be (dis)ordered
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o two-dimensional Ising model

o feed-forward network with one hidden layer

1.0
o output layer: phase 1 or phase 2
0.8
O precision improves with increasing volume >
0.6
o no need to identify order parameter Qoal E—r
< > L =20
o extended to square ice and Ising gauge models 0.2 -+ [ =30 |-
o [ =40
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Average Classification

’
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First application in LFT

o
co

o Unsupervised learning of phase transitions:
From principal component analysis to variational
autoencoders

(=]
o

o
I

S Wetzel, PRE 96 (2017) 2, 022140

Classification Probability P

o Machine learning of explicit order parameters:

from the Ising model to SU(2) lattice gauge theory — = 2x8x8x8 Net
‘J — 2X1x1x1 Net

S Wetzel and M Scherzer "% 15 26 25 30 35
PRB 96 (2017) 18, 184410 Lattice Coupling 3

[1705.05582 [cond-mat.stat-mech]] thermal transition in SU(2) LGT

o
N
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https://arxiv.org/abs/1705.05582

Output of NN as a physical observable

well-established procedure, what can one add?

interpret output from a NN as an observable in a statistical system

®
®
o input: configurations, distributed according to Boltzmann weight
®

output: observable, “order parameter” in statistical system

4

Y

CONFIGURATION CONV+4ReLU

Y

> / > ’—)—(P(S), P(b))

FC+SOFTMAX

) (P) = % ) P

MAXPOOL FC+ReLU
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Output of NN as physical observable

* opens up possibility to use “standard” numerical/statistical methods
mm) histogram reweighting: extrapolation to other parameter values

* starting from computation at given f3,: extrapolate to other [ values

1 1 | |
| Reweightin
Z P.e—(B=Fo)E; 0.9 pPENN) &
(P)(B) = == 07| 018 — ]
Z e‘(ﬁ—ﬁo)Ei ' '
A 0.6 F 0.17 ' - .
2 O05F o016 T
. . \' - - /7 - _
/ filled diamond at f, oaf o owses ot 7
v" line obtained by reweighting in 8 oo L e |
. . 0.4415 0.4425
v open diamonds are independent 0.1F .
0 —o— ' ' '
cross checks 0.428  0.432 0.436 0.44 0.444  0.448
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2d Ising model: finite-size scaling

0 Z=Tre FE withE =—-Y_ss:5; (s; = 1)
o critical coupling or inverse temperature [,

o correlation length &, magnetic susceptibility y diverge at transition

ﬁc_ﬁ

o critical exponents  &~|t|7V  x~|t|7Y reduced temperature t = 5
C
1
o v=1, y/v=7/4, B, = Eln(l +v2) = 0.440687
:Bc — ﬁc(L) —1 —1
ST . |t|= v o~ [T y/v
o finite-size scaling A, ¥ ~ L
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Critical behaviour from NN observables

determine L dependent susceptibility §P and its maximum at S.(L)

35000 0.441 — l . T
: Fit ———
30000
: BE(L) +—&—
25000 0.4405 I BE(c0) +—m— 7
: Bc(Exact) o
20000 0.44 F
R ~ 0.4395
10000 F-57" |
5000 0.439
0 ' 0.4385 i ' ' :
0.4396 0.44 0.4405 0.441 0.442 0 0.002 0.004 0.006 0.008
B 1/L
N | Be v /v
extract critical properties CNN+Reweighting  0.440749(68) 0.95(9) 1.78(4)
from NN observables only Exact In(1 +/2)/2 1 7/4
~ 0.440687

=1.75
20



Transfer learning with histogram reweighting

o NN has learned patterns in 2d Ising model
o are these sufficiently universal to predict the structure of phase transitions in other systems?

o what about universality class, order of transition, type of degrees of freedom?

