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1. Stochastic wall source for two-point correlation function
Here we consider C(t) = ⟨O(t)O†(0)⟩ for the simple zero-momentum pion interpolator

O(t) =

∫
d3x⃗ ū(x⃗, t)γ5d(x⃗, t)

with degenerate u and d quarks. Previously we looked at the point-source estimator; here we consider
an alternative.

(a) We introduceNsrc independent auxiliary colour-spinor noise fields ηi(x), 1 ≤ i ≤ Nsrc with support
on x4 = 0 and the key property

⟨ηi(x⃗, 0)η†j (y⃗, 0)⟩ = δijδx⃗,y⃗1colour,spin.

The simplest way to achieve this is to choose every component ηiaα(x⃗, 0) randomly from {+1,−1},
i.e. “Z2 noise”. Show how the solutions ϕi ≡ D−1ηi can be used to define Nsrc estimators for
C(t).

(b) Work out an expression for the variance of the average of these estimators. This is simplest for

Gaussian noise, when the noise fields have action Snoise[η] =
∑Nsrc

i=1 η†i ηi, in which case

⟨ηiaα(x⃗1, 0)η
†
jbβ(x⃗2, 0)ηkcγ(x⃗3, 0)η

†
ldδ(x⃗4, 0)⟩

= δijδx⃗1,x⃗2
δabδαβ × δklδx⃗3,x⃗4

δcdδγδ + δilδx⃗1,x⃗4
δadδαδ × δkjδx⃗3,x⃗2

δcbδγβ .

Confirm that for Nsrc → ∞, the result is the same as “brute force” solving on point sources for
every x⃗. How does the signal-to-noise ratio scale for large L, compared with the single-point-source
estimator?

2. Neglecting the imaginary part
Let

OΓ(t, p⃗) ≡
∫

d3x⃗ e−ip⃗·x⃗ū(x⃗, t)Γd(x⃗, t)

and consider the two-point correlation function

CΓ′Γ(t, p⃗) ≡ ⟨OΓ′(t, p⃗)O†
Γ(0, p⃗).

Use discrete lattice symmetries to relate its complex conjugate to itself. How can we ensure the
correlation function is real, so that its imaginary part (a stochastic zero) can be neglected?
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3. GEVP as variational method
Consider the two-point correlation function C(t) ≡ ⟨Ō(t)Ō†(0)⟩, where Ō is a linear combination of N

operators: Ō =
∑N

i=1 v
†
iOi. Defining the effective mass

meff(t) ≡
1

δt
log

C(t)

C(t+ δt)
,

show that finding the minimum meff(t) with respect to the coefficients vi is equivalent to a generalized
eigenvalue problem.

4. Higher moving frames

(a) How many elements does the little group for P⃗ ∝ (0, 1, 1) have? Find a set of transformations
that generate this group.

(b) Do the same for (1, 1, 1).

5. Rest-frame irreps
The octahedral group Oh can be generated by the following three transformations:

• (x, y, z) → (y, z, x),

• (x, y, z) → (y, x, z),

• (x, y, z) → (−x, y, z).

The three components of the zero-momentum vector current, belonging to the T−
1 irrep, transform in

this way.

(a) Verify that the set of I = 1 operators

OT−
2 (2,2)

ππ,i =

2∑
j=1

∑
s=±1

(−1)jOI=1
ππ ( 2πL (e⃗i + se⃗i+j),− 2π

L (e⃗i + se⃗i+j)), i = 1, 2, 3,

where i + j is taken modulo 3, is closed under these transformations and that these operators
transform differently than the T−

1 irrep.

(b) Find the I = 1 ππ operator with (n2
1, n

2
2) = (3, 3) that belongs to the A−

2 irrep: it should transform
into itself, up to a phase. Show that this phase is not simply detR, which would correspond to
the A−

1 irrep.

6. Moving frame (0,0,1)

The little group C4v of P⃗ = 2π
L (0, 0, 1) can be generated by the two transformations

• (x, y, z) → (y, x, z),

• (x, y, z) → (−x, y, z).

(a) Verify that the I = 1 ππ operators

OE(1,2)
ππ,i = OI=1

ππ ( 2πL e⃗i, P⃗ − 2π
L e⃗i)−OI=1

ππ (− 2π
L e⃗i, P⃗ + 2π

L e⃗i), i = 1, 2,

transform the same as the corresponding components of the vector current with momentum P⃗ .

(b) Confirm that the operator

OB1(1,2)
ππ =

2∑
j=1

(−1)j
∑
s=±1

OI=1
ππ ( 2πL se⃗j , P⃗ − 2π

L se⃗j)

belongs to a one-dimensional irrep different from the trivial irrep A1.
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