
Symanzik Effective Field Theory
Provides a description of discretization effects of the
underlying lattice QFT Refs 1 5 6,73

functional form for continuum extrapolation of
lattice data

procedure for building improved actions

Describe lattice L by a local effective L LE L which
which is written in terms of iontinuum fields Lsymie

Leat Lsym
where means equality of on shell quantities matrix
elements each evaluated in the theories on the LHS RHS

the EFT instruction on the RHS takes advantage of the usual

int tiIndwingashiiedijT ke'Tpeoa
in

The LHS corresponds to the lattice IFT usedfor the numerical

la atIsimtit e men tfispnji.iiiiinn.im ites.tI sci
we have

Lgm LOUD LI
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where g m are the renormatized couplings or masses thatdepend
on the bare parameters of the lattice theory

g g go Moa Ci Ma m m Zm go moa ci ma

and the C are adjustableparameters coefficients ofhigher dimensional termsd 4 in Leat



The 2nd term on RHS describes discretization effects in flat
in terms of higher dimensional operators dim On 4

LI In adimon
4 kn Our p

with
an kn g ma Ci Ma

where matrix elements of the On capture long distance effects and
scale with the typical momenta N oftheparticipatingparticles

On AdimOn 4

hener describe discretization effectsof ax
dimon 4

If a is small enough so that all cal we can treat effects from LI
as perturbations so that we can use the physicalstatesof Laed
It is

eyyhg.bg
consider only on shell quantities fewer operators in LI

Operators thatdon't affect on shell quantities are redundant

matrixelements as functional integrals redundant operators are obtained
fromfield redefinitions aka spectrum tonserving transformations

can also use EoMs

Examples
1 Wilson gauge action start gauge link definition

Un x P exp i Anly dy
plaquette

Par ReTr Ue x Uv x g Uat x ai Uf x
and the action SgW If LgWl with

Lgw β Ii 1 Pur x β 82



Exercise I

a Show that in the classical continuum limit

LgW Tr GNI 14 F Gav D DF Gpu I

b Show that the leading discretization effects can be removed
by adding rectangular Wilson loops to the action e g

Rar Retr v1
Expand this operator in the small a limit and show that the
improved action

Lg β E TEPur Rav Rrn I
yields

Lg Egg Tr Ga I Ola

Gi adf.PE jeimeEidItto include 1 loop torrections
see M Luscher PWeisz in Ref 10

2 Wilson fermion action

Lf Mo 44 48mDuty 1241224

with Dulat4 Ix Unix 1 añ Uat ai Ixap
ᵈ
xΔ̅ 4 F Un x 4 af Uat x api x aj 24K

where the usualchoice is r 1 The operator 124 is dimension 5 and
therefore carries an explicitfactor of a Hence it doesn'taffect theclassical
continuum limit of the action it howevergives rise to disintization effectsthat are linear in a This term is called the Wilson term and was added to
the action to remove the doublers



Exercise I

starting with the naive fermion action with Mo o

Lfive I In Dfat4
show that the free field quark propagator in momentum
space takes the form Inaive p 8 sin Pma
omitting color indices

which means that the naive action contains 15 unwanted
quark states

then show that the free Wilson propagator takes the form
DW p In sin pma ta E 1 cos Pma

which removes the poles at p la bygiving the doubters a
mass term 2 a

We now consider the Symanzik LEL forthe Wilsonfermion
action

Lgym MfTf 4f LE
Wojer.gl

dYseekhogwthgtLI starts at
dimension 5 There are twopossible

Os i If OurGuv 4f Of If 4f
The two operators are rulated Os If D 4f 05
and Of can be generatedby a field redefinition of the form

4f e If If

see El Khadra KronfeldMackenzie Ref 11

This means that Of is redundant and the Symantik LE L forthe Wilson
fermion action takes the form

LI a kit Of If adimon 4 knwOn



improve the Wilson action by adding ahis tiz kEnᵗʰof Érta a coefficient adjusted so that the resulting
Symanzik LEL has k 0