‘ transfer learning

o apply to g-state Potts model (with g = 3, ..., 7) and ¢* scalar field theory

21



Transter learning
=

ISING POTTS ¢t

/ / / // Disorder
L L L - \ Order

CONV+ReLU MAXPOOL FC1+ReLU FC24+SOFTMAX

ISING POTTS ¢t
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Transter learning: g-state Potts model

T iﬁ T | 1 [ T
0.8 ' -
0.6 L f—
po 00T q=4 ——
Y o4l 2;2 i
. q=7
0.2 | | | R
o | Jl | | | I 1 1
0.95 1.15 1.2 1.25 1.3 1.35
B
o training on Ising model, not Potts model
o continuous lines using histogram reweighting
o vertical dashed lines indicate expected transition at 5. = ln(l + \/C_[)
o q = 3,4: 2" order transition, g = 5, 6, 7: 1t order transition

1.4
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-0.9515

-0.952

-0.9525

-0.953

symmetry-broken symmetric
10 T 1} T I |

: o*
@* scalar field theory ~ ° :
“e 0.4 -
* reweight in mass parameter, ,uz 0.2 | T
* identify regions where phase is clear 0'?1.02 -1.loo -0.198 -0.196 -0.194 -0.192 -o.lgo -0.88
e retrain NN using u? < —1.0 and u? > —0.9 u?
* repeat finite-size scaling analysis as in 2d Ising model
-0.949 T . . pe v v/v
090432 ' CNN+Reweighting  -0.95225(54)  0.99(34)  1.78(7)
-0.9505
-0.951

* same universality class as 2d Ising model
* critical mass in agreement with results
obtained with standard methods

0.002

0.004 0.006 (Binder cumulant, susceptibility)

1/L
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Under the hood: activation functions in NN

4
3t 2D Ising =3 1 H
: s S disordered
1 L
= 0/4 =

3| ordered
2 L
1 - E
o LBE B = SrHEE &

O-iMNM=TNOUS~OM O~ o O~ M=t un ~ ~ ™~ STuVNO~0 N M <t

NN N m =t < < < < - unun nunununun LW

mean activation functions in the 64 neurons in the fully connected (FC1) layer of 2d Ising-
trained neural network, for:

universal features distinguish
o 2d Ising model ‘ ordered and disordered phases,
o g = 3 and g = 5 Potts model irrespective of e.g. order of transition
o @*scalar field theory
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Summary: detection of phase transitions

o train on simplistic systems to study more complicated models
o combine with reweighting to scan parameter space
o reconstruct effective order parameters and locate (unknown) phase transitions

o study infinite-volume limit to make accurate predictions

26
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Renormalisation Group (RG)

o standard renormalisation group: coarse-graining,

blocking transformation, integrating out degrees of freedom, ...

L
o Ising model: Kadanoff block spin [y et -
. . @ *T 7 Qi '=L/2
O majority rule | i |
o reduction of degrees of freedom :. __-_-._E : ‘3__._,"_'
o study critical scaling N
!.E;._._.:i i_‘._._._._.!
o not invertible: semi-group : | :
| | |

28



Renormalisation group

o generates flow in parameter space

o need to start with large system to
apply RG step multiple times
o large systems, close to a transition,

suffer from critical slowing down

due to repeated blocking: run out of degrees of freedom

===
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I - |

| | |
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Xe > —*

| 2 s

| I I

2 I Ir\

A4

L'=L/2
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Inverse renormalisation group

what if we could invert the RG?

add degrees of freedom, fill in the ‘details’

inverse flow in parameter space

can be applied arbitrary number of steps

O O O O O

evade critical slowing down

for Ising model: Inverse Monte Carlo Renormalization
Group Transformations for Critical Phenomena,
D. Ron, R. Swendsen, A. Brandt, Phys. Rev. Lett. 89, 275701 (2002)

30



How to devise an inverse transformation?