Lst Lfw Csw x ̅ ourGit4
where Gant is constructed from a clover leaf of plaquettes

8A µ 8
M

Todetermine the coefficient Csw forfree level improvement a perturbative
treatment using on shell matrixelements ofquarkstates is sufficient For non
perturbative improvement the improvement cruditionsmust beformulated intermsofhadronic externalstates
We note that once the improvement coefficients are determined to a givenorder
all on shell quantities are automatically improved to that order
However if we want to compute processes involving external currents suchas
weak matrix elements a separate matching calculation is needed to obtain
improved currents

For the tree level Ola improvement ofthe Wilsonaction we could forexample
compute forward scattering matrix elementsof the gauge current It turnsout that when moazal the disiretization effects in the external state
spinors start at Dla see El KhodaKronfeld Mackenzie

In short we can obtain the tree level Oca improvement condition bysimply
considering the quark gluon vertex

Exercise III

a Derive the quarkgluon vertex for the naive fermion action andshe

pan p pi igot 8 cos Ptp ua

b same for the Wilson action to show that

Paw pp igot 8m cos ptp ma i sin Iptpua

c Same for the improvedWilson SW action

PSW p p Paw pp i got Csw Tuv los p p ma sin ptp ra



Use the Gordon Identity sandwiching the vertexbetween quark spinors to
see that with Csw the Ola terms caniel

Now considerexternal currents

For example axial vector current Aunt I 8 854
It can be destribed in Symanzik EFT by

Ault ZI An a ka dmFz 85To t

where Am T28m85 t is the normalized continuum current

Then we have

4H21 Aft Hoteat H2 Am Hr out

a ZA ka du 4H214854 Hicont
a k SdYy H TAn GLy Hitiont

O a

As before if Ka 0 add correction operators to the lattice

current Autat 528185 4 a ca 2kt42854
andadjust CA so that kt 0 At tree level one finds
that CA 0

As always ZA KA Ks are functionsof g ma Ci'sMa

Sofar we have assumed that ma cal so we can expand the
coefficients in powers of ma For example

EA ma ZA It ba Mf a mya 0 ma I
At tree level ZA 1 and ba 1



In the traditional presentation ofSymanzik EFT Refs 1 5,810
me expands in ma from the start and the coefficients are
obtained explicitly at ma 0

Fjyneainmf.EE ttheaveaxial
current the dim 4 operators in the

m Am In 42854
which would yield

Aulat ZI 1 biamy Mfa An
a kt In 42854

with the same results as before

For heavy quarks m Nod however as long as macal the
Symanzik EFT still works However disiretization effects will
be dominated by ma terms Keeping macal is feasible for
charm quarks but not for b quarks can currently available
gauge field ensembles

Heavy Quarks ma 1

We now consider the case of heavy quarks with ma 1
We will see that we need to modify the Symanzik EFT
because contributions which scale as ma are no longer
small

First to explicitly see what happens an example

Exercise II
consider thequarkpropagator as a function of Euclidean timetand 3 momentum p

yip x ̅ p t 2 13 83 p p C p t t

where y p t as e if x ̅ y x ̅ t



The quarkpropagator can be obtained from Dcp

pit épot D p p

It is instructive to evaluate pit for different actions for
example to see how the doublers appear for the naive action
and are removed for the Wilson action with r 1

Definitions Sp sin pra Pn sin pro 2

p E sin pra 2 I 1 105 pra a p2

Wilson propagator rel

Dw p re sin Ipra ta if 1 cos pra Mo

i Mo ap
Dw15,1 8 simpoa mo 1 cos poa i 8 5 api

Cw pit e Ii T p a D

p.at siiiiti i
0 let z e

Po t co z e to

z eip.su t
No Me p 2
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poles at z e

E
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tlx8osgnH
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with cosh E 1 LETIF
72 me pt

Now expand in powers of P note 9 1 so 5
9 2

E m hi P Ocp
where m me are the rest and kinetic masses respectively

m ELP o Ifflp
and we have M Cn Mo

m 2 mo I mo

Clearly ifMoto m Mz Expand the ratio m me in
powersof Mo

am 1 3 mi m.at
While the difference is an O a effect it is not small
when moan 1

Similarly for the residue 2 p t O p

hit spicing t.EEide tPsotit ua ieisatbrotii
Define 2 Z z p 0 Em Em

and the properly normalized field is Z Y x e x

One main take away is that the energy momentum relation is
affected by a moat so that 2 m 52

at thatFatin expansion cost



E m Em same m me as before

Note that the mass term m is conventionally omitted from

I Iii c it ii rt
THE any'm 9 gg of the

Wilson action having thesame

The Spmanzik EFT relies on the terms in Le being small
Ymmfainsmoge.in's he contains large OCI terms Generally LI

LI E ankn 7 4 8mDuty
Using the EOM

8 Do 4 J D m y

we see that a F 8 Dot w am hence not small Repeated
application of the EOM yields a 5.5 m

Terms like Do Di Foi stay small Expanding

a 18.5 m ma
e at x ̅ 8.54

1 0 modifies ionficientof FF term in Loed

1 1 modifies coefficient of 8.5 term in LaCD

and the Symanzik LE L takes the form

Isym FImtrot E
ÉI

While the terms in YI iontaining higher order operators

dsiaiikn.hn maaiiEaxtes eftttitattfie.ie tsI that
are bounded functions of ma the leading term no



longer corresponds to the fermionicpartof QCD

Solutions

1 Relativistic heavy quarks I

Start with the improved Wilson action andadd an asymmetry
time space parameters allowing time andspace like operators
to have different coefficients

LFNAL Mo 44 4 8Doty E F Δ 4

348 Beaty 1134524
ace x ̅ EBeaty ace 34 x ̅ Eddy

where the asymmetry parameter is tuned as a functionofmo so that m me This can be done at any
order in PT or non perturbatively

Example Repeat Exercise II with LINAL

3 m mm nitrites itime
yields m me at tree level i.e.EE m p 0p4

T.IE ri r tetir.siiiati i in't.it insi te
byusing the EOM see Ref 13

In summary this solution yields

Lsym LaCD LI
where LI contains no large ma terms with loefficients

kn kn 1g ma which are bounded functions
of ma

This approach works for all values of ma i e is not
limited to maal



2 Relativistic HeavyQuarks I

start with the improvedWilson action no asymmetry termand
construct the Symantik EFT using continuum HQETforNRQCD
fields with short distance coefficientswhichdepend on the HRET
and lattice parameters

Isyn I Dotmilk I cla O

with Cilat Cft g maimea cjim m a

where cont ICD is then also matched to continuum HRET

Lou Litter
which differs from the HQETterms in Lsym above only in the

Cint g ma Mma
The c are couplings coefficients of the lattice actionwhich are then adjusted so that

C g mz mza Cj jp mz Cit g mz.jp mz 0

An important piece of the construction is identifying
Me as the physical mass of the heavyquook i e

M 2 M R

This ensures that thetightest mas Tsign la simeits it Éff on mass splittings in the spectrum or
on matrix elements

In summary heavy quark discretization euros reside in the
mis match ofthe coefficients Cient Ciont 0

The Di in the HQET L can be organizeddimension i e

L Heet T Dy milk 2 212 L

where the Oi have dimension 4 s



The first two terms are

2 C2 02 CB OB

with 02 I 52k OB I F B L

and Cit Ima Cost

It is straight forward to show that if
M a me clat cent
Csw 1 Colt Cjmt

3 Lattice HQET and Lattice NRQCD see Refs 6,7

4 Improved light quark action

Example HISQ action tree level Ima removed

Requires field ensembles with fine lattice spacings
a Mb

see slides
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