* new degrees of freedom should be introduced
= |earn a set of transformations (transposed convolutions) to invert a standard RG step

= minimise difference between original and constructed configuration

Compare

31



Inverse renormalisation group

Transposed convolutions

Input

local transformation Transformations

apply inverse transformations iteratively
evade critical slowing down

generate flow in parameter space

Output
invariance at critical point

32



0.508 0.47 T
. . 4- 0.504
Application to @ E
3 & A
. E 0.496 E 045
scalar field theory o " oas L —
’ L'=128
0.484 A 0.43
-0.9525 -0.9515 -0.9505 -0.9525 -0.9515 -0.9505
2 2
= repeated steps HL HL
= |ocking in on critical point g . ] -~ o
0.43 L'=256 — - - - | M L'=512 —
< 04 | -
A o042 L)
E ; € 039 .
v 041 v
0.4 | 0.38 I° p
0.39 0.37 | -
0.38 L 0.36 L
-0.9525 -0.9515 -0.9505 -0.9525 -0.9515 -0.9505
p 2 w2

TABLE 1. Values of the critical exponents y/v and f/v. The original system has lattice size L = 32 in each dimension and its action

has coupling constants y7 = —0.9515, 4, = 0.7, and x;, = 1. The rescaled systems are obtained through inverse renormalization group
transformations.

L/L; 32/64  32/128  32/256  32/512  64/128  64/256  64/512  128/256  128/512  256/512

y/v 1.735(5)  1.738(5)  1.741(5) 1.742(5) 1.742(5) 1.744(5) 1.744(5) 1.745(5) 1.745(5) 1.746(5)
B/v 0.132(2) 0.130(2) 0.128(2)  0.128(2) 0.128(2) 0.127(2) 0.127(2)  0.126(2)  0.126(2)  0.126(2)
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Application to @* scalar field theory

o start with lattice of size 322 and apply IRG steps repeatedly

o 322 - 64% - 1282 - 2562 — 5122 T T
|RG flOW towards Critical Oint 175.__. ............................................................ % ...... %% ]

© P > 174 ig % % ig ig %

o extract critical exponents L % |
y/v and /v from comparison 17| L
between two volumes ousl | | | | | | | Ll =32|

0

o constructed a large (5122) lattice N sk % %
very close to critcality O R 00 O B K I O O
without critical slowing down A S

32/64 32/128 32/256 32/512 64/128 64/256 64/512 128/256 128/512 256/512
L/L,
i

34



Summary: inverse RG

o flow to critical point without critical slowing down

o reach large lattices from easy-to-simulate lattice sizes
Dimitrios Bachtis, GA, F di Renzo, B Lucini

PRL 128 (2022) 081603 [2107.00466 [hep-lat]]

some related recent work:
= Super-resolving normalising flows for lattice field theories
M Bauer, R Kapust, ] Pawlowski, F Temmen, 2412.12842 [hep-lat]

= Multilevel generative samplers for investigating critical phenomena
A Singha, E Cellini, K Nicoli, K Jansen, S Kihn, S Nakajima, 2503.08918 [cs.LG]

= Dreaming up scale invariance via inverse renormalization group
A Rancon, U Rancon, T lvek, | Balog, 2506.04016 [cond-mat.stat-mech]
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Stochastic guantisation: complex actions

o stochastic quantisation not limited to real-valued distributions/actions

o extend Langevin process to complex manifold: complex Langevin dynamics (Parisi 1981)
o complexify degrees of freedom 2z — x + iy

o consider dynamics in complex plane or complexified manifold
z~p(2) eC = z,y~Plr,y €R

o convergence not guaranteed, no general solution of Fokker-Planck equation

37



(Complex) Langevin dynamics

o observables (O(x)) = /da: p(x)O(x)  p(x) = %exp[—S(:c)]
o Langevin equation and drift z(t) = K[z(t)] + n(t) K(x)= %

o Fokker-Planck equation (FPE)  O;p(z;t) = 0, [0, — K ()] p(z; 1)

o what if weight is complex? drift is complex, FPE only formal

o complexify degrees of freedom z—=T+1y

o consider dynamics in complex plane or complexified manifold

Z = / dx p(x)
log p(z) = —dfi;x)

38



Complex Langevin dynamics

o complexify degrees of freedom

o Langevin equation and drift in analytically continued variables

d
CL’(t) = K; + nx(t)a K, = RGE log p(z), (Um(t)”?m(t/» T 2Nx5(t - t,)
: d
9(t) = Ky +ny(8), Ky =Im_-logp(2),  (my(t)my(t)) = 2N,6(¢ - t')
o observables N,—N, =1

(Ola(t) + iy(®)), = | dody Pla,y;1)0 +iy

39



introductory lectures
on QCD and the sign
problem: GA,

Complex Langevin dynamics 1512.05145 [hep-lat]

o FPE 0.P(z,y;t) = [0; (N,0; — K;) + 0, (N, 0, — K,))| P(x,y;?)
o cannot be solved, non-integrable 0, K, # 0,K,

o formal justification /d:z:dy P(z,y)O(z + iy) = /da: p(z)O(z)
o relation (cannot be verified in practice) p(x) = /dy P(x —iy,y)

o instead, a posteriori criteria for correctness

GA, E Seiler, 10 Stamatescu, Phys. Rev. D 81 (2010) 054508 [0912.3360]
GA, F James, E Seiler, 10 Stamatescu, Eur. Phys. J. C71 (2011) 1756 [1101.3270]



https://arxiv.org/abs/1512.05145

Complex Langevin distributions

o FPE 0,P(z,y;t) = [0; (N0, — K;) + 8, (N,0, — K,)] P(z,y;1) real noise:
N,=1,N,=0

o want to describe/understand this distribution
o further sampling
o criteria for correctness
o (modify process)

P(a;15:1) =0

o use diffusion model, learn from CL generated data
o diffusion model does not care what the origin of the data is

o note: no solution to the sign problem if CL fails



Quartic model

1 1
o simple model with quartic coupling S = 500:1:2 - é—l)\x‘l op=A+1B

o detailed analysis in GA, Giudice, Seiler, Annals Phys. 337 (2013) 238 [1306.3075]

o CL converges, provided 3A°—B%>0, dynamics is contained inside a strip, —y- <y < y-

2
o this follows from CL drift i A (1 — \/1 B )

V- =2 " 347

o FPE can be solved (approximately) using double expansion in Hermite polynomials

o train diffusion model on CL generated data .
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solution of FPE using double expansion in Hermite solution obtained by sampling
polynomials from trained diffusion model

GA, Giudice, Seiler, Annals Phys. 337 (2013) 238 [1306.3075] 43



Comparison

cumulants in the quartic model

re —1im re —1m re —1im re —1m

Exact | 0.428142 0.148010 | —0.060347 —-0.100083 | —0.00934 0.19222 | 0.41578 —-0.5923
CL | 04277(5) 0.1478(2) | —0.0597(6) —0.0991(6) | —0.010(1) 0.188(2) | 0.406(4) -0.57(1)
DM | 0.4267(6) 0.1459(2) | —0.0582(6) —0.0981(5) | —0.008(1) 0.188(2) | 0.400(5) —-0.58(1)

expectation values at the end of the backward process

note: diffusion model learns from CL data, not the “exact” value



Trained diffusion model: quartic model

ST T SR LT T 77
two very different processes g\% W / ///////fé
i == .|
L &@ VT r——r

complex Langevin drift diffusion model score

complex Langevin:

o non-integrable drift
o noise in real direction
o attractor at origin

diffusion model:

o integrable score different Fokker-Planck equations
o noise in both directions

o saddle at origin yet same distributions are created for data generation

to explore further have obtained accessto  V log P(z, )
45



Summary and outlook

o machine learning offers a fascinating playground for (theoretical) physicists
o applicable to address research questions, including in lattice field theory

o scope to apply theoretical physics knowledge to gain insight into ML algorithms

o many directions to explore

o after learning the basics, first steps are relatively easy

next challenge:
o impose the rigour we are used to from LFT

o improve upon well-established approaches

46